
1 KampÔlec (sunoptik�)

1.1 KampÔlec-Genik�

Orismìc 1.1 Mia (parametrismènh) kampÔlh sto Rn eÐnai mia diaforÐsimh apeikì-
nish α : I −→ Rn, me α(t) = (x1(t), . . . , xn(t)), ìpou I eÐnai èna anoiktì di�sthma
tou R. To sÔnolo α(I) ⊆ Rn lègetai Ðqnoc thc kampÔlhc. Shmei¸noume ìti ìtan mi-
l�me gia diaforÐsimh apeikìnish se autì to m�jhma ja ennooÔme ìti èqei parag ģouc
opoiasd pote t�xhc.

ShmeÐwsh 1.1 Me
→
x (t) ja sumbolÐzoume to di�nusma jèshc pou antistoiqeÐ sto

shmeÐo α(t) tou Rn. Mia kampÔlh mporeÐ profan¸c na kajoristeÐ apo to di�nusma
jèshc thc.

Par�deigma 1.1 α : R −→ R3 h kampÔlh me di�nusma jèshc
→
x (t) =

→
p +t

→
q , eÐnai

h eujeÐa pou pern�ei apì to shmeÐo pou antistoiqeÐ sto di�nusma jèshc
→
p kai èqei

klÐsh pou kajorÐzetai apì to di�nusma
→
q .

Par�deigma 1.2 α : R −→ R3 me α(t) = (a cos t, a sin t, bt), a, b > 0, eÐnai mia
èlika.

Par�deigma 1.3 α : R −→ R3 me α(t) = (t2, t3), a, b > 0, eÐnai mia kampÔlh pou
k�nei mia �gwnÐa� sto shmeÐo (0, 0).

Par�deigma 1.4 α : R −→ R3 me α(t) = (t3 − 4t, t2 − 4), eÐnai mia kampÔlh pou
k�nei ènan �kìmpo� sto shmeÐo (0, 0). (ShmeÐwsh: α(2) = α(−2)).

Par�deigma 1.5 α : R −→ R2 me α(t) = (t, |t|), den eÐnai kampÔlh diìti h apeikì-
nish den eÐnai diaforÐsimh.

Orismìc 1.2 An α : I −→ Rn mia kampÔlh me α(t) = (x1(t), . . . , xn(t)), tìte
orÐzoume wc di�nusma taqÔthtac thc α sto shmeÐo α(t) to efaptìmeno di�nusma
α′(t) =< x1(t)′, . . . , xn(t)′ >. Wc taqÔthta thc α sto shmeÐo α(t) orÐzoume to mètro
||α′(t)|| tou dianÔsmatoc taqÔthtac.

Gia na eÐnai h kampÔlh �kal � ja jèloume se k�je shmeÐo thc to di�nusma ta-
qÔthtac na mhn eÐnai mhdèn. KampÔlec pou den ikanopoioÔn aut n thn idiìthta eÐnai
ousiastik� kampÔlec me �gwnÐec� ìpwc h kampÔlh tou paradeÐgmatoc 1.3, eÐte kampÔ-
lec pou h paramètrhs  touc den eÐnai fusiologik  ìpwc p.q. h diag¸nioc eujeÐa me
thn mh fusiologik  paramètrhsh α : R −→ R2 me α(t) = (t2, t2), eÐte kampÔlec pou
den eÐnai kampÔlec (!!) ìpwc p.q. h apeikìnish α : R −→ R3 me α(t) = (0, 0, 0), gia
k�je t ∈ R, dhl. h stajer  apeikìnish.

Orismìc 1.3 Mia kampÔlh α : I −→ Rn lègetai kanonik  an α′(t) 6= 0,∀t ∈ I. Apì
ed¸ kai pèra ìtan anaferìmaste se kampÔlec ja enooÔme kanonikèc kampÔlec (pollèc
forèc ja anafèroume mia kampÔlh wc �kanonik  kampÔlh� gia èmfash).

1



Orismìc 1.4 Estw α : I −→ Rn mia kampÔlh kai h : J −→ I mia 1-1,epÐ, diaforÐsi-
mh sun�rthsh apì èna anoiktì J tou R sto I, me diaforÐsimh antÐstrofh sun�rthsh.
Tìte h kampÔlh β = α ◦ h : J −→ Rn lègetai anaparamètrhsh thc α wc proc thn h.

ShmeÐwsh 1.2 SumbolÐzoume me t thn metablht  tou I kai me s thn metablht  tou
J . Tìte èqoume ìti h′(s) 6= 0, ∀s ∈ J kai h−1 ′(t) = 1

h′(h−1(t))
. SunhjÐzoume, epÐshc,

na sumbolÐzoume to h(s) me t = t(s) kai to h−1(t) me s = s(t). Me autìn ton
sumbolismì o parap�nw tÔpoc gr�fetai wc s′(t) = 1

t′(s) kai �ra t′(s) = 1
s′(t) .

ShmeÐwsh 1.3 Apì thn parap�nw shmeÐwsh èqoume ìti h′(s) 6= 0, ∀s ∈ J kai
epomènwc, afoÔ h h eÐnai suneq c, sumperaÐnoume ìti   h′(s) > 0, ∀s ∈ J   h′(s) <
0, ∀s ∈ J . Sthn pr¸th perÐptwsh ja onom�zoume thn antÐstoiqh anaparamètrhsh
jetik , sthn deÔterh perÐptwsh arnhtik .

Prìtash 1.1 An β eÐnai h anaparamètrhsh miac kampÔlhc α wc proc thn sun�rthsh
h, tìte β′(s) = h′(s) γ′(h(s)). Akolouj¸ntac ton sumbolismì thc shmeÐwshc 1.2 o
parap�nw tÔpoc gr�fetai wc β′(s) = t′(s)α(t(s)).

Apìdeixh: EÐnai β(s) = α(h(s)) kai apì ton kanìna thc parag¸gishc sÔnjeshc apei-
kìnisewn èqoume to parap�nw apotèlesma. ♦

ShmeÐwsh 1.4 Apì ta parap�nw èukola blèpoume ìti:
1. An h α eÐnai kanonik  tìte kai k�je anaparamètrhs  thc β eÐnai kanonik .
2. H sqèsh �anaparamètrhsh� sto sÔnolo twn kampÔlwn eÐnai sqèsh isodunamÐac.

Prìtash 1.2 Estw α : I −→ Rn mia kampÔlh kai a, b ∈ I me a < b. Tìte to m koc
thc kampÔlhc apì to shmeÐo α(a) sto shmeÐo α(b) dÐdetai apì

Lb
a(α) =

∫ b

a
||α′(t)|| dt .

Prìtash 1.3 Estw α mia kanonik  kampÔlh. Tìte up�rqei mia anaparamètrhsh
β : J −→ Rn thc α me thn idiìthta ||β′(s)|| = 1, gia k�je s ∈ J .

Apìdeixh: P�re L(t) :=
∫ t
a ||α

′(u)||du, ìpou a ∈ I. EÐnai L′(t) = ||α′(t)|| > 0 sunep¸c
h sun�rthsh L = L(t) : I −→ J , pou stèlnei to t sto s = s(t) eÐnai gnhsÐwc aÔxousa
kai �ra èqei antÐstrofo sun�rthsh L−1 : J −→ I, pou stèlei to s sto t = t(s). Estw
β : J −→ Rn h sÔnjesh β = α◦L−1, dhl. β(s) = α(t(s)). Me autìn ton sumbolismì,
èqoume ìti L′(t) := s′(t) = ||α′(t)|| > 0. Apì thn Prìtash 1.1 kai thn ShmeÐwsh 1.2
èqoume ìti β′(s) = t′(s) α′(t(s)). Ara, ||β′(s)|| = |t′(s)| · ||α′(t(s))|| = 1

s′(t) · s
′(t) = 1.

♦

ShmeÐwsh 1.5 H gewmetrik  ermhneÐa tou parap�nw eÐnai h akìloujh: an skeftoÔ-
me ìti to Ðqnoc thc kampÔlhc eÐnai apì n ma, tìte tent¸nontac to n ma fti�qnoume
èna di�sthma J m kouc ìso kai to m koc thc kampÔlhc. Up�rqei, epÐshc, mia tau-
tologik  apeikìnish apì to tentwmèno n ma, dhl. to J , sthn kampÔlh pou stèlnei
k�je shmeÐo tou J sto antÐstoiqo shmeÐo thc kampÔlhc. Aut  eÐnai h apeikìnish β
pou kataskeu�same sthn apìdeixh thc prìtashc kai antistoiqeÐ sthn paramètrhsh
wc proc m koc tìxou.
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Par�deigma 1.6 H kampÔlh me di�nusma jèshc
→
x (t) =

→
p +t

→
q èqei anaparamè-

trhsh wc proc m koc tìxou thn β(s) =
→
p +s

→
q

||
→
p ||

.

Par�deigma 1.7 O kÔkloc aktÐnac R me paramètrhsh α(t) = (R cos t, R sin t) èqei
anaparamètrhsh wc proc m koc tìxou thn β(s) = (R cos(s/R), r sin(s/R)).

Orismìc 1.5 Mia kampÔlh α : I −→ Rn lègetai ìti eÐnai parametrismènh wc proc
m koc tìxou, an ||α′(s)|| = 1, gia k�je s ∈ I.

ShmeÐwsh 1.6 Sthn pr�xh h paramètrhsh wc proc m koc tìxou eÐnai dÔskolo na
upologisteÐ diìti o upologismìc emperièqei thn eÔresh thc antistrìfou miac dosmènhc
sun�rthshc, bl. apìdeixh thc Prìtashc 1.3. Par' ìla aut� kai mìnon h Ôparxh
miac tètoiac anaparamètrhshc, èstw kai na den mporoÔme na thn kataskeu�soume,
apodeiknÔetai èna polÔ qr simo ergaleÐo sthn melèth twn kampul¸n.

1.2 EpÐpedec kampÔlec

1.2.1 Kampulìthta epÐpedwn kampul¸n

Ja orÐsoume pr¸ta thn kampulìthta gia epÐpedec kampÔlec parametrismènec wc proc
m koc tìxou. Estw α : I −→ R2 epÐpedh kampÔlh parametrismènh wc proc m koc
tìxou. PaÐrnoume ta dianÔsmata e1 =< 1, 0 >, e2 =< 0, 1 >. Estw φ(s) h gwnÐa
pou sqhmatÐzei to e1 me to di�nusma taqÔthtac α′(s). H for� diagraf c thc gwnÐac
eÐnai h antÐjeth thc for�c twn deikt¸n tou rologioÔ.

Orismìc 1.6 OrÐzoume wc kampulìthta thc kampÔlhc α, parametrismènhc wc proc

m koc tìxou, thn κα(s) = dφ(s)
ds .

Prìtash 1.4 Estw β = α ◦ h mia jetik  anaparamètrhsh thc α pou eÐnai kai aut 
paramètrhsh wc proc m koc tìxou. Tìte κβ(s) = κα(h(s)).

Orismìc 1.7 Estw α : I −→ R2 epÐpedh kampÔlh. Tìte orizoume thn kampÔlìthta
thc α wc ex c. PaÐrnoume mia jetik  anaparamètrhsh β = α◦h wc proc m koc tìxou
kai orÐzoume κα(t) = κβ(h−1(t)).

ShmeÐwsh 1.7 O parap�nw orismìc eÐnai kalìc, dhl. anex�rthtoc thc epilog c thc
jetik c anaparamètrhshc, lìgw thc prìtashc 1.4.

Prìtash 1.5 Estw β = α ◦ h mia anaparamètrhsh thc α.
1. An h anaparamètrhsh eÐnai jetik  tìte κβ(s) = κα(h(s)).
2. An h anaparamètrhsh eÐnai arnhtik  tìte κβ(s) = −κα(h(s)).

Prìtash 1.6 Estw α : I −→ R2 epÐpedh kampÔlh me α(t) = (x1(t), x2(t)). Tìte

κα(t) =
x′1(t) x′′2(t)− x′2(t) x′′1(t)

(
√

x′1(t)2 + x′2(t)2)3
.
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1.2.2 Stèreec kin seic tou epipèdou - kampulìthta

ArqÐzoume me k�poiouc sumbolismoÔc me dianÔsmata: An
→
v=< a1, . . . , an > èna

di�nusma tou Rn tìte tì antistoiqoÔme ston pinaka st lh v = (a1, . . . , an)t. Otan

èna di�nusma
→
v to skeftìmaste wc pÐnaka ja to sumbolÐzome apl� me v. K�tw apì

aut  thn antistoiqish, to eswterikì ginìmeno
→
v · →w dÔo dianusm�twn isoÔtai me to

ginìmeno pin�kwn vtw, dhl.
→
v · →w= vtw.

ShmeÐwsh 1.8 Mia stèrea kÐnhsh tou epipèdou eÐnai mia apeikìnish Φ : R2 −→ R2

pou orÐzetai wc ex c. JewroÔme ta shmeÐa tou R2 wc dianÔsmata
→
v=< x1, x2 >.

Tìte
Φ(v) = Av + v0,

ìpou A ènac 2×2 pÐnakac me AAt = I (dhl. A orjog¸nioc pÐnakac) kai
→
v0 èna stajerì

di�nusma. Shmei¸noume ìti ènac orjog¸nioc pÐnakac èqei detA = ±1. An detA =
1 antistoiqeÐ se strof  kai ìtan detA = −1 antistoiqeÐ se strof  + anaklash.
Sunep¸c mia stèrea kin sh tou epipèdou eÐnai eÐte mia strofh + metafor�, eÐte, mia
strof  + an�klash + metafor�.

Orismìc 1.8 An α : I −→ R2 mia epÐpedh kampÔlh kai Φ : R2 −→ R2 mia stèrea
kÐnhsh tou epipèdou, tìte h kampÔlh β = Φ ◦ α lègetai stèrea metatìpish thc α.

Prìtash 1.7 Estw α : I −→ R2 mia epÐpedh kampÔlh kai Φ : R2 −→ R2 mia stèrea
kÐnhsh tou epipèdou pou antistoiqeÐ ston orjog¸nio pÐnaka A.
1. An detA = 1 tìte κα = κΦ◦α.
2. An detA = −1 tìte κα = −κΦ◦α.

1.2.3 EukleÐdeia kat�taxh epÐpedwn kampul¸n

Je¸rhma 1.1 Estw κ : I −→ R diaforÐsimh sun�rthsh. Tìte
1. Up�rqei kampÔlh α : I −→ R2 parametrismènh wc proc m koc tìxou me κα = κ.
2. An β : I −→ R2 kampÔlh parametrismènh wc proc m koc tìxou me κβ = κ, tìte
up�rqei mia stèrea kÐnhsh tou epipèdou Φ : R2 −→ R2 pou antistoiqeÐ ston orjog¸nio
pÐnaka A, me det A = +1, tètoia ¸ste β = Φ ◦ α.

1.3 KampÔlec tou q¸rou

1.3.1 Exwterikì ginìmeno

UpenjumÐzoume k�poia pr�gmata gia to exwterikì ginìmeno dianusm�twn tou q¸rou.

Estw
→
v ,

→
w dianÔsmata tou q¸rou. Tìte to exwterikì ginìmeno

→
v × →

w eÐnai èna
di�nusma tou q¸rou pou ikanopoieÐ tic parak�tw idiìthtec.

1. To
→
v × →

w eÐnai k�jeto sta
→
v kai

→
w.

2. || →v × →
w || = || →v || || →w || sin θ, ìpou θ h mikrìterh gwnÐa twn dianusm�twn

→
v

kai
→
w.

3. || →v × →
w ||2 = || →v ||2|| →w ||2 − (

→
v · →w)2.
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4.
→
v × →

w= 0 an kai mìnon an ta
→
v kai

→
w eÐnai suggrammik�. Otan den eÐnai

suggrammik�, tìte to
→
v × →

w eÐnai èna di�nusma k�jeto sto epÐpedo pou orÐzoun

ta
→
v kai

→
w kai h for� tou kajorÐzetai apì ton kanìna tou dexiìstrofou koqlÐa.

5. An
→
v=< x1, x2, x3 >,

→
w=< y1, y2, y3 > tìte

→
v × →

w=< x2y3 − x3y2, x3y1 −
x1y3, x1y2 − x2y1 >.

6.
→
z ×(

→
v +

→
w) =

→
z × →

v +
→
z × →

w. EpÐshc, an c ∈ R tìte c (
→
v × →

w) = (c
→
v

)× →
w=

→
v ×(c

→
w).

OrÐzoume epÐshc to miktì ginìmeno twn dianusm�twn
→
z ,

→
v ,

→
w wc to

→
z ·(→v × →

w).
IsqÔei ìti

→
z ·(→v × →

w) =
→
v ·(→w × →

z ) =
→
w ·(→z × →

v ).

EpÐshc, an
→
z =< z1, z2, z3 >,

→
v=< x1, x2, x3 >,

→
w=< y1, y2, y3 > tìte

→
z ·(→v × →

w) = det

 z1 z2 z3

x1 x2 x3

y1 y2 y3

 .

1.3.2 Kampulìthta kampul¸n tou q¸rou

Ja melet soume t¸ra kampÔlec tou q¸rou.

Orismìc 1.9 Estw α kampÔlh tou q¸rou parametrismènh wc proc m koc tìxou.
Tìte orÐzoume thn kampulìthta thc α apì ton tÔpo κα(s) = ||α′′(s)||.

ShmeÐwsh 1.9 1. O parap�nw orismìc eÐnai sumbatìc me thn perÐptwsh tou o-
rismoÔ thc epÐpedhc kampÔlhc, mèqri pros mou. O orismìc thc kampulìthtac
pou d¸same gia epÐpedec kampÔlec den mporeÐ na metaferjeÐ gia kampÔlec ston
q¸ro diìti gia dÔo dianÔsmata tou q¸rou den mporoÔme na orÐsoume gwnÐa twn
dianusm�twn me �for� antÐjeth twn deikt¸n tou rologioÔ�.

2. H kampulìthta den exart�tai apì thn paramètrhsh. Dhl. an β = α ◦ h eÐnai
mia anaparamètrhsh thc α pou eÐnai kai aut  paramètrhsh wc proc m koc tìxou
tìte κβ(s) = κα(h(s)).

An t¸ra h kampÔlh α èqei aujaÐreth paramètrhsh tìte orÐzoume thn kampulìtht�
thc me thn bo jeia miac jetik c anaparamètrhshc β = α ◦ h wc proc m koc tìxou,
dhl. orÐzoume κα(t) = κβ(s), ìpou s = h−1(t). Praktikìc trìpoc upologismoÔ thc
kampulìthtac dÐdetai apì thn parak�tw prìtash.

Prìtash 1.8 Estw α kampÔlh me aujaÐreth paramètrhsh. Tìte h kampulìtht�
thc dÐdetai apì ton tÔpo

κα =
||α′ × α′′||
||α′||3

.

Shmei¸noume ìti an h α eÐnai parametismènh wc proc m koc tìxou, tìte o parap�nw
tÔpoc aplopoieÐtai ston tÔpo-orismì thc kampulìthtac κα = ||α′′||.
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1.3.3 IsometrÐec tou q¸rou-kampulìthta

Mia isometrÐa tou q¸rou eÐnai mia apeikìnish Φ : R3 −→ R3 pou orÐzetai wc ex c.

JewroÔme ta shmeÐa tou R3 wc dianÔsmata
→
v . Tìte

Φ(v) = Av + v0,

ìpou A ènac 3 × 3 pÐnakac me AAt = I (dhl. A orjog¸nioc pÐnakac) kai
→
v0 èna

stajerì di�nusma. Ja èqoume ìti det A = ±1.

Prìtash 1.9 Estw α : I −→ R3 mia kampÔlh tou q¸rou kai Φ : R3 −→ R3 mia
isometrÐa tou q¸rou. Tìte κα = κΦ◦α.

1.3.4 PlaÐsio tou Frenet

Estw α kampÔlh parametrismènh wc proc m koc tìxou me α′′(s) 6= 0, ∀s. Gi� k�je
s orÐzoume trÐa monadiaÐa dianÔsmata pou apoteloÔn orjokanonik  b�sh sto shmeÐo

α(s) tou q¸rou. Aut� eÐnai ta ex c:
→
t α=

→
t α (s) := α ′(s) (to efaptìmeno di�nusma),

→
η α=

→
η α (s) := α′′(s)

||α′′(s)|| (to kÔrio k�jeto di�nusma) kai
→
b α=

→
b α (s) :=

→
t (s)×

→
η (s)

(to deutereÔon k�jeto dianusma   dik�jetoc). Ta parap�nw dianÔsmata apoteloÔn
se k�je shmeÐo α(s) to legìmeno plaÐsio Frenet thc kampÔlhc. Otan h kampÔlh α
èqei aujaÐreth paramètrhsh tìte orÐzoume ta parap�nw dianÔsmata me thn bo jeia
miac jetik c anaparamètrhshc β = α ◦ h thc α wc proc m koc tìxou. Ja èqoume
→
t α (t) =

→
t β (s),

→
η α (t) =

→
η β (s),

→
b α (t) =

→
b β (s), ìpou s = h−1(t). O praktikìc

trìpoc pou upologÐzoume to plaÐsio Frenet gia kampÔlh α me aujaÐreth paramètrhsh

basÐzetai stouc parak�tw tÔpouc:
→
t α= α′

||α′|| ,
→
b α= α′×α′′

||α′×α′′|| ,
→
η α=

→
b α ×

→
t α.

1.3.5 Strèyh kampÔlhc

O orismìc thc strèyhc miac kampÔlhc parametrismènhc wc proc m koc tìxou basÐ-
zetai sthn parak�tw prìtash.

Prìtash 1.10 Estw α kampÔlh parametrismènh wc proc m koc tìxou me α′′(s) 6=
0, ∀s. Tìte

→
b
′
α (s) = λ(s)

→
η α (s), λ(s) ∈ R.

Orismìc 1.10 Estw α kampÔlh parametrismènh wc proc m koc tìxou me α′′(s) 6=
0, ∀s dhl. κα(s) > 0, ∀s. Tìte orÐzoume wc strèyh thc α thn τα(s) = −λ(s), ìpou to

λ orÐstike sthn parap�nw prìtash 1.10. Epomènwc ja èqoume
→
b
′
α (s) = −τα(s)

→
η α

(s).

An t¸ra h α, me κα(t) > 0, ∀t èqei aujaÐreth anaparamètrhsh tìte orÐzoume
thn strèyh, ìpwc kai sthn perÐptwsh thc kampulìthtac, dia mèsou thc strèyhc miac
jetik c anaparamètrhshc thc α wc proc m koc tìxou. H strèyh kat� k�poio trìpo
metr�ei to pìso apèqei h kampÔlh apì to na eÐnai mia epÐpedh kampÔlh, dhl. na an kei
se k�poio epÐpedo tou q¸rou. Sqetik� me autì èqoume thn parak�tw prìtash.
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Prìtash 1.11 Estw α kampÔlh me κα(t) > 0, ∀t. Tìte h α eÐnai epÐpedh an

kai mìnon an τα(t) = 0,∀t. Se aut n thn perÐptwsh, to dianusma
→
b α (t) =

→
q eÐnai

stajerì (anex�rthto tou t) kai eÐnai to k�jeto di�nusma tou epipèdou sto opoÐo an kei
h kampÔlh α.

Praktikìc trìpoc upologismoÔ thc strèyhc dÐdetai apì thn parak�tw prìtash.

Prìtash 1.12 1. Estw α kampÔlh parametrismènh wc proc mhkoc tìxou. Tìte h

strèyh thc dÐdetai apì ton tÔpo τα = α′·(α′′×α′′′)
||α′′||2 .

2. Genikìtera, an h kampÔlh α èqei aujaÐreth paramètrhsh tìte h strèyh thc dÐdetai

apì ton tÔpo τα = α′·(α′′×α′′′)
||α′×α′′||2 .

Tèloc h sumperifor� thc strèyhc katw apì isometrÐec tou q¸rou dÐdetai apì thn
ex c prìtash.

Prìtash 1.13 Estw α : I −→ R3 mia kampÔlh tou q¸rou kai Φ : R3 −→ R3 mia
isometrÐa tou q¸rou pou antistoiqeÐ ston orjog¸nio pÐnaka A.
1. An detA = 1 tìte τα = τΦ◦α.
2. An detA = −1 tìte τα = −τΦ◦α.

1.3.6 TÔpoi tou Frenet

Estw α kampÔlh parametrismènh wc proc m koc tìxou me κα(s) > 0,∀s. Oi tÔpoi
tou Frenet eÐnai oi ex c.

→
t
′
α = κα

→
η α

→
η
′
α = −κα

→
t α +τα

→
b α

→
b
′
α = −τα

→
η α

Otan h α èqei aujaÐreth paramètrhsh tìte oi tÔpoi tou Frenet eÐnai oi ex c.

→
t
′
α = καv

→
η α

→
η
′
α = −καv

→
t α +ταv

→
b α

→
b
′
α = −ταv

→
η α,

ìpou v = ||α′|| h taqÔthta.

1.3.7 EukleÐdeia kat�taxh kampul¸n tou q¸rou

Je¸rhma 1.2 Estw κ, τ : I −→ R diaforÐsimec sunart seic me κ(s) > 0,∀s. Tìte
1. Up�rqei kampÔlh α : I −→ R3 parametrismènh wc proc m koc tìxou me κα = κ
kai τα = τ .
2. An β : I −→ R3 parametrismènh wc proc m koc tìxou me κβ = κ kai τβ = τ ,
tìte up�rqei mia isometrÐa tou q¸rou Φ : R3 −→ R3 pou antistoiqeÐ ston orjog¸nio
pÐnaka A, me det A = +1, tètoia ¸ste β = Φ ◦ α.
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2 Epif�neiec

2.1 Epan�lhyh apì apeirostikì logismì

UpenjumÐzoume se aut n thn par�grafo orismèna jewr mata kai sumbolismoÔc apì
ton apeirostikì logismì. Estw Un ⊆ Rn èna anoiktì tou Rn. Mia apeikìnish
Φ : Un −→ Rm èqei thn morf  Φ(x1, . . . , xn) = (f1(x1, . . . , xn), . . . , fm(x1, . . . , xn)),
ìpou fi(x1, . . . , xn) : Un −→ R sunart seic n metablht¸n. Upojètoume apì ed¸
kai pèra ìti ìlec oi apeikonÐseic kai sunart seic eÐnai (apeÐrwc) diaforÐsimec. O
Iakwbianìc pÐnakac thc Φ sto shmeÐo P = (a1, . . . , an) eÐnai o m× n pÐnakac

DΦP =

 ∂f1

∂x1
(P ) .... ∂f1

∂xn
(P )

.... .... ....
∂fm

∂x1
(P ) .... ∂fm

∂xn
(P )

 .

Kaj¸c to P metab�lletai sto Un, o parap�nw pÐnakac, pou ton sumbolÐzoume me DΦ,
èqei wc stoiqeÐa tic sunart seic ∂fi

∂xj
(x1, . . . , xn). Ousiastik� o Iakwbianìc pÐnakac

DΦ eÐnai h sullog  ìlwn twn merik¸n parag¸gwn pou sqetÐzontai me thn apeikìnish
Φ.

Estw t¸ra Vm ⊆ Rm anoiktì tou Rm pou perièqei to pedÐo tim¸n thc Φ kai
Ψ : Vm −→ Rs mia apeikìnish. Tìte mpor¸ na p�rw thn sÔnjesh Ψ ◦ Φ : Un −→
Vm −→ Rs. An P ∈ Un tìte èqoume

D(Ψ ◦ Φ)P = DΨφ(P ) ·DΦP . (1)

Tèloc, èstw D kai D′ dÔo anoikta tou Rn kai h : D −→ D′ mia diaforÐsimh,
1-1, epÐ apeikìnish. Tìte h apeikìnish h−1 : D′ −→ D eÐnai diaforÐsimh an kai
mìnon an detDhP 6= 0, gia k�je P ∈ D. Se aut  thn perÐptwsh ja èqoume ìti
D(h−1)Q = (Dhh−1(Q))−1.

2.2 Epif�neiec se parametrik  morf 

Mia epif�neia S tou R3, se parametrik  morf , eÐnai, kat' arq�c, mia diaforÐsimh
apeikìnish Φ : D −→ R3, ìpou D eÐnai èna anoiktì sunektikì qwrÐo tou R2, p.q.
D = R2, to eswterikì enìc dÐskou, to eswterikì enìc parallhlogr�mmou. To �kat'
arq�c� ston parap�nw orismì ja to dieukrinÐsoune sthn sunèqeia.

ShmeÐwsh 2.1 Apì ed¸ kai pèra ja sumbolÐzoume me D èna anoiktì sunektikì
qwrÐo tou R2 ìpwc parap�nw.

H apeikìnish Φ èqei thn morf  Φ(u, v) = (x1(u, v), x2(u, v), x3(u, v)). Sumbo-

lÐzoume me
→
X (u, v) to antÐstoiqo di�nusma jèshc. Pollèc forèc ja anaferìmaste

kataqrhstik� sthn eikìna Φ(D) ¸c epif�neia ston q¸ro. Prèpei ìmwc na èqoume
up' ìyin ìti h epif�neia, se parametrik  morf  ìpwc thn orÐsame, den eÐnai mìnon to
sÔnolo Φ(D) all� kai h paramètris  tou pou kajorÐzetai apì thn apeikìnish Φ.

Par�deigma 2.1 An f : D −→ R mia sun�rthsh dÔo metablht¸n tìte h epif�neia
Φ : D −→ R3 me Φ(u, v) = (u, v, f(u, v)) eÐnai to gr�fhma thc f .
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Par�deigma 2.2 H epif�neia Φ : R×(0, h) −→ R3 me Φ(v, z) = (R cos v,R sin v, z),
ìpou R > 0, h > 0, eÐnai ènac kÔlindroc me aktÐna R, Ôyoc h kai �xona summetrÐac
ton z-�xona.

Par�deigma 2.3 Estw O h arq  twn axìnwn kai P shmeÐo tou q¸rou. Estw
→
w1,

→
w2

dianÔsmata tou q¸rou grammik¸c anex�rthta. Tìte h epif�neia me di�nusma jèshc
→
X (u, v) =

→
OP +u

→
w1 +v

→
w2 eÐnai to epÐpedo pou perièqei to shmeÐo P kai ekteÐnetai

apì ta dianÔsmata
→
w1 kai

→
w2.

Par�deigma 2.4 An f : (0, 1) −→ R mia sun�rthsh miac metablht c me z = f(x)
tìte h apeikìnish Φ : D −→ R3 me Φ(u, v) = (u cos v, u sin v, f(u)) orÐzei thn epif�-
neia pou prokÔptei ìtan peristrèyoume to gr�fhma thc f gÔrw apì ton z-�xona. Se
autì to par�deigma, v eÐnai h gwnÐa pou sqhmatÐzei o x-�xonac me thn probol  tou
dianÔsmatoc jèshc sto xy-epÐpedo kai u eÐnai h apìstash tou shmeÐou thc epif�neiac
apì ton z-�xona. To D eÐnai to (0, 1) × R. H parap�nw epif�neia perigr�fetai,
epÐshc, kai apì thn apeikìnish Ψ : D1 −→ R3 me Ψ(x, y) = (x, y, f(

√
x2 + y2)),ìpou

D1 = {(x, y) ∈ R2, 0 < x2 + y2 < 1}.

Par�deigma 2.5 H epif�neia Φ : R2 −→ R3 me Φ(u, v) =
(R cos u cos v, R cos u sin v, R sinu), ìpou R > 0, eÐnai mi� sfaÐra aktÐnac R.
Ed¸, v eÐnai h gwnÐa pou sqhmatÐzei o x-�xonac me thn probol  tou dianÔsmatoc
jèshc sto xy-epÐpedo kai u eÐnai h gwnÐa pou sqhmatÐzei h probol  tou dianÔsmatoc
jèshc sto xy-epÐpedo me tì di�nusma jèshc.

Parathr¸ntac ta epìmena paradeÐgmata blèpoume ìti o parap�nw orismìc pollèc
forèc den antapokrÐnetai se autì pou diaisjhtik� katanooÔme wc mia (leÐa) epif�neia.

Par�deigma 2.6 H apeikìnish Φ : R2 −→ R3 me Φ(u, v) = (0, 0, 0) èqei wc eikìna
to shmeÐo (0, 0, 0) pou profan¸c den mporeÐ na jewrhjeÐ epif�neia.

Par�deigma 2.7 An sto parap�nw Par�deigma 2.3, p�roume
→
w1=

→
w2 tìte h apei-

kìnish Φ dÐdetai apì to di�nusma jèshc
→
X (u, v) =

→
OP +(u + v)

→
w1 pou parist�

thn eujeÐa pou pern�ei apì to shmeÐo P kai èqei thn dièujunsh tou dianÔsmatoc
→
w1.

Profan¸c oÔte autì mporeÐ na jewrhjeÐ epif�neia.

Par�deigma 2.8 H apeikìnish Φ : R2 −→ R3 me Φ(r, φ) = (r cos φ, r sinφ, r)
eÐnai ènac k¸noc me koruf  sto shmeÐo (0, 0, 0) pou den mporeÐ na jewrhjeÐ wc leÐa
epif�neia.

Prèpei sunep¸c na belti¸soume ton parap�nw orismì, b�zontac mia epi plèon
sunj kh omalìthtac, ¸ste na antistoiqeÐ se autì pou diaisjhtik� katanooÔme wc
mia (leÐa) epif�neia. H sunj kh aut  eÐnai to an�logo thc sunj khc �kanonikìthtac�
twn kampul¸n, bl. Orismì 1.3, kai orÐzetai me thn qr sh twn kampul¸n thc
epif�neiac. Estw, loipìn, Φ : D −→ R3 mia epif�neia kai α1 : I −→ D mia epÐpedh
kampÔlh me Ðqnoc mèsa sto qwrÐo D. H kampÔlh dÐdetai apì tÔpo thc morf c
α1(t) = (u(t), v(t)). Tìte h sÔnjesh α = Φ ◦ α1 : I −→ R3, me α(t) = Φ(u(t), v(t)),
eÐnai mia kampÔlh tou q¸rou me Ðqnoc p�nw sthn epif�neia. Tètoiec kampÔlec
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lègontai epifaneiakèc kampÔlec. H sunj kh omalìthtac pou b�zoume gia thn
epif�neia eÐnai h ex c:

SUNJHKH (K): An h α1 : I −→ D eÐnai mia kanonik  kampÔlh tìte prèpei
kai h epifaneiak  kampÔlh α := Φ ◦ α1 na eÐnai mia kanonik  kampÔlh.

Epif�neiec pou ikanopoioÔn thn parap�nw sunj kh lègontai kanonikèc epif�-
neiec kai ìpwc kai sthn perÐptwsh twn kampul¸n ìtan anaferìmaste se epif�neiec
ja enooÔme kanonikèc epif�neiec. Eqoume epomènwc ton orismì:

Orismìc 2.1 Mia (kanonik ) epif�neia S tou R3, se parametrik  morf , eÐnai mia
diaforÐsimh apeikìnish Φ : D −→ R3, ìpou D eÐnai èna anoiktì sunektikì qwrÐo tou
R2, pou ikanopoieÐ thn sunj kh (K).

Ac epalhjeÔsoume t¸ra ìti kanèna apì ta paradeÐgmata 2.6, 2.7, 2.8 den ikanoi-
poieÐ thn sunj kh (K). Gia to par�deigma 2.6, p�re ¸c α1 : I −→ R2 mia opoiad pote
kanonik  kampÔlh. Tìte h α eÐnai stajer  kai �ra ìqi kanonik . Gia to par�deigma
2.7, p�re ¸c α1 : I −→ R2 thn α1(t) = (t,−t). Tìte p�li h α eÐnai stajer . Gia
to par�deigma 2.8, p�re ¸c α1 : I −→ R × (0, h) thn α1(t) = (0, v). Tìte, epÐshc,
h α eÐnai stajer . ParathroÔme ìmwc ìti kai sto par�deigma 2.5 thc sfaÐrac, pa-
r' ìlo pou ta pr�gmata faÐnontai ent�xei, sthn pragmatikìthta up�rqei prìblhma
sta shmeÐa N = Φ(π

2 , 0) kai S = Φ(−π
2 , 0). Pr�gmati, p�re ¸c α1 : I −→ R2 thn

α1(t) = (±π
2 , t). Tìte p�li h α eÐnai stajer . To prìblhma pou up�rqei ed¸ den

eÐnai prìblhma thc sfaÐrac h opoÐa eÐnai èna �wraÐo� uposÔnolo tou q¸rou, all� tou
trìpou paramètris c thc, dhl. thc apeikìnishc Φ pou thn perigr�fei. Poi� eÐnai h
gewmetrik  ermhneÐa tou prob matoc se aut� ta shmeÐa ja to doÔme lÐgo parak�tw.

Sthn sunèqeia ja broÔme mia pio praktik  ermhneÐa thc sunj khc (K). Estw
Φ : D −→ R3 mia epif�neia tou q¸rou me Φ(u, v) = (x1(u, v), x2(u, v), x3(u, v)).
To di�nusma jèshc

→
X (u, v) èqei tic Ðdiec suntetagmènec dhl.

→
X (u, v) =<

x1(u, v), x2(u, v), x3(u, v) >. Autì eÐnai mia dianusmatik  sun�rthsh. SumbolÐ-

zome tic merikèc parag¸gouc thc dianusmatik c sun�rthshc
→
X (u, v) wc ex c

∂
→
X

∂u
(u, v) = <

∂x1

∂u
(u, v),

∂x2

∂u
(u, v),

∂x3

∂u
(u, v) >,

∂
→
X

∂v
(u, v) = <

∂x1

∂v
(u, v),

∂x2

∂v
(u, v),

∂x3

∂v
(u, v) > .

An α1 : I −→ D mia kampÔlh me α1(t) = (u(t), v(t)), upologÐzoume to di�nusma
taqÔthtac thc epifaneiak c kampÔlhc α = Φ ◦ α1. Eqoume α(t) = Φ(u(t), v(t)) kai
apì ton kanìna parag¸gishc sÔnjethc apeikìnishc, pio sugkekrimèna apì ton tÔpo
(1), èqoume ìti

α′(t) =
∂

→
X

∂u
(u(t), v(t)) · u′(t) +

∂
→
X

∂v
(u(t), v(t)) · v′(t) .

Se suntomografÐa,

α′ =
∂

→
X

∂u
u′ +

∂
→
X

∂v
v′ . (2)
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ShmeÐwsh 2.2 Estw (a, b) ∈ D. H gewmetrik  ermhneÐa twn dianusm�twn ∂
→
X

∂u (a, b)

kai ∂
→
X

∂v (a, b) eÐnai h ex c: PaÐrnoume tic kampÔlec α1 : I −→ D kai α2 : I −→ D me
α1(t) = (a+t, b) kai α2(t) = (a, b+t). Tìte apì ton tÔpo (2) èqoume ìti (Φ◦α1)′(0) =
∂
→
X

∂u (a, b) kai (Φ ◦ α2)′(0) = ∂
→
X

∂v (a, b). Pio genik�, an λ, µ ∈ R, ìpou (λ, µ) 6= (0, 0)
kai kataskeu�soume thn kampÔlh αλ,µ : I −→ D me αλ,µ(t) = (a + λt, b + µt) tìte

(Φ ◦ αλ,µ)′(0) = ∂
→
X

∂u (a, b) · λ + ∂
→
X

∂v (a, b) · µ.

Oi kampÔlec αλ,µ thc parap�nw shmeÐwshc eÐnai kanonikèc. Gia na eÐnai loipìn

h epif�neia Φ kanonik  j� prèpei, gia k�je (a, b) ∈ D, na èqoume ∂
→
X

∂u (a, b) · λ +
∂
→
X

∂v (a, b) · µ 6=
→
0 ,∀(λ, µ) 6= (0, 0). Dhl. ta dianÔsmata ∂

→
X

∂u (a, b), ∂
→
X

∂v (a, b) ja prèpei
na eÐnai grammik� anex�rthta, gia k�je (a, b) ∈ D. Apì thn �llh meri�, an isqÔei to
teleutaÐo, tìte apì ton tÔpo (2) sumperaÐnoume ìti an h kampÔlh α1 eÐnai kanonik ,

dhl. ta u′(t), v′(t) ìqi kai ta dÔo mhdèn ∀t ∈ I, tìte α′(t) 6=
→
0 ,∀t ∈ I, dhl. h kampÔlh

α = Φ ◦ α1 eÐnai kanonik . Eqoume epomènwc thn parak�tw prìtash

Prìtash 2.1 H epif�neia S pou dÐdetai se parametrik  morf  apì thn Φ : D −→ R3

eÐnai kanonik , an kai mìnon an, ta dianÔsmata ∂
→
X

∂u (a, b), ∂
→
X

∂v (a, b) eÐnai grammik�

anex�rthta, gia k�je (a, b) ∈ D. IsodÔnama, an kai mìnon an, ∂
→
X

∂u (a, b)× ∂
→
X

∂v (a, b) 6=
→
0

gia k�je (a, b) ∈ D.

Oi epif�neiec pou meletoÔme ja èqoun thn parap�nw idiìthta. Se k�je shmeÐo thc
epif�neiac orÐzoume ta parak�tw:

Orismìc 2.2 Estw epif�neia S pou orÐzetai apì thn Φ : D −→ R3 kai P = Φ(a, b)
èna shmeÐo thc.
1. (MonadiaÐo) k�jeto di�nusma thc epif�neiac S sto shmeÐo P eÐnai to

→
N (a, b) =

∂
→
X

∂u (a, b)× ∂
→
X

∂v (a, b)

||∂
→
X

∂u (a, b)× ∂
→
X

∂v (a, b)||
.

2. Efaptìmeno epÐpedo thc epif�neiac S sto shmeÐo P eÐnai to epÐpedo pou dièrqetai

apì to P kai èqei wc k�jeto di�nusma to
→
N (a, b).

3. Efaptìmeno di�nusma thc epif�neiac S sto shmeÐo P eÐnai èna di�nusma k�jeto

sto
→
N (a, b).

ShmeÐwsh 2.3 To sÔnolo twn efaptìmenwn dianusm�twn sto shmeÐo P thc epif�-
neiac S apoteleÐ ènan grammikì upìqwro tou R3 di�stashc 2. An efarmìsoume èna

efaptìmeno di�nusma sto P tìte, wc di�nusma k�jeto sto
→
N (a, b), ja eÐnai di�nu-

sma tou efaptìmenou epipèdou. An loipìn to metafèroume sthn arq  twn axìnwn
tìte ja brÐsketai sto par�llhlo epÐpedo tou efaptìmenou epipèdou thc S sto P pou
dièrqetai apì thn arq  twn axìnwn. Epomènwc o grammikìc q¸roc twn efaptìmenwn
dianusm�twn antistoiqeÐ ston didi�stato grammikì q¸ro pou orÐzetai wc h par�llh-
lh metafor� sthn arq  twn axìnwn tou efaptìmenou epipèdou thc S sto P . Ja
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sumbolÐzoume autìn ton grammikì q¸ro me TP S kai j� ton onom�zoume epÐpedo twn
efaptìmenwn dianusm�twn thc S sto P . ParathroÔme ìti apì thn prìtash 2.1 to

TP S èqei b�sh, wc grammikìc q¸roc, ta dianÔsmata ∂
→
X

∂u (a, b), ∂
→
X

∂v (a, b).

Par�deigma 2.9 Estw S o kÔlindroc Φ : R × (0, h) −→ R3 me Φ(v, z) =
(R cos v,R sin v, z), ìpou R > 0, ìpwc sto par�deigma 2.2. Estw P = Φ(π

2 , 0) =

(0, R, 0). Tìte ∂
→
X

∂v (π
2 , 0) =< −R, 0, 0 > kai ∂

→
X

∂z (π
2 , 0) =< 0, 0, 1 >. Sunep¸c

→
N (π

2 , 0) =< 0, 1, 0 >. To efaptìmeno epÐpedo sto P eÐnai to y = R, to de a-
ntÐstoiqo epÐpedo twn efaptìmenwn dianusm�twn eÐnai to y = 0.

Par�deigma 2.10 Sto par�deigma 2.1 tou graf matoc S sun�rthshc, me Φ(u, v) =
(u, v, f(u, v)), èqoume ìti

∂
→
X

∂u
= < 1, 0,

∂f

∂u
>,

∂
→
X

∂v
= < 0, 1,

∂f

∂v
>,

→
N =

< −∂f
∂u , − ∂f

∂uv , 1 >√
1 + (∂f

∂u)2 + (∂f
∂v )2

.

To efaptìmeno epÐpedo sto shmeÐo P = (a, b, f(a, b)) eÐnai to −∂f
∂u(a, b)(x − a) −

∂f
∂v (a, b)(y− b) + (z− f(a, b)) = 0, to de epÐpedo TP S twn efaptìmenwn dianusm�twn

tou graf matoc sto shmeÐo P eÐnai to −∂f
∂u(a, b)x− ∂f

∂v (a, b)y + z = 0.

Par�deigma 2.11 Ac jewr soume t¸ra thn sfaÐra se parametrik  morf  ìpwc
sto par�deigma 2.5. Tìte sta shmeÐa N = Φ(π

2 , 0) kai S = Φ(−π
2 , 0) èqoume ìti

∂
→
X

∂v (±π
2 , 0) =< 0, 0, 0 >. Sunep¸c an prospaj soume se aut� ta shmeÐa na orÐsoume

to k�jeto di�nusma ìpwc ston orismì 2.2 tìte paÐrnoume to mhdenikì di�nusma.
Omwc h sfaÐra, wc gewmetrikì sq ma, èqei profan¸c mh mhdenikì k�jeto di�nusma
sta parap�nw shmeÐa. Apl¸c h paramètrish pou èqoume p�rei den eÐnai kal  se auta
ta shmeÐa kai ètsi den mporoÔme na orÐsoume to k�jeto di�nusma me thn bo jeia thc
sugkekrimènhc paramètrhshc. Me aut n thn ènnoia h parametrismènh epif�neia den
eÐnai kanonik . Shmei¸noume ìti an periorÐsoume thn Φ sto qwrÐo D = (−π

2 ×
π
2 )×R

tìte h epif�neia eÐnai kanonik  (bèbaia h eikìna aut c thc apeikìnishc eÐnai h sfaÐra
ektìc twn shmeÐwn N,S). Ac upologÐsoume to k�jeto di�nusma sta shmeÐa thc
sfaÐrac (diaforetik� apì ta N,S). Eqoume,

Φ(u, v) = (R cos u cos v, R cos u sin v, R sin u),

∂
→
X

∂u
= < −R sinu cos v,−R sin u sin v,R cos u >

∂
→
X

∂v
= < −R cos u sin v,R cos u cos v, 0 >

→
N = − < cos u cos v, cos u sin v, sinu >= − 1

R

→
X .

Sunep¸c to k�jeto di�nusma sta shmeÐa thc sfaÐrac èqei thn dieÔjunsh thc aktÐnac,
me fora proc to kèntro thc sfaÐrac.
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3.3 Metr seic se epif�neiec - h pr¸th jemelei¸dhc morf 

3.3.1 M kh epifaneiak¸n kampul¸n

Estw ìti h epif�neia S dÐdetai apì thn Φ : D −→ R3 kai èstw α1 : I −→ D mia
kampÔlh me α1(t) = (u(t), v(t)). Tìte gia thn epifaneiak  kampÔlh α = Φ ◦ α1

èqoume apì ton tÔpo (2) ìti α′ = ∂
→
X

∂u u′ + ∂
→
X

∂v v′. Sunep¸c,

||α′||2 = (
∂

→
X

∂u
u′ +

∂
→
X

∂v
v′) · (∂

→
X

∂u
u′ +

∂
→
X

∂v
v′)

= ||∂
→
X

∂u
||2u′ 2 + 2

∂
→
X

∂u

∂
→
X

∂v
u′v′ + ||∂

→
X

∂v
||2v′ 2.

Sunep¸c to m koc thc epifaneiak c kampÔlhc α apì to t1 sto t2 dÐdetai apì

Lt2
t1

(α) =
∫ t2

t1

√
||∂

→
X

∂u
||2 u′2 + 2

∂
→
X

∂u

∂
→
X

∂v
u′v′ + ||∂

→
X

∂v
||2 v′2 dt ,

ìpou oi merikèc par�gwgoi ektimoÔntai sta shmeÐa u′(t), v′(t) kai oi u′, v′ sto t. Estw
t¸ra

E(u, v) = ||∂
→
X

∂u
(u, v)||2 ,

F (u, v) =
∂

→
X

∂u
(u, v) · ∂

→
X

∂v
(u, v) ,

G(u, v) = ||∂
→
X

∂v
(u, v)||2 .

Sunep¸c an α1 : I −→ D mia kampÔlh tìte gia na upologÐsw to m koc thc
epifaneiak c kampÔlhc Φ ◦ α1, to mìno pou qrei�zetai na gnwrÐzw eÐnai, ektìc apì
thn α1, tic treÐc parap�nw sunart seic E,F, G.

ShmeÐwsh 3.4 Estw (a, b) ∈ D. SumbolÐzoume me T(a,b)D to sÔnolo twn dianu-
sm�twn tou R2 ta opoÐa ta jewroÔme ìti arqÐzoun apì to (a, b). SumbolÐzoume ta
stoiqeÐa tou T(a,b)D me < u′, v′ >. O sumbolismìc wfeÐletai sto ìti jèloume na
skeptìmaste ta stoiqeÐa tou T(a,b)D wc dianÔsmata taqÔthtac sto (a, b) kampul¸n
α1 : I −→ D. Autìc profan¸c eÐnai ènac didi�statoc grammikìc q¸roc isìmorfoc me
ton R2. An P = Φ(a, b), shmei¸noume ìti up�rqei mia fusiologik  isomorfÐa metaxÔ
twn grammik¸n q¸rwn T(a,b)D kai TP S pou dÐdetai apì ton grammikì isomorfismì

pou stèlnei to < u′, v′ >∈ T(a,b)D sto ∂
→
X

∂u (a, b)u′ + ∂
→
X

∂v (a, b)v′ ∈ TP S. To ìti h
parap�nw apeikìnish eÐnai isomorfismìc prokÔptei apì to gegonìc ìti ta dianÔsma-

ta ∂
→
X

∂u (a, b), ∂
→
X

∂v (a, b) eÐnai b�sh tou TP S, bl. shmeÐwsh 2.3. Me �lla lìgia, an
< u′, v′ >∈ T(a,b)D eÐnai di�nusma taqÔthtac thc kampÔlhc α1 : I −→ D sto shmeÐo
t0 me α1(t0) = (a, b), tìte me ton parap�nw isomorfismì autì p�ei sto di�nusma
taqÔthtac (Φ ◦ α1)′(t0) thc epifaneiak c kampÔlhc α = Φ ◦ α1.
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'Estw(a, b) ∈ D. OrÐzoume thn apeikìnish I(a,b) : T(a,b)D −→ R me

I(a,b)(u
′, v′) = E(a, b)u

′2 + 2F (a, b)u′v′ + G(a, b)v
′2.

Qrhsimopoi¸ntac pollaplasiasmì pin�kwn, h parap�nw gr�fetai kai wc

I(a,b)(u
′, v′) =

(
u′ v′

) (
E(a, b) F (a, b)
F (a, b) G(a, b)

) (
u′

v′

)
.

H I(a,b) eÐnai epomènwc mia tetragwnik  morf  kai onom�zetai pr¸th jemeli¸dhc
morf  thc epif�neiac sto (a, b). Otan t¸ra dÐdetai mia epÐpedh kampÔlh α1 : I −→ D
me α1(t) = (u(t), v(t)) tìte sumbolÐzome me Iα1(t) thn sun�rthsh Iα1 : I −→ R pou
dÐdetai apì

Iα1(t) = E(u(t), v(t)) u′(t)2 + 2F (u(t), v(t)) u′(t)v′(t) + G(u(t), v(t)) v′(t)2.

Shmei¸noume ìti an α1(t) = (u(t), v(t) me α1(t0) = (a, b) kai jèsoume u′ =
u′(t0), v′ = v′(t0), tìte Iα1(t0) = I(a,b)(u′, v′). Me autìn ton sumbolismì èqoume
ìti

||α′(t)||2 = Iα1(t). (3)

Epomènwc

Lt2
t1

(α) =
∫ t2

t1

√
Iα1(t) dt . (4)

Suqn�, ìtan to (a, b) to èqoume stajeropoi sei, sumbolÐzoume thn I(a,b) pio apl�
me I. Oi idiìthtec thc I(a,b) kai twn emplekìmenwn sunart sewn E,F, G eÐnai oi ex c:

1. An < u′, v′ >6=< 0, 0 >, tìte I(a,b)(u′, v′) > 0. Pr�gmati, an α1 : I −→ D h
kampÔlh me α1(t) =< a + tu′, b + tv′ > tìte I(a,b)(u′, v′) = ||(Φ ◦ α1)′(0)|| > 0,
diìti eÐnai kanonik  kampÔlh. 'Epomènwc h pr¸th jemeli¸dhc morf  eÐnai mia
jetik� orismènh tetragwnik  morf .

2. E(a, b) > 0, G(a, b) > 0, diìti kanèna apì ta dianÔsmata ∂
→
X

∂u (a, b), ∂
→
X

∂u (a, b) den
eÐnai to mhdenikì di�nusma (eÐnai grammik� anex�rthta dianÔsmata).

3. Eqoume

E(a, b)G(a, b)− F (a, b)2 = ||∂
→
X

∂u
(a, b)× ∂

→
X

∂v
(a, b)||2 > 0. (5)

Shmei¸noume ìti h teleutaÐa posìthta eÐnai jetik  diìti h epif�neia eÐnai ka-
nonik .

ShmeÐwsh 3.5 Apì ta parap�nw èqoume ìti to m koc thc kampÔlhc α = Φ◦α1 apì
to t1 èwc to t2 dÐdetai apì

Lt2
t1

(α) =
∫ t2

t1

√
Iα1(t) dt =

∫ t2

t1

√(
u′ v′

) (
E F
F G

) (
u′

v′

)
dt ,
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ìpou ta u′, v′ ektimoÔntai sthn jèsh t kai ta E,F, G sthn jèsh (u(t), v(t)). Shmei¸-
noume ìti to m koc thc kampÔlhc α1(t) = (u(t), v(t)) apì to t1 èwc to t2 dÐdetai
apì

Lt2
t1

(α1) =
∫ t2

t1

√
u′2 + v′2 dt =

∫ t2

t1

√(
u′ v′

) (
1 0
0 1

) (
u′

v′

)
dt .

Sunep¸c o pÐnakac

(
E F
F G

)
kajorÐzei to pìso all�zei to m koc thc epÐpedhc

kampÔlhc α1 k�tw apì thn apeikìnish Φ.

Par�deigma 3.12 Gia ton kÔlindro, bl. par�deigma 2.2, èqoume ìti E(v, z) =

R2, F (v, z) = 0, G(v, z) = 1. Sunepwc

(
E F
F G

)
=

(
R2 0
0 1

)
. An loipìn

p�roume thn epifaneiak  kampÔlh α(t) = Φ(v(t), z(t)), èqoume ìti

Lt2
t1

(α) =
∫ t2

t1

√
R2v′(t)2 + z′(t)2 dt .

Shmei¸noume ìti ìtan R = 1 tìte h apeikìnish Φ den all�zei ta m kh. H gewmetrik 
ermhneÐa autoÔ eÐnai ìti h apeikìnish apl� tulÐzei to R2 p�nw ston kÔlindro.

Par�deigma 3.13 An p�roume to gr�fhma sun�rthshc, bl. par�deigmata 2.1 kai
2.10, tìte

E(u, v) = || < 1, 0,
∂f

∂u
> ||2 = 1 + (

∂f

∂u
)2 ,

F (u, v) = < 1, 0,
∂f

∂u
>< 0, 1,

∂f

∂v
>=

∂f

∂u

∂f

∂v
,

G(u, v) = || < 0, 1,
∂f

∂v
> ||2 = 1 + (

∂f

∂v
)2 .

An loipìn p�roume thn epifaneiak  kampÔlh α(t) = Φ(u(t), v(t)), èqoume ìti

Lt2
t1

(α) =
∫ t2

t1

√
1 + (

∂f

∂u
)2 + (

∂f

∂v
)2 dt ,

ìpou oi merikèc par�gwgoi eÐnai ektimhmènec sto shmeÐo (u(t), v(t)).

3.3.2 GwnÐa metaxÔ epifaneiak¸n kampulwn

Estw ìti h epif�neia S dÐdetai apì thn Φ : D −→ R3 kai èstw α1 : I −→ D, β1 :
J −→ D dÔo epÐpedec kampÔlec me α1(t) = (u1(t), v1(t)) kai β1(s) = (u2(s), v2(s)).
Upojètoume, epÐshc, ìti α1(t0) = (a, b) = β1(s0). Estw P = Φ(a, b) to antÐstoiqo
shmeÐo sthn epif�neia S. Oi epifaneiakèc kampÔlec α = Φ◦α1, β = Φ◦β1 tèmnontai
sto shmeÐo P kai orÐzoume wc gwnÐa twn kampul¸n sto P thn mikrìterh gwnÐa θ
pou sqhmatÐzoun ta antÐstoiqa dianÔsmata taqÔthtac α′(t0) kai β′(s0) sto shmeÐo
P . Eqoume

cos θ =
α′(t0) · β′(s0)

||α′(t0)|| · ||β′(s0)||
.
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Apì tic sqèsh (2) èqoume ìti

α′(t0) =
∂

→
X

∂u
(a, b) u′1(t0) +

∂
→
X

∂v
(a, b) v′1(t0),

β′(t0) =
∂

→
X

∂u
(a, b) u′2(s0) +

∂
→
X

∂v
(a, b) v′2(s0).

Epomènwc,

α′(t0) · β′(s0) = ||∂
→
X

∂u
(a, b)||2u′1u′2 + 2

∂
→
X

∂u
(a, b)

∂
→
X

∂v
(a, b)(u′1v

′
2 + u′2v

′
1) + ||∂

→
X

∂v
(a, b)||2v′1v′2

= E(a, b)u′1u
′
2 + 2F (a, b)(u′1v

′
2 + u′2v

′
1) + G(a, b)v′1v

′
2

=
(

u′1 v′1
) (

E(a, b) F (a, b)
F (a, b) G(a, b)

) (
u′2
v′2

)
.

ìpou ta u′1, v
′
1 ta èqoume ektim sei sto t0 kai ta u′2, v

′
2 sto s0. Lamb�nontac up' ìyin

th sqèsh (3), èqoume epomènwc ìti

cos θ =
E(a, b)u′1u

′
2 + 2F (a, b)(u′1v

′
2 + u′2v

′
1) + G(a, b)v′1v

′
2√

Iα1(t0)
√

Iβ1(s0)

=

(
u′1 v′1

) (
E F
F G

) (
u′2
v′2

)
√(

u′1 v′1
) (

E F
F G

) (
u′1
v′1

) √(
u′1 v′1

) (
E F
F G

) (
u′2
v′2

) ,

ìpou ta E,F, G ta èqoume ektim sei sto (a, b), ta u′1, v
′
1 sto t0 kai ta u′2, v

′
2 sto s0.

Shmei¸noume ìti an φ eÐnai h gwnÐa twn epÐpedwn kampÔl¸n α1, β1 sto shmeÐo (a, b),
tìte

cos φ =
α′1(t0) · β′1(s0)

||α′1(t0)|| · ||β′1(s0)||

=
u′1u

′
2 + 2(u′1v

′
2 + u′2v

′
1) + v′1v

′
2√

u
′2
1 + v

′2
1

√
u
′2
2 + v

′2
2

=

(
u′1 v′1

) (
1 0
0 1

) (
u′2
v′2

)
√(

u′1 v′1
) (

1 0
0 1

) (
u′1
v′1

) √(
u′1 v′1

) (
1 0
0 1

) (
u′2
v′2

) .

Sunep¸c p�li kai ed¸ o pÐnakac

(
E F
F G

)
kajorÐzei to pìso all�zei h gwnÐa twn

epÐpedwn kampul¸n α1 kai β1 k�tw apì thn apeikìnish Φ.

3.3.3 Embad� se epif�neiec

Estw p�li S h epif�neia pou dÐdetai apì thn Φ : D −→ R3. Se aut n thn par�grafo
upojètoume ìti h Φ eÐnai mia 1-1 apeikìnish. Shmei¸noume ìti sta perissìtera pa-
radeÐgmata pou sunant�me h Φ gÐnetai 1-1 apeikìnish ìtan periorÐsoume kat�llhla
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to pedÐo orismoÔ. Eqoume ìti

embadìn(D) =
∫ ∫

D
1 dudv .

O skopìc mac eÐnai na broÔme to ebadìn thc Φ(D). Ja to k�noume, ìqi austhr�,
efarmìzontac tic sun jeic proseggistikèc ektim seic. An Π èna mikrì parallhlepÐ-
pedo sto D, ja broÔme pr¸ta mia prosèggish tou embadoÔ Φ(Π). Estw (a, b) ∈ D
kai λ, µ mikroÐ jetikoÐ arijmoÐ. JewroÔme to orjog¸nio parallhlepÐpedo me korufèc
ta (a, b), (a + λ, b), (a, b + µ), (a + λ, b + µ). Eqoume

embadìn(Π) = λµ .

H pleur� π1 pou en¸nei tic korufèc (a, b) kai (a + λ, b) antistoiqeÐ sto Ðqnoc thc
epÐpedhc kampÔlhc α1 : (0, λ) −→ D me α1(t) = (a + t, b). Sunep¸c to m koc tou
tm matoc Φ(π1) isoÔtai me

s1 =
∫ λ

0

√
Iα1 dt =

∫ λ

0
||∂

−→
X

∂u
(a + t, b)|| dt.

Epeid  to λ eÐnai mikrì, mporoÔme na upojèsoume ìti ∀t ∈ (a, λ) èqoume ì-

ti ||∂
−→
X

∂u (a + t, b)|| ∼= ||∂
−→
X

∂u (a, b)||. Epomènwc, proseggistik� to m koc s1
∼=∫ λ

0 ||
∂
−→
X

∂u (a, b)|| dt = λ||∂
−→
X

∂u (a, b)||. Me b�sh autì, mporoÔme na proseggÐsoume

thn pleur� Φ(π1) me to di�nusma λ ∂
−→
X

∂u (a, b). An π2 eÐnai to eujÔgrammo tm ma
me korufèc ta (a, b) kai (a, b + µ) tìte, omoÐwc, mporoÔme na proseggÐsoume thn

pleur� Φ(π2) me to di�nusma µ ∂
−→
X

∂v (a, b). Sunep¸c, to tetr�pleuro Φ(Π) mporeÐ

na proseggisjeÐ apì to parallhlìgrammo me pleurèc ta dianÔsmata λ∂
−→
X

∂u (a, b) kai

µ∂
−→
X

∂v (a, b). To embadìn tou teleutaÐou isoÔtai me λµ||∂
−→
X

∂u (a, b) × ∂
−→
X

∂v (a, b)|| =
embadìn(Π)

√
E(a, b)G(a, b)− F (a, b)2, bl. sqèsh (5). Ara

embadìn(Φ(Π)) ∼= embadìn(Π)
√

E(a, b)G(a, b)− F (a, b)2 .

DiamerÐzontac t¸ra to D se mikr� parallhlìgramma ìpwc to parap�nw kai paÐrno-
ntac ìria sumperaÐnoume ìti

embadìn(Φ(D)) =
∫ ∫

D

√
E(u, v)G(u, v)− F (u, v)2 dudv .

Par�deigma 3.14 An Φ(u, v) = (u, v, f(u, v)) to gr�fhma sun�rthshc f : D −→ R
tìte apì ton upologismì tou paradeÐgmatoc 3.13 èqoume ìti

embadìn graf matoc =
∫ ∫

D

√
1 + (

∂f

∂u
(u, v))2 + (

∂f

∂v
(u, v))2 dudv .

Par�deigma 3.15 Gia na broÔme to embadìn tou kulÐndrou aktÐnac R kai Ôyouc
h ton perigr�foume se parametrik  morf  apì thn apeikìnish Φ : D −→ R3 me
Φ(v, z) = (R cos v,R sin v, z), bl. par�deigma 2.2, ìpou ìmwc t¸ra D = [0, 2π) ×
[0, h]. H apeikìnish aut  eÐnai 1-1 (bèbaia to pedÐo orismoÔ den eÐnai anoiktì, ìpwc
sun jwc, all� autì den ephre�zei touc upologismoÔc mac). Apì to par�deigma 3.12
èqoume ìti

√
EG− F 2 = R kai epomènwc

embadìn(Φ(D)) = R · embadìn(D) = R 2πh = 2πRh .
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4.4 Kampulìthta se epif�neiec

4.4.1 H k�jeth kampulìthta

Ja melet soume thn kampulìthta twn epifanei¸n dia mèsou thc kampulìthtac twn
epifaneiak¸n kampul¸n. ArqÐzoume me ènan orismì.

Orismìc 4.3 An α : I −→ R3 mia kampÔlh tou q¸rou, tìte onom�zoume di�nusma

kampulìthtac to di�nusma κα(t)
→
η α (t), ìpou κα h kampulìthta kai

→
η α to kÔrio

k�jeto di�nusma.

UpenjumÐzoume oti h kampulìthta kai to kÔrio k�jeto di�nusma thc α orÐzo-
ntai dia mèsou twn antistoÐqwn dianusm�twn miac (jetik c) anaparamètris c thc wc
proc m koc tìxou. An β(s) = α(t(s)) eÐnai mia tètoia, tìte κα(t) = κβ(s(t)) kai
→
η α (t) =

→
η β (s(t)), ìpou s = s(t) eÐnai h antÐstrofh apeikìnish thc t = t(s) . Sh-

mei¸noume ìti ìtan β : J −→ R3 mia kampÔlh tou q¸rou parametrismènh wc proc

m koc tìxou tìte β′′(s) = κβ(s)
→
η β (s), dhl. to di�nusma kampulìthtac eÐnai to

β′′(s).
Estw t¸ra α(t) = Φ(u(t), v(t)) mia epifaneiak  kampÔlh sthn epif�neia S pou

orÐzetai apì thn Φ : D −→ R3. Estw
→
N (t) to k�jeto di�nusma thc S sto shmeÐo

α(t). H probol  tou dianÔsmatoc kampulìthtac thc kampÔlhc α sto shmeÐo α(t)
p�nw sto di�nusma

→
N (t) èqei thn morf  κnormal

α (t)
→
N (t). H κnormal

α (t) lègetai
k�jeth kampulìthta thc kampÔlhc α. An θ(t), 0 ≤ θ(t) ≤ π, eÐnai h mikrìterh gwnÐa

twn dianusm�twn kampulìthtac thc kampÔlhc kai tou k�jetou dianÔsmatoc
→
N (t) thc

epif�neiac, tìte èqoume
κnormal

α (t) = κα(t) cos θ(t) . (6)

Shmei¸noume ìti cos θ(t) =
→
η α (t)·

→
N (t) kai sunep¸c èqoume oti

κnormal
α (t) = κα(t)

→
η α (t)·

→
N (t) .

ParathroÔme ìti ìtan èqoume mia epifaneiak  kampÔlh, èstw β : J −→ R3 me
β(s) = Φ(u(s), v(s)), parametrismènh wc proc m koc tìxou, tìte afoÔ β′′(s) =
κβ(s)

→
η β (s), ja èqoume ìti

κnormal
β (s) = β′′(s)·

→
N (s) .

An loipìn α(t) = Φ(u(t), v(t)) mia epifaneiak  kampÔlh kai p�roume mia (jetik )
anaparamètrhs  thc β(s) = α(t(s)) wc proc m koc tìxou èqoume ìti

κnormal
α (t) = κα(t)

→
η α (t)·

→
N (t) = κβ(s)

→
η β (s)·

→
N (t) = β′′(s)·

→
N (t) ,

ìpou s = s(t) eÐnai h antÐstrofh thc t = t(s). Eqoume t¸ra

β′(s) = α′(t)t′(s) ,

β′′(s) = α′′(t)t′(s)2 + α′(t)t′′(s) .
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Ara

β′′(s)·
→
N (t) = t′(s)2 α′′(t)·

→
N (t) .

Omwc t′(s) = 1
||α′(t)|| , kai epomènwc

κnormal
α (t) =

α′′(t)·
→
N (t)

||α′(t)||2
. (7)

Gia na upologÐsoume ton arijmht  èqoume

α′ =
∂

→
X

∂u
u′ +

∂
→
X

∂v
v′

α′′ = (
∂2

→
X

∂u2
u′ +

∂2
→
X

∂v∂u
v′)u′ +

∂
→
X

∂u
u′′ + (

∂2
→
X

∂u∂v
u′ +

∂2
→
X

∂v2
v′)v′ +

∂
→
X

∂v
v′′

= (
∂

→
X

∂u
u′′ +

∂
→
X

∂v
v′′) + (

∂2
→
X

∂u2
u
′2 + 2

∂2
→
X

∂u∂v
u′v′ +

∂2
→
X

∂v2
v
′2) .

Sunep¸c

α′′·
→
N= (

∂2
→
X

∂u2
·
→
N)u

′2 + 2(
∂2

→
X

∂u∂v
·
→
N)u′v′ + (

∂2
→
X

∂v2
·
→
N)v

′2.

Gia na susthmatopoi soume to parap�nw, orÐzoume tic sun�rthseic L,M,N :
D −→ R me

L(u, v) =
∂2

→
X

∂u2
(u, v)·

→
N (u, v) =

∂2
→
X

∂u2 · (∂
→
X

∂u ×
∂
→
X

∂v )
√

EG− F 2
,

M(u, v) =
∂2

→
X

∂u∂v
(u, v)·

→
N (u, v) =

∂2
→
X

∂u∂v · (∂
→
X
∂u ×

∂
→
X

∂v )
√

EG− F 2
,

N(u, v) =
∂2

→
X

∂v2
(u, v)·

→
N (u, v) =

∂2
→
X

∂v2 · (∂
→
X

∂u ×
∂
→
X

∂v )
√

EG− F 2
.

Estw t¸ra (a, b) ∈ D. Tìte orÐzoume thn sun�rthsh II(a,b) : T(a,b)D −→ R me

II(a,b)(u
′, v′) = L(a, b)u

′2 + 2M(a, b)u′v′ + N(a, b)v
′2

=
(

u′ v′
) (

L(a, b) M(a, b)
M(a, b) N(a, b)

) (
u′

v′

)
.

Opwc kai sthn perÐptwsh thc pr¸thc jeleli¸douc morf c, h II(a,b) eÐnai mia tetragw-
nik  morf  h opoÐa onom�zetai deÔterh jemelei¸dhc morf  thc epif�neiac sto (a, b).
Otan t¸ra dÐdetai mia epÐpedh kampÔlh α1 : I −→ D me α1(t) = (u(t), v(t)), tìte
sumbolÐzome me IIα1(t) thn sun�rthsh IIα1 : I −→ R pou dÐdetai apì

IIα1(t) = L(u(t), v(t)) u′(t)2 + 2M(u(t), v(t)) u′(t)v′(t) + N(u(t), v(t)) v′(t)2.

Gia na epistrèyoume t¸ra sto arqikì prìblhma, èqoume ìti gia thn kampÔlh α =
Φ ◦ α1 o tÔpoc (7) gr�fetai wc

κnormal
α (t) =

IIα1(t)
Iα1(t)

.
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Gia sugkekrimmèno t = t0, an α1(t0) = (a, b) kai u′ = u′(t0), v′ = v′(t0) èqoume ìti

κnormal
α (t0) =

II(a,b)(u′, v′)
I(a,b)(u′, v′)

. (8)

ShmeÐwsh 4.6 1. Apì ton parap�nw tÔpo sumperaÐnoume ìti h k�jeth kampulì-
thta thc epifaneiak c kampÔlhc α exart�tai mìnon apì to di�nusma taqÔthtac thc
kampÔlhc α1 kai tic sunart seic L,M,N pou sqetÐzontai me thn epif�neia. Sh-
mei¸noume ìti to di�nusma taqÔthtac thc α1 kajorÐzei to di�nusma taqÔthtac thc

α: an α′1(t0) =< u′, v′ > tìte α′(t0) =
→
X
∂u(a, b)u′ +

→
X
∂v (a, b)v′, bl. shmeiwsh 3.4.

Epomènwc h k�jeth kampulìthta exart�tai mìnon apì to di�nusma taqÔthtac thc
epifaneiak c kampÔlhc. Sthn paragmatikìthta exart�tai mìnon apì thn dieÔjunsh
tou dianÔsmatoc taqÔthtac. Pr�gmati an < u′1, v

′
1 >= λ < u′, v′ >, λ 6= 0 tì-

te II(a,b)(u′1, v
′
1) = λ2II(a,b)(u′, v′1) kai I(a,b)(u′1, v

′
1) = λ2I(a,b)(u′, v′) kai epomènwc

II(a,b)(u
′
1,v′1)

I(a,b)(u
′
1,v′1)

= II(a,b)(u
′,v′)

I(a,b)(u
′,v′) . Sunep¸c epifaneiakèc kampÔlec me par�llhla dianÔsmata

taqÔthtac se k�poio shmeÐo thc epif�neiac èqoun thn Ðdia k�jeth kampulìthta.

2. Se antÐjesh me thn pr¸th jemeli¸dh morf  pou eÐnai jetik� orismènh, h deÔterh
jemeli¸dhc morf  endèqetai na all�zei prìshmo kajwc to < u′, v′ > metab�lletai
sto T(a,b)D. Otan II(a,b)(u′, v′) > 0 tìte, afoÔ κnormal

α = kα cos θ, κα > 0, autì
sunep�getai ìti h gwnÐa θ eÐnai oxeÐa. Otan II(a,b)(u′, v′) < 0 tìte h gwnÐa θ eÐnai
ambleÐa.

Orm¸menoi apì thn parap�nw shmeÐwsh dÐdoume ton ex c orismì

Orismìc 4.4 Estw S epif�neia pou dÐdetai apì thn Φ : D −→ R3 kai P = Φ(a, b)
shmeÐo thc. OrÐzoume wc k�jeth kampulìthta thc S sto P sthn kateÔjunsh tou
dianÔsmatoc < u′, v′ > apì ton tÔpo

Knormal
S,P (u′, v′) =

II(a,b)(u′, v′)
I(a,b)(u′, v′)

ShmeÐwsh 4.7 Opwc èqoume dei sthn shmeÐwsh 3.4 up�rqei mia 1-1 antistoiqÐa
metaxÔ twn dianusm�twn < u′, v′ > kai twn efaptìmenwn dianusm�twn thc epif�neiac

sto shmeÐo P . An
→
w∈ TP S, tìte qrhsimopoioÔme thn èkfrash �k�jeth kampulìthta

thc S sto P sthn dieÔjunsh tou dianÔsmatoc
→
w �.

Eidame loipìn apì ta parap�nw ìti h k�jeth kampulìthta thc S sto P sthn

dieÔjunsh tou dianÔsmatoc
→
w parist� thn k�jeth kamulìthta miac opoiasd pote

epifaneiak c kampÔlhc pou pernaei apì to P kai èqei di�nusma taqÔthtac par�l-

lhlo proc to
→
w . Gia k�je epilog  enìc monadiaÐou efaptìmenou dianÔsmatoc

→
w

kataskeu�zoume mia fusiologik  kampÔlh pou pern�ei apì to P kai èqei di�nusma

taqÔthtac to
→
w .

ArqÐzoume me mia parat rhsh. Estw, α : I −→ R3 kampÔlh tou q¸rou me α(I) ⊆
Π, opou Π k�poio epÐpedo. Tìte kai ta danÔsmata α′(t), α′′(t), an efarmostoÔn sto
shmeÐo α(t), eÐnai dianÔsmata tou epipèdou Π. Pr�gmati, an

→
w to k�jeto di�nusma

tou epipèdou,
→
x (t) to di�nusma jèshc thc α kai t0 ∈ I èqoume: (

→
x (t)− →

x (t0))·
→
w= 0

kai �ra α′(t)· →w= 0, α′′(t)· →w= 0 pou sunep�getai autì pou jèloume.
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Estw t¸ra S mia epif�neia Φ : D −→ R3 kai P = Φ(a, b) èna shmeÐo thc. Estw
→
w∈ TP S efaptìmeno di�nusma me monadiaÐo mhkoc kai ac sumbolÐsoume me Π to

epÐpedo twn dianusm�twn
→
w kai

→
N . H tom  tou Π me thn S eÐnai (konta sto P ) mia

epifaneiak  kampÔlh β(s) = Φ(u(s), v(s)), thn opoÐa parametrÐzoume wc proc m koc
tìxou. Estw P = β(s0).

Apì ta parap�nw èqoume ìti to β′(s0) = ∂
→
X

∂u u′+ ∂
→
X

∂v v′ eÐnai di�nusma tou epipèdou

Π kai eÐnai k�jeto sto di�nusma
→
N . Sunep¸c β′(s0) ‖

→
w. K�nontac, endeqomènwc mia

anaparamètrhsh, mporoÔme na upojèsoume ìti to β′(s0) =
→
w (kai ta dÔo eÐnai me

monadiaÐo m koc). Autèc oi kampÔlec onom�zontai k�jetec tomèc. To β′′(s0) eÐnai

kai autì di�nusma tou Π kai, epÐshc, β′(s0) ⊥ β′′(s0), sunep¸c β′′(s0) ‖
→
N . Epomènwc,

an II(a,b)(u′, v′) > 0 tìte h gwnÐa θ eÐnai oxeÐa kai �ra θ = 0 opìte
→
η β (s0) =

→
N , bl.

shmeÐwsh 4.6. EpÐshc, apì ton tÔpo (6) èqoume ìti κβ(s0) = II(a,b)(u
′,v′)

I(a,b)(u
′,v′) . OmoÐwc

an II(a,b)(u′, v′) < 0 tìte h gwnÐa θ eÐnai ambleÐa kai �ra θ = π opìte
→
η β (s0) =

−
→
N , kai apì ton tÔpo (6) èqoume ìti κβ(s0) = − II(a,b)(u

′,v′)

I(a,b)(u
′,v′) . Epomènwc h kampÔlh

pou prokÔptei wc tom  tou parap�nw epipèdou me thn epif�neia èqei sto shmeÐo P

kampulìthta Ðsh me κβ(s0) = | II(a,b)(u
′,v′)

I(a,b)(u
′,v′) | = |Knormal

S,P (u′, v′)|.

Shmei¸noume ìti to epÐpedo Π pou kajorÐzetai apì ta dianÔsmata
→
w kai

→
N eÐnai

èna prosanatolismèmo epÐpedo. H �èxw � tou pleur� eÐnai aut  proc thn opoÐa deiknÔei

to di�nusma
→
w ×

→
N . H β(s) t¸ra wc epÐpedh kampÔlh èqei k�jeto di�nusma to

→
N

(To
→
N prokÔptei apì to

→
w me strof  90 moir¸n se dieÔjunsh antÐjeth thc for�c twn

deikt¸n tou rologioÔ). SumbolÐzoume me κplane
β thn kampulìthta thc β wc epÐpedhc

kampÔlhc. Apì ta parap�nw èqoume ìti ìtan II(a,b)(u′, v′) > 0 tìte to β′′(s0) èqei thn

for� tou
→
N , �ra κplane

β (s0) = κβ(s0) = II(a,b)(u
′,v′)

I(a,b)(u
′,v′) > 0. Otan II(a,b)(u′, v′) < 0 tìte

to β′′(s0) èqei for� antÐjeth tou
→
N , �ra κplane

β (s0) = −κβ(s0) = −(− II(a,b)(u
′,v′)

I(a,b)(u
′,v′) ) =

II(a,b)(u
′,v′)

I(a,b)(u
′,v′) < 0. Epomènwc, wc epÐpedh kampÔlh h β èqei kampulìthta p�nta Ðsh me

κplane
β (s0) = II(a,b)(u

′,v′)

I(a,b)(u
′,v′) = Knormal

S,P (u′, v′).

Par�deigma 4.16 Estw S to gr�fhma thc sun�rthshc z = u2 + v2. Tìte h para-
mètrhsh thc S dÐdetai apì thn Φ(u, v) = (u, v, u2 + v2). Ja melet soume thn S sto
shmeÐo P = (0, 0, 0) = Φ(0, 0). Eqoume

∂
→
X

∂u
= < 1, 0, 2u > . Ara

∂
→
X

∂u
(0, 0) =< 1, 0, 0 > kai E(0, 0) = 1.

∂
→
X

∂v
= < 0, 1, 2v > . Ara

∂
→
X

∂v
(0, 0) =< 0, 1, 0 > kai G(0, 0) = 1, F (0, 0) = 0.

∂2
→
X

∂u2
= < 0, 0, 2 >,

∂2
→
X

∂v2
=< 0, 0, 2 >,

∂2
→
X

∂u∂v
=< 0, 0, 0 > .
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Ara

I(0,0)(u
′, v′) = u

′2 + v
′2.

→
N (0, 0) = < 0, 0, 1 > .

L(0, 0) = 2, M(0, 0) = 0, N(0, 0) = 2
II(0,0)(u

′, v′) = 2u
′2 + 2v

′2.

Sunep¸c h k�jeth kampulìthta thc S sto P = (0, 0, 0) sthn dieÔjunsh tou dianÔsma-
toc < u′, v′ > eÐnai p�nta Ðsh me 2. Ac epibebai¸soume t¸ra ìti aut  eÐnai epÐshc h
kampulìthta twn parap�nw epipedwn kampul¸n pou prokÔptoun wc tom  thc epif�-

neiac me to epÐpedo pou orÐzetai apì èna monadiaÐo efaptìmeno di�nusma
→
w sto P kai

to k�jeto di�nusma < 0, 0, 1 >. To
→
w mporeÐ na grafeÐ wc

→
w=< cos θ, sin θ, 0 >. To

epÐpedo Π eÐnai to katakìrufo epÐpedo pou perièqei to di�nusma
→
w. Mia paramètrhsh

thc kampÔlhc tom c eÐnai h α(t) =< t cos θ, t sin θ, t2 >. Aut  den eÐnai paramètrhsh

wc proc m.t., ìmwc α′(t) =< cos θ, sin θ, 2t > kai �ra α′(0) =< cos θ, sin θ, 0 >=
→
w.

Sunep¸c an β mia jetik  anaparamètrhsh wc proc m.t. ja èqei β′(0) =
→
w. Twra h

kampulìthta thc β, wc epÐpedhc kampÔlhc, eÐnai Ðsh me aut n thc α. Gia na upolo-
gÐsoume thn teleutaÐa ja prèpei pr¸ta na gr�youme thn kampÔlh wc kampÔlh tou

epipèdou Π me orjokanonik  b�sh pou orÐzetai apì ta dianÔsmata
→
e1=

→
w,

→
e 2=

→
N .

Eqoume gia to antÐstoiqo di�nusma jèshc thc α ìti
→
x (t) = t

→
e1 +t2

→
e2 epomènwc se

autì to sÔsthma suntetagmènwn èqoume ìti α(t) = (t, t2). H kampulìthta aut c thc
kampÔlhc, wc epÐpedhc kampÔlhc, sto shmeÐo (0, 0) eÐnai 1·2−0·0

1 = 2.

Par�deigma 4.17 Estw S to gr�fhma thc sun�rthshc z = uv. Tìte h paramè-
trhsh thc S dÐdetai apì thn Φ(u, v) = (u, v, uv). Ja melet soume thn S sto shmeÐo
P = (0, 0, 0) = Φ(0, 0). Eqoume

∂
→
X

∂u
= < 1, 0, v > . Ara

∂
→
X

∂u
(0, 0) =< 1, 0, 0 > kai E(0, 0) = 1.

∂
→
X

∂v
= < 0, 1, u > . Ara

∂
→
X

∂v
(0, 0) =< 0, 1, 0 > kai G(0, 0) = 1, F (0, 0) = 0.

∂2
→
X

∂u2
= < 0, 0, 0 >,

∂2
→
X

∂v2
=< 0, 0, 0 >,

∂2
→
X

∂u∂v
=< 0, 0, 2 > .

Ara

I(0,0)(u
′, v′) = u

′2 + v
′2.

→
N (0, 0) = < 0, 0, 1 > .

L(0, 0) = 0, M(0, 0) = 2, N(0, 0) = 0
II(0,0)(u

′, v′) = 4u′v′.

Sunep¸c k�jeth kampulìthta thc S sto P = (0, 0, 0) sthn dieÔjunsh tou dianÔsmatoc
< u′, v′ > eÐnai Ðsh me 2u′v′

u′2+v′2
. Gr�foume

→
w=< cos θ, sin θ, 0 >. To epÐpedo Π eÐnai to
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katakìrufo epÐpedo pou perièqei to di�nusma
→
w. Mia paramètrhsh thc k�jethc tom c

eÐnai h α(t) =< t cos θ, t sin θ, t2 sin 2θ
2 >. Aut  den eÐnai paramètrhsh wc proc m.t.,

ìmwc α′(t) =< cos θ, sin θ, t sin 2θ > kai �ra α′(0) =< cos θ, sin θ, 0 >=
→
w. Sunep¸c

an β mia jetik  anaparamètrhsh wc proc m.t. ja èqei β′(0) =
→
w. Twra h kampulìthta

thc β, wc epÐpedhc kampÔlhc, eÐnai Ðsh me aut n thc α. Gia na upologÐsoume thn
teleutaÐa ja prèpei pr¸ta na gr�youme thn kampÔlh wc kampÔlh tou epipèdou Π me

orjokanonik  b�sh pou orÐzetai apì ta dianÔsmata
→
e1=

→
w,

→
e 2=

→
N . Eqoume gia to

antÐstoiqo di�nusma jèshc thc α ìti
→
x (t) = t

→
e1 + t2 sin 2θ

2

→
e2 epomènwc se autì to

sÔsthma suntetagmènwn èqoume ìti α(t) = (t, t2 sin 2θ
2 ). H kampulìthta aut c thc

kampÔlhc sto shmeÐo (0, 0), wc epÐpedhc kampÔlhc, eÐnai sin 2θ pou eÐnai Ðsh me thn
k�jeth kampulìthta (u′ = cos θ, v′ = sin θ).

Par�deigma 4.18 Estw S o kÔlindroc Φ(v, z) = (R cos v,R sin v, z). Ja melet -
soume thn S sto shmeÐo P = (0, R, 0) = Φ(π

2 , 0). Eqoume

∂
→
X

∂v
= < −R sin v,R cos v, 0 > . Ara

∂
→
X

∂v
(
π

2
, 0) =< −R, 0, 0 > kai E(

π

2
, 0) = R2.

∂
→
X

∂z
= < 0, 0, 1 > . Ara

∂
→
X

∂v
(
π

2
, 0) =< 0, 0, 1 > kai G(

π

2
, 0) = 1, F (

π

2
, 0) = 0.

∂2
→
X

∂v2
= < −R cos v,−R sin v, 0 > . Ara

∂2
→
X

∂v2
(
π

2
, 0) =< 0,−R, 0 > .

∂2
→
X

∂z2
= < 0, 0, 0 > . Ara

∂2
→
X

∂z2
(
π

2
, 0) =< 0, 0, 0 > .

∂2
→
X

∂v∂z
= < 0, 0, 0 > . Ara

∂2
→
X

∂v∂z
(
π

2
, 0) =< 0, 0, 0 > .

Ara

I(π
2
,0)(v

′, z′) = R2v
′2 + z

′2.
→
N (

π

2
, 0) = < 0, 1, 0 > .

L(
π

2
, 0) = −R, M(

π

2
, 0) = 0, N(

π

2
, 0) = 0

II(π
2
,0)(v

′, z′) = −Rv
′2.

Blepoume ed¸ ìti h k�jeth kampulìthta sto shmeÐo (0, 1, 0) sthn dieÔjunsh <
v′, z′ >=< 0, 1 > eÐnai mhden kai antistoiqeÐ sthn kampulìthta thc k�jethc tom c
pou se aut n thn perÐptwsh eÐnai mia eujeÐa.

Genikìtera t¸ra, an p�roume wc epÐpedo Π to epÐpedo pou perièqei to monadiaÐo

di�nusma
→
w∈ TP S kai sqhmatÐzei gwnÐa φ 6= π

2 me to k�jeto di�nusma
→
N , 0 ≤ φ ≤

π/2, tìte h antÐstoiqh epifaneiak  kampÔlh β, ìpwc parap�nw, pou eÐnai h tom 

tou epipèdou me thn epif�neia, ja èqei β′(s0) ‖
→
w (upojètoume p�li ìti h β eÐnai

parametrismènh wc proc m koc tìxou kai P = β(s0)). EpÐshc, to di�nusma β′′(s0)
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sqhmatÐzei gwnÐa θ = φ me to
→
N , an II(a,b)(u′, v′) > 0 kai gwnÐa θ = π − φ, an

II(a,b)(u′, v′) < 0. Epomènwc, apì ton tÔpo (6), sthn pr¸th perÐptwsh ja èqoume ìti

κβ(s0) = II(a,b)(u
′,v′)

cos φ I(a,b)(u
′,v′) kai sthn deÔterh κβ(s0) = − II(a,b)(u

′,v′)

cos φ I(a,b)(u
′,v′) . Dhlad  se k�je

perÐptwsh ja isqÔei ìti κβ(s0) = | II(a,b)(u
′,v′)

cos φ I(a,b)(u
′,v′) | .

Par�deigma 4.19 Sto par�deigma 2.11 eÐdame ìti to k�jeto di�nusma thc sfaÐrac
èqei thn dieÔjunsh thc aktÐnac me fora proc to kentro. Se èna shmeÐo thc sfaÐrac,
p.q. sto P = (0, 1, 0) = Φ(0, π/2), paÐrnoume tom  thc sfaÐrac me èna epÐpedo pou
sqhmatÐzei gwnÐa φ me thn aktÐna. Ac upologÐsoume thn k�jeth kampulìthta thc
sfaÐrac se autì to shmeÐo.

∂
→
X

∂u
= < −R sinu cos v,−R sinu sin v,R cos u > . Ara

∂
→
X

∂u
(0, π/2) = < 0, 0, R > kai E(0, π/2) = R2.

∂
→
X

∂v
= < −R cos u sin v,R cos u cos v, , 0 > . Ara

∂
→
X

∂v
(0, 0) = < −R, 0, 0 > kai G(0, π/2) = R2, F (0, π/2) = 0.

∂2
→
X

∂u2
(0, π/2) = < 0,−R, 0 >

∂2
→
X

∂v2
=< 0,−R, 0 >,

∂2
→
X

∂u∂v
=< 0, 0, 0 > .

Sunep¸c

I(0,π/2)(u
′, v′) = R2(u

′2 + v
′2).

→
N (0, 0) = < 0,−1, 0 > .

L(0, 0) = R, M(0, 0) = 0, N(0, 0) = R.

II(0,0)(u
′, v′) = R(u

′2 + v
′2).

Epomènwc h k�jeth kampulìthta thc sfaÐrac sto P eÐnai 1/R. Tìte apì to parap�nw
ja èqoume ìti h parap�nw epÐpedh tom  thc sfaÐrac ja èqei kampulìthta 1

R cos φ .
Autì bèbaia mporoÔme na to epibebai¸soume kai ap' eujeÐac diìti h k�jeth tom  eÐnai
kÔkloc aktÐnac R cos φ.

4.4.2 Topik  eikìna miac epif�neiac

Estw S mia epif�neia pou orÐzetai apì thn apeikìnish Φ : D −→ R3 kai P = Φ(a, b)
èna shmeÐo thc. Ja doÔme t¸ra ìti h deÔterh jemeli¸dhc morf  kajorÐzei, en gènei,
thn topik  eikìna thc S sto shmeÐo P . Eqoume ìti

II(a,b)(u
′, v′) = Lu

′2+2Mu′v′+Nv
′2, ìpou L = L(a, b), M = M(a, b), N = N(a, b).

Ac melet soume to prìshmo thc II(a,b)(u′, v′) kaj¸c to (u′, v′) metab�letai. Upenju-
mÐzoume ìti II(a,b)(λu′, λv′) = λ2II(a,b)(u′, v′) kai �ra to prìshmo paramènei stajerì
kat� m koc twn eujei¸n pou pern�ne apì thn arq  twn axìnwn. EpÐshc, parath-
roÔme ìti oi rÐzec thc II(a,b)(u′, v′) brÐskontai kat� m koc tètoiwn eujei¸n, dhl. an
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II(a,b)(u′, v′) = 0 gia k�poio (u′, v′) 6= (0, 0) tìte kai II(a,b)(λu′, λv′) = 0,∀λ ∈ R.
Mia eujeÐa ìpwc parap�nw ìpou h II(a,b) mhdenÐzetai ja thn lème eujeÐa mhdenismoÔ
thc II(a,b). Shmei¸noume ìti II(a,b)(0, 0) = 0. Ac upojèsoume t¸ra ìti L 6= 0. Tìte
o u′-�xonac den eÐnai eujeÐa mhdenismoÔ. Gr�foume thn deÔterh jemeli¸dh morf  wc
II(a,b)(u′, v′) = v

′2(Lλ2 + 2Mλ + N), ìpou λ = u′

v′ . Epomènwc to λ parist� thn
klÐsh twn eujei¸n pou pern�ne apì thn arq  twn axìnwn. Kaj¸c to λ metab�lletai
sto R paÐrnoume tic klÐseic ìlwn twn eujei¸n, ektìc apì aut n thc v′ = 0 pou apì
thn upìjesh gnwrÐzoume ìti den eÐnai eujeÐa mhdenismoÔ. EpÐshc, to prìshmo tou
poluwnÔmou p(λ) = Lλ2 + 2Mλ + N eÐnai to Ðdio me autì thc II(a,b).

Estw t¸ra ìti ∆ = M2 − LN < 0. Tìte to p(λ) den mhdenÐzetai kai �-
ra èqei stajerì prìshmo. Epomènwc se aut  thn perÐptwsh ja èqoume ìti p.q.
II(a,b)(u′, v′) > 0,∀(u′, v′) 6= (0, 0). An loipìn jewr soume tic k�jetec tomèc, tìte
h epÐpedh kampulìthta aut¸n mènei p�nta jetik  kai sunep¸c oi kampÔlec brÐsko-
ntai ìlec apì thn apì thn pleur� thc efaptìmenhc eujeÐac pou brÐsketai to k�jeto

di�nusma
→
N . Kaj¸c peristrèfoume to epÐpedo pou brÐskontai oi k�jetec tomèc apì

to k�jeto di�nusma
→
N wste na sumplhr¸soume mia pl rh peristrof , tìte h ènwsh

twn antÐstoiqwn k�jetwn tom¸n eÐnai topik� gÔrw apì to shmeÐo P h epif�neia S.
Sunep¸c se aut  thn perÐptwsh, h epif�neia ja brÐsketai apì thn mi� pleur� tou e-

faptìmenou epipèdou thc S sto P , aut n sthn opoÐa deiknÔei to k�jeto di�nusma
→
N ,

bl. to par�deigma 4.16. OmoÐwc, an II(a,b)(u′, v′) < 0,∀(u′, v′) 6= (0, 0) h epif�neia ja
brÐsketai proc thn mia meri� tou efaptìmenou epipèdou thc S sto P , antÐjethn aut c

sthn opoÐa deiknÔei to k�jeto di�nusma
→
N . ShmeÐa P ìpwc to parap�nw lègontai

elleiptik� shmeÐa.
Estw ìti ∆ = M2−LN > 0. Tìte h p(λ) = 0 èqei dÔo diaforetikèc rÐzec λ1, λ2.

An�mesa se autèc to prìshmo thc p(λ) enall�ssetai. Sunep¸c h II(a,b)(u′, v′) èqei
dÔo eujeÐec mhdenismoÔ, tÐc y = λ1x, y = λ2x. Autèc qwrÐzoun to epÐpedo se tèssera
komm�tia ìpou tì prìshmo thc II(a,b)(u′, v′) enall�ssetai. Epomènwc, apì ìsa eÐpame
parap�nw, sta dÔo apì aut� h epif�neia eÐnai apì thn meri� tou tou efaptìmenou

epipèdou thc S sto P sthn opoÐa deiknÔei to k�jeto di�nusma
→
N kai sta �lla dÔo

apì thn antÐjeth meri�, bl. par�deigma 4.17. ShmeÐa P ìpwc to parap�nw lègontai
sagmatik� shmeÐa (  uperbolik� shmeÐa) .

Estw ìti ∆ = M2 − LN = 0. Tìte up�rqei mia eujeÐa mhdenismoÔ kai h
II(a,b)(u′, v′) èqei stajerì prìshmo. Opìte p�li h epif�neia brÐsketai apì thn mi�
meri� tou efaptìmenou epipèdou kai sthn dieÔjunsh thc eujeÐac mhdenismoÔ h k�m-
yh thc eÐnai �mikr �   mhdèn. Par�deigma tètoiac epif�neiac eÐnai o kÔlindroc, bl.
par�deigma 4.18. ShmeÐa P ìpwc to parap�nw lègontai parabolik� shmeÐa.

Shmei¸noume tèloc ìti ìtan L = 0, tìte ∆ = M2, opìte ∆ ≥ 0. An ∆ > 0 tìte to
shmeÐo eÐnai sagmatiko kai an ∆ = 0 tìte eÐnai parabolikì ektìc apì thn perÐptwsh
ìpou L = M = N = 0 dhl. II(a,b) = 0. Aut  h perÐptwsh eÐnai aprosdiìristh dhl.
mporeÐ na sumbeÐ otid pote. EÐnai to an�logo tou krithrÐou thc deutèrac paragwgou
gia sunart seic ìpou kai h pr¸th kai h deÔterh par�gwgoc eÐnai mhdèn.
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4.4.3 KÔriec kampulìthtec

ArqÐzoume me mi� shmeÐwsh. Estw S epif�neia pou dÐdetai apì thn Φ : D −→ R3.
Estw (a, b) ∈ D kai P = Φ(a, b). Opwc èqoume deÐ sthn shmeÐwsh 3.4 up�rqei ènac
isomorfismìc an�mesa stouc grammikoÔc q¸rouc T(a,b)D kai TP S pou dÐdetai apì

(u′, v′) 7−→→
w= ∂

→
X

∂u u′ + ∂
→
X

∂v v′. Epomènwc tic dÔo jemeli¸deic morfèc mporoÔme na tic
doÔme wc sunart seic T(a,b)D −→ R eÐte TP S −→ R. Sthn pr¸th perÐptwsh tic
sumbolÐzoume me I(a,b), II(a,b) kai sthn deÔterh me IP , IIP . J� èqoume loipìn ìti

I(a,b)(u′, v′) = IP (
→
w), II(a,b)(u′, v′) = IIP (

→
w). Apì gewmetrik  �poyh o q¸roc TP S

eÐnai piì fusiologikìc q¸roc gia pedÐo orismoÔ twn parap�nw sunart sewn. Omwc,

en¸ gia thn pr¸th morf  èqoume ìti IP (
→
w) = || →w ||2, gia thn deÔterh jemeli¸dh

morf  o tÔpoc pou thn ekfr�zei wc sun�rthsh tou dianÔsmatoc
→
w eÐnai piì sÔnjetoc

kai den ton èqoume parousi�sei akìmh. Epomènwc, gia na upologÐsoume thn deÔterh
jemeli¸dh morf  ja prèpei na thn jewr soume wc sun�rthsh me pedÐo orismoÔ to
T(a,b)D.

Opwc èqoume peÐ h k�jeth kampulìthta paramènei stajer  kata m koc twn ka-
teujÔnsewn sto epÐpedo twn efaptìmenwn dianusm�twn TP S. Ac jewr soume loipìn

ìla ta dianÔsmata
→
w me mètro || →w || = 1. Eqoume IP (

→
w) = || →w ||2 = 1. Epomènwc, h

k�jeth kampulìthta thc S sthn kateÔjunsh tou
→
w isoÔtai me Knormal

P,S (
→
w) = IIP (

→
w).

H sun�rthsh IIP (
→
w), kaj¸c to

→
w metab�lletai upì thn sunj kh IP (

→
w) = 1,

paÐrnei mègisth kai el�qisth tim  (h sunj kh antistoiqeÐ sta shmeÐa enìc kÔklou sto

TP S). Estw κ1, κ2 h mègisth kai h el�qisth tim  thc Knormal
P,S (

→
w). Autèc lègontai

kÔriec kampulìthtec thc epif�neiac S sto shmeÐo P . Oi kateujÔnseic sto TP S
stic opoÐec lamb�nontai oi kÔriec kampulìthtec lègontai kÔriec kateujÔnseic, ta
de antÐstoiqa monadiaÐa dianÔsmata sto TP S kat� m koc twn kÔriwn kateujÔnsewn
lègontai kÔria dianÔsmata. Shmei¸noume ìti sthn perÐptwsh ìpou κ1 = κ2, tìte h
k�jeth kampulìthta thc epif�neiac sto P paramènei stajer  wc proc opoiad pote
kateÔjunsh. Ena shmeÐo P me aut  thn idiìthta lègetai omfalikì. Sthn eidikìterh
perÐptwsh pou oi kÔriec kampulìthtec eÐnai kai oi dÔo Ðsec me to mhdèn to shmeÐo P
lègetai epipedikì. Gia par�deigma, ìla ta shmeÐa thc sfaÐrac eÐnai omfalik�. Ola
ta shmeÐa enìc epipèdou eÐnai epipedik�. Otan t¸ra èna shmeÐo den eÐnai omfalikì
apodeiknÔoume thn parak�tw prìtash.

Prìtash 4.2 An to shmeÐo P den eÐnai omfalikì shmeÐo thc epif�neiac S, tìte oi
kÔriec kateujÔnseic sto TP S eÐnai k�jetec metaxÔ touc.

Apìdeixh: Estw κ1 h mègisth apì tic kÔriec kampulìthtec me antÐstoiqo (monadiaÐo)

kÔrio di�nusma
→
e 1. Estw

→
e 2 èna monadiaÐo di�nusma k�jeto sto e1. Tìte èqoume

ìti
→
w= cos θ

→
e 1 +sin θ

→
e 2, ìpou θ h gwnÐa twn

→
e 1 kai

→
w. Kaj¸c to θ metab�lletai

sto [0, 2π] ulopoioÔme ìla ta monadiaÐa dianÔsmata
→
w. Estw loipìn K(θ) = KP,S(

→
w

) = IIP (cos θ
→
e 1 +sin θ

→
e 2). Gr�foume

→
e 1 =

∂
→
X

∂u
u′1 +

∂
→
X

∂v
v′1

→
e 2 =

∂
→
X

∂u
u′2 +

∂
→
X

∂v
v′2
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Tìte
→
w=

∂
→
X

∂u
(cos θ u′1 + sin θ u′2) +

∂
→
X

∂v
(cos θ v′1 + sin θ v′2).

Ara

K(θ) = II(a,b)(cos θ u′1 + sin θ u′2, cos θ v′1 + sin θ v′2)

=
(

cos θ u′1 + sin θ u′2 cos θ v′1 + sin θ v′2
) (

L M
M N

) (
cos θ u′1 + sin θ u′2
cos θ v′1 + sin θ v′2

)
= cos2 θ

(
u′1 v′1

) (
L M
M N

) (
u′1
v′1

)
+ sin2 θ

(
u′2 v′2

) (
L M
M N

) (
u′2
v′2

)
+ 2 cos θ sin θ

(
u′1 v′1

) (
L M
M N

) (
u′2
v′2

)
= cos2 θ II(a,b)(u

′
1, v

′
1) + sin2 θ II(a,b)(u

′
2, v

′
2) + sin 2θ

(
u′1 v′1

) (
L M
M N

) (
u′2
v′2

)
.

Eqoume

k′(θ) = sin 2θ (II(a,b)(u
′
2, v

′
2)−II(a,b)(u

′
1, v

′
1))+2 cos 2θ (

(
u′1 v′1

) (
L M
M N

) (
u′2
v′2

)
).

Apì thn upìjesh, h K(θ) èqei akrìtato ìtan θ = 0. Sunep¸c, ja prèpei K ′(0) = 0,
pou sunep�getai ìti (

u′1 v′1
) (

L M
M N

) (
u′2
v′2

)
= 0. (9)

Ara,
K(θ) = cos2 θ II(a,b)(u

′
1, v

′
1) + sin2 θ II(a,b)(u

′
2, v

′
2).

Shmei¸noume ìti, apì upìjesh, h K(θ) èqei mègisto gia θ = 0 me mègisth tim 
κ1 = II(a,b)(u′1, v

′
1). H el�qisth timh κ2 antistoiqeÐ sthn �llh rÐza thc K ′(θ) = 0,

isodÔnama, thc sin 2θ = 0, �ra gia θ = π/2. Sunep¸c h �llh kÔria kateÔjunsh eÐnai

aut  tou
→
e2 me kÔria kampulìthta κ2 = II(a,b)(u′2, v

′
2). ♦

Apì thn parap�nw prìtash kai thn apìdeix  thc sun�goume to akìloujo pìrisma.

Pìrisma 4.1 (TÔpoc tou Euler) Estw, κ1, κ2 oi kÔriec kampulìthtec miac epi-

f�neiac S se èna shmeÐo P , to opoÐo den eÐnai omfalikì. Estw
→
e 1,

→
e 2 ta antÐstoiqa

kÔria dianÔsmata, pou apì thn parap�nw protash apoteloÔn mia orjomonadiaÐa b�sh

tou TP S. Estw
→
w∈ TP S èna monadiaÐo efaptìmeno di�nusma pou to gr�foume wc

→
w= cos θ

→
e 1 +sin θ

→
e 2. Tìte KP,S(

→
w) = cos2 θ κ1 + sin2 θ κ2.

Sthn pr�xh t¸ra, ìtan mac zht soun na broÔme tic kÔriec kampulìthtec mporoÔme
na efarmìsoume thn mèjodo twn pollaplasiast¸n Lagrange: Prèpei na broÔme ta
akrìtata thc sun�rthshc II(a,b)(u′, v′) upì thn sunj kh I(a,b)(u′, v′) = 0. Ja prèpei
∇II(a,b)(u′, v′) = µI(a,b)(u′, v′), gia k�poio µ ∈ R, dhl.

2Lu′ + 2Mv′ = µ(2Eu′ + 2Fv′)
2Mu′ + 2Nv′ = µ(2Fu′ + 2Gv′)
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Epomènwc,

Lu′ + Mv′ − µ(Eu′ + Fv′) = 0 (10)

Mu′ + Nv′ − µ(Fu′ + Gv′) = 0. (11)

Shmei¸noume ìti oi lÔseic twn parap�nw wc proc (u′, v′) (apaleif  tou µ) dÐdoun tic
kÔriec kateujÔnseic sto T(a,b)D. Ac broÔme t¸ra thn ermhneÐa tou µ pou emfanÐzetai
stic parap�nw exis¸seic. Pollaplasi�zontac thn (10) me u′, thn (11) me v′ kai
prosjètontac èqoume ìti

Lu
′2 + 2Mu′v′ + Nv

′2 = µ(Eu
′2 + 2Fu′v′ + Gv

′2) = µ I(a,b)(u
′, v′) = µ .

Sunep¸c oi lÔseic twn (10), (11) wc proc µ (apaleif  twn u′, v′) dÐdoun tic kÔriec
kampulìthtec.

LÔnoume t¸ra tic (10), (11) wc proc µ.

(L− µE)u′ + (M − µF )v′ = 0 =⇒ (L− µE)u′ = −(M − µF )v′ (12)

(M − µF )u′ + (N − µG)v′ = 0 =⇒ (M − µF )u′ = −(N − µG)v′. (13)

Diair¸ntac tic parap�nw paÐrnoume (L− µE)(N − µG) = (M − µF )2. Epomènwc

(EG− F 2)µ2 − (EN + LG− 2MF )µ + LN −M2 = 0. (14)

Oi lÔseic thc exÐswshc (14) wc proc µ eÐnai oi kÔriec kampulìthtec.
LÔnoume t¸ra tic (10), (11) wc proc u′, v′. ApaleÐfontac to µ paÐrnoume

Lu′ + Mv′

Mu′ + Nv′
=

Eu′ + Fv′

Fu′ + Gv′
.

Epomènwc

(LF − EM)u
′2 + (LG−NE)u′v′ + (MG−NF )v

′2 = 0. (15)

H parap�nw eÐnai mia omogen c exÐswsh deutèrou bajmoÔ wc proc (u′, v′) kai oi lÔseic
thc dÐdoun tic kÔriec kateujÔnseic sto epÐpedo T(a,b)D.

Shmei¸noume ìti to shmeÐo P eÐnai omfalikì, an kai mìnon �n, k�je kateÔjunsh
eÐnai kÔria kateÔjunsh. IsodÔnama, an kai mìnon an, h parap�nw exÐswsh èqei lÔseic
ìla ta (u′, v′) dhl. oi suntelestèc thc èinai mhdèn. Epomènwc, to shmeÐo P eÐnai
omfalikì, an kai mìnon an, L

E = M
F = N

G = ρ. Shmei¸noume ìti an sta parap�nw
kl�smata o paronomast c eÐnai mhdèn tìte kai o arijmht c eÐnai mhdèn. EpÐshc, to
shmeÐo P eÐnai epipedikì an kai mìnon an ρ = 0.

Orismìc 4.5 Estw κ1, κ2 oi kÔriec kampulìthtec epif�neiac S sto shmeÐo P . OrÐ-
zoume sto shmeÐo P ta parak�tw:
Kampulìthta Gauss: K = K(P ) = κ1κ2.
Mèsh kampulìthta H = H(P ) = κ1+κ2

2 .

Apì thn exÐswsh (14) èqoume ìti

K =
LN −M2

EG− F 2
(16)

H =
1
2

EN + LG− 2MF

EG− F 2
. (17)
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Shmei¸noume ìti to shmeÐo P eÐnai elleiptikì an K(P ) > 0, eÐnai sagmatikì an
K(P ) < 0 kai eÐnai parabolikì an K(P ) = 0 (me mÐa ìmwc twn κ1, κ2 6= 0). EpÐshc,
apì ta parap�nw sun�gome ìti oi kÔriec kampulìthtec dÐdontai apì ton tÔpo

κ1,2 = H ±
√

H2 −K.

Shmei¸noume ìti
√

H2 −K = 1
4(κ1 − κ2)2 ≥ 0. EpÐshc, to shmeÐo P eÐnai omfalikì

an κ1 = κ2, dhl. H2 = K.

Par�deigma 4.20 Ac efarmìsoume t¸ra ta parap�nw gia to shmeÐo P = (0, 0, 0)
thc epif�neiac Φ(u, v) = (u, v, uv) tou paradeÐgmatoc 4.17. Eqoume

E = 1, F = 0, G = 1, L = 0, M = 2, N = 0.

Sunep¸c apì touc tÔpouc (16),(17) èqoume

K =
0− 4
1− 0

= −4, H =
1
2

0 + 0 + 0
1− 0

= 0.

Ara oi kÔriec kampulìthtec eÐnai oi rÐzec thc x2 − 2Hx + K = 0 dhl. x2 − 4 = 0,
dhl. κ1,2 = ±2. H exÐswsh (15) pou dÐdei tic kÔriec kateujÔnseic sto T(0,0)D eÐnai

h −2u
′2 + 2v

′2 = 0, �ra u′ = ±v′. Epomènwc ta kÔria dianÔsmata sto TP S eÐnai ta
→
e 1= 1√

2
< 1, 1, 0 >,

→
e 2= 1√

2
< 1,−1, 0 >. An loipìn

→
w∈ TP S = {z = 0} tìte

→
w=< x1, x2, 0 >= 1√

2
(x1 + x2)

→
e 1 − 1√

2
(x1 − x2)

→
e 2. Ara apì ton tÔpo tou Euler

èqoume Knormal
P,S (

→
w) = 21

2(x1 + x2)2 + (−2)1
2(x1 − x2)2 = 4x1x2.

Prìtash 4.3 An ìla ta shmeÐa miac epif�neiac eÐnai epipedik� tìte h epif�neia eÐnai
epÐpedo.

Apìdeixh: Estw ìti h epif�neia S orÐzetai apì thn Φ : D −→ R3. Apì thn upìjesh
èqoume ìti L = M = N = 0, ∀(u, v) ∈ D. Eqoume ìti

L(u, v) =
∂2

→
X

∂u2
(u, v)·

→
N (u, v) = −∂

→
X

∂u
(u, v) · ∂

→
N

∂u
(u, v) ,

M(u, v) =
∂2

→
X

∂u∂v
(u, v)·

→
N (u, v) = −∂

→
X

∂u
(u, v) · ∂

→
N

∂v
(u, v) = −∂

→
X

∂v
(u, v) · ∂

→
N

∂u
(u, v) ,

N(u, v) =
∂2

→
X

∂v2
(u, v)·

→
N (u, v) = −∂

→
X

∂v
(u, v) · ∂

→
N

∂v
(u, v).

Oi dexièc isìthtec prokÔptoun apì tic sqèseic ∂
→
X

∂u (u, v)·
→
N (u, v) = ∂

→
X

∂v (u, v)·
→
N

(u, v) = 0. EpÐshc,
→
N (u, v)·

→
N (u, v) = 0 �ra

∂
→
N

∂u
(u, v)·

→
N (u, v) = 0 =

∂
→
N

∂v
(u, v)·

→
N (u, v)

Epomènwc, gia k�je (u, v) ∈ D, ta dianÔsmata ∂
→
N

∂u (u, v), ∂
→
N

∂v (u, v) an koun sto epÐpe-
do twn efaptìmenwn dianusm�twn sto P = Φ(u, v). Sunep¸c, up�rqoun sunart seic
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a, b, c, d : D −→ R ¸ste

∂
→
N

∂u
= a

∂
→
X

∂u
+ b

∂
→
X

∂v
,

∂
→
N

∂v
= c

∂
→
X

∂u
+ d

∂
→
X

∂v
.

Antikajist¸ntac tic merikèc parag¸gouc tou
→
N stic sqèseic L = M = N = 0

èqoume ìti

aE + bF = cF + dG = aF + bG = cE + dF = 0.

Autì eÐnai èna sÔsthma 4 exis¸sewn me agn¸stouc ta a, b, c, d pou h orÐzous� tou
eÐnai (EG − F 2)2 > 0. Sunep¸c èqei thn mhdenik  lÔsh wc monadik  lÔsh. Ara
a, b, c, d = 0 pou sunep�getai ìti

∂
→
N

∂u
=

∂
→
N

∂v
=
→
0

kai epomènwc
→
N=

→
0 . OrÐzoume thn sun�rthsh f(u, v) =

→
X (u, v)·

→
N (u, v). Tìte

∂f
∂u = ∂

→
X

∂u ·
→
N= 0 kai ∂f

∂v = ∂
→
X

∂v ·
→
N= 0. Epomènwc f(u, v) = c stajer , dhl.

→
X ·

→
N= c.

Tìte ìmwc, an dialèxoume k�poio (a, b) ∈ D ja èqoume (
→
X (u, v)−

→
X (a, b))·

→
N= 0

kai �ra h epif�neia eÐnai epÐpedh. ♦

ShmeÐwsh 4.8 Me an�logo trìpo apodeiknÔetai ìti an ìla ta shmeÐa miac epif�-
neiac eÐnai omfalik�, mh epipedik�, tìte h epif�neia eÐnai sfaÐra.

4.4.4 SunalloÐwth par�gwgoc kai kampulìthta

Estw f : D −→ R, D ⊆ R2 mia sun�rthsh dÔo metablht¸n kai Q ∈ D,
→
w∈ TQD.

H kat� kateÔjunsh par�gwgoc thc f wc proc to di�nusma
→
w orÐzetai wc d→

w
f =

5f |Q·
→
w. An α : I −→ D epÐpedh kampÔlh me α(t0) = Q, α′(t0) =

→
w tìte, apì

ton kanìna thc alusÐdac, èqoume ìti d→
w

f = (f ◦ α)′(t0). EpÐshc, apì ton orismì

faÐnetai eÔkola ìti d
c1
→
w1+c2

→
w2

f = c1d→w1
f + c2d→w2

f . Tèloc, an
→
e 1=< 1, 0 > kai

→
e 2=< 0, 1 > tìte d→

e 1
f = ∂f

∂u kai d→
e 2

f = ∂f
∂v . Epomènwc an ekfr�soume to

→
w∈ TQD

wc
→
w= c1

→
e 1 +c2

→
e 2 tìte d→

w
f = c1

∂f
∂u + c2

∂f
∂v .

Estw t¸ra S mia epif�neia pou orÐzetai apì thn Φ : D −→ R3. GnwrÐzoume
ìti se k�je shmeÐo P = Φ(u, v) ∈ S mporoÔme na orÐsoume to k�jeto monadiaÐo

di�nusma
→
N (u, v). Epomènwc orÐzoume mia dianusmatik  sun�rthsh

→
N : D −→ R3

me (u, v) 7−→
→
N (u, v). Gr�foume

→
N (u, v) =< x1(u, v), x2(u, v), x3(u, v) >, ìpou

xi : D −→ R sunart seic dÔo metablht¸n. Estw
→
v∈ TP S. Ja orÐsoume t¸ra

to an�logo thc kat� kateÔjunsh parag¸gou mia sun�rthshc gia thn perÐptwsh thc

dianusmatik c sun�rthshc
→
N . Auth ja eÐnai h legìmenh sunalloÐwth par�gwgoc thc

→
N wc proc to di�nusma

→
v , sumb. ∇→

v

→
N , pou orÐzetai wc akoloÔjwc. Gr�foume

→
v=
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∂
→
X

∂u u′ + ∂
→
X

∂v v′ kai èstw
→
w=< u′, v′ >∈ TQD. Tìte ∇→

v

→
N :=< d→

w
x1, d→wx2, d→wx3 >.

An α : I −→ S mia epifaneiak  kampÔlh me α(t0) = P , α′(t0) =
→
v sumbolÐzoume me

→
N (t) := (

→
N ◦ α)(t). Tìte, apì ton kanìna thc alusÐdac, èqoume ìti ∇→

v

→
N=

→
N
′
(t0).

EpÐshc, apì ton orismì faÐnetai eÔkola ìti ∇
c1
→
v 1+c2

→
v 2

→
N= c1∇→

v 1

→
N +c2∇→

v 2

→
N .

Tèloc, ∇
∂
→
X

∂u

→
N= ∂

→
N

∂u kai ∇
∂
→
X

∂v

→
N= ∂

→
N

∂v . Epomènwc, an gr�youme
→
v= ∂

→
X

∂u u′ + ∂
→
X

∂v v′

tìte∇→
v

→
N= ∂

→
N

∂u u′+ ∂
→
N

∂v v′. Ara ja èqoume kai ìti∇→
v

→
N∈ TP S, afoÔ ∂

→
N

∂u , ∂
→
N

∂v ∈ TP S.

Prìtash 4.4 Eqoume IIP (
→
v ) = −∇→

v

→
N · →v .

Apìdeixh: ArkeÐ na to deÐxoume gia
→
v me || →

v || = 1. Pr�gmati, an gr�youme
→
v= λ

→
v 1, ìpou ||

→
v 1 || = 1 tìte IIP (

→
v ) = λ2 IIP (

→
v 1) kai ∇→

v

→
N · →v= ∇

λ
→
v 1

→
N

·λ →
v 1= λ2 ∇→

v 1

→
N · →

v 1. Estw loipìn || →
v || = 1. Estw α : I −→ M mia

epifaneiak  kampÔlh, parametrismènh wc proc m koc tìxou, me α(t0) = P , α′(t0) =
→
v .

Jètoume
→
N (t) = (

→
N ◦ α)(t). Tìte IIP (

→
v ) = κnormal

α (t0) =
→
N (t0) · α ′′(t0). EÐnai

→
N (t) · α ′(t) = 0, �ra

→
N
′

(t) · α ′(t) = −
→
N (t) · α ′′(t). Omwc

→
N
′

(t0) = ∇→
v

→
N ,

α ′(t0) =
→
v kai �ra to zhtoÔmeno.

Gia mia diaforetik  apìdeixh: Gr�foume
→
v= ∂

→
X

∂u u′+ ∂
→
X

∂v v′. Tìte ∇→
v

→
N= ∂

→
N

∂u u′+
∂
→
N

∂v v′ kai �ra

−∇→
v

→
N · →v = (

∂
→
N

∂u
u′ +

∂
→
N

∂v
v′)(frac∂

→
X∂uu′ +

∂
→
X

∂v
v′)

= −∂
→
N

∂u

∂
→
X

∂u
u
′2 − (

∂
→
N

∂v

∂
→
X

∂u
+

∂
→
N

∂u

∂
→
X

∂v
)u′v′ − ∂

→
N

∂v

∂
→
X

∂v
v
′2

= Lu
′2 + 2Mu′v′ + Nv

′2.

Autì pou zhtoÔsame. ♦

Estw P ∈ S mh omfalikì shmeÐo thc epif�neiac. Apì thn prìtash 4.2 gnwrÐzoume

ìti ta (monadiaÐa) kÔria dianÔsmata
→
e 1,

→
e 2 eÐnai k�jeta metaxÔ touc.

Prìtash 4.5 Estw κ1, κ2 oi kÔriec kampulìthtec pou antistoiqoÔn sta kÔria dia-

nÔsmata
→
e 1,

→
e 2. Eqoume ta ex c.

1. ∇→
e 1

→
N · →e 2= 0 = ∇→

e 2

→
N · →e 1.

2. κ1 = −∇→
e 1

→
N · →e 1, κ2 = −∇→

e 2

→
N · →e 2.

3. ∇→
e 1

→
N= −κ1

→
e 1, ∇→

e 2

→
N= −κ2

→
e 2.

Apìdeixh: H apìdeixh tou 1. eÐnai �mesh sunèpeia thc sqèshc (9) sthn apìdeixh thc
prìtashc 4.2. To 2. eÐnai �mesh sunèpeia thc prìtashc 4.4. Gia to 3. èqoume ìti

∇→
e 1

→
N∈ TP S kai �ra ∇→

e 1

→
N= c1

→
e 1 +c2

→
e 2, ìpou c1 = ∇→

e 1

→
N · →e 1, c2 = ∇→

e 1

→
N

· →e 2. Apì ta 1.,2. èqoume autì pou zht�me.
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4.4.5 Eidikèc kampÔlec se epif�neia

Ja melet soume t¸ra eidikèc kampÔlec se epif�neiec.

Orismìc 4.6 KÔria kampÔlh se mia epif�neia eÐnai mia epifaneiak  kampÔlh ìpou
se k�je shmeÐo thc to di�nusma taqÔtht�c thc deÐqnei proc mia kÔria kateÔjunsh.
Dhl. mia kÔria kampÔlh diatrèqei thn S se kateujÔnseic wc proc tic opoÐec h klÐsh
thc epif�neiac (dhl. h k�jeth kampulìthta) èqei akrìtath tim .

Prin proqwr soume sthn melèth twn kÔriwn kampul¸n ja anafèroume èna je¸rhma
twn diaforik¸n exis¸sewn. Estw, wc sun jwc, S mia epif�neia pou orÐzetai apì
thn Φ : D −→ R3, Q ∈ D me Φ(Q) = P ∈ S kai U ⊆ D anoiktìc dÐskoc pou

perièqei to shmeÐo Q. Estw
→
F : U −→ R3 mia dianusmatik  sun�rthsh me thn idiìthta

ìti
→
F (u, v) ∈ TΦ(u,v)S. Mia tètoia dianusmatik  sun�rthsh lème ìti orÐzei èna

efaptìmeno dianusmatikì pedÐo sthn epif�neia S se mia geitoni� tou shmeÐou P . Ena
basikì je¸rhma twn diaforik¸n exis¸sewn anafèrei ta ex c. Dialègontac to U
arket� mikrì, up�rqei monadik  epifaneiak  kampÔlh α = Φ ◦ α1, α1 : I −→ U ,

me α(t0) = P kai me thn idiìthta ìti α′(t) =
→
F (α1(t)), gia k�je t ∈ I. Mia tètoia

kampÔlh lègetai h oloklhrwtik  kampÔlh tou efaptìmenou dianusmatikoÔ pedÐou
→
F

pou dièrqetai apì to P .
Estw t¸ra P = Φ(Q) èna mh omfalikì shmeÐo thc S. Tìte sto shmeÐo P oi kÔriec

kampulìthtec eÐnai diaforetikèc metaxÔ touc, kai apì sunèqeia èqoume ìti kai se mia
geitoni� toÔ P exakoloujeÐ na isqÔei to Ðdio. Epomènwc, an P m  omfalikì tìte
kai se mia geitoni� tou ta shmeÐa eÐnai m  omfalik�. Epomènwc up�rqei anoiktìc
dÐskoc U ⊆ D pou perièqei to shmeÐo Q me thn idiìthta ìti Φ(u, v) mh omfalikì,
gia k�je (u, v) ∈ U . GnwrÐzoume ìti se k�je tètoio shmeÐo Φ(u, v) up�rqoun dÔo

kÔria dianÔsmata
→
e 1 (u, v) kai

→
e 2 (u, v) pou antistoiqoÔn sthn mègisth kai el�qisth

k�jeth kampulìthta. Epomènwc mporoÔme na orÐsoume dÔo efaptìmena dianusmatik�

pedÐa
→
e i: U −→ R3, i = 1, 2 me (u, v) 7−→→

e i (u, v). Apì to parap�nw je¸rhma twn
diaforik¸n exis¸sewn up�rqei, gia k�je i = 1, 2, akrib¸c mia oloklhrwtik  kampÔlh
pou pern�ei apì to P . K�je tètoia kampÔlh eÐnai, ex' orismoÔ, mia kÔria kampÔlh.
Epomènwc apì k�je mh omfalikì shmeÐo P up�rqoun akrib¸c dÔo kÔriec kampÔlec
pou pern�ne apì to P . Shmei¸noume ìti an to shmeÐo eÐnai omfalikì tìte k�je
kateÔjunsh eÐnai kÔria kai h morf  twn kÔriwn kampul¸n pou dièrqontai apì ekeÐ
mporeÐ na gÐnei arket� perÐplokh.

H parak�tw prìtash dÐdei èna krit rio gia to pìte mia epifaneiak  kampÔlh eÐnai
kÔria.

Prìtash 4.6 Mia epifaneiak  kampÔlh α : I −→ S eÐnai kÔria kampÔlh an kaÐ

mìnon an ∇α′(t)

→
N eÐnai sugrammikì me to α ′(t), gia k�je t ∈ I.

Apìdeixh: Estw α kÔria kampÔlh, tìte to α ′(t) orÐzei mia kÔria dieÔjunsh �ra
ja eÐnai pollapl�sio k�poiou twn kÔriwn dianusm�twn sto antÐstoiqo shmeÐo, p.q.

α ′(t) = λ
→
e 1. Tìte ìmwc ∇α′(t)

→
N= λ∇→

e1

→
N= −λκ1

→
e1, apì thn prìtash 4.5.

Epomènwc, ∇α′(t)

→
N= −κ1α

′(t), autì pou jèlame.
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AntÐstrofa, èstw ∇α′(t)

→
N= λα ′(t), gia k�je t ∈ I. Gr�foume to

α ′(t) = c1
→
e 1 +c2

→
e 2. Tìte ∇α′(t)

→
N= c1∇→

e 1

→
N +c2∇→

e 2

→
N kai apì thn

prìtash 4.5 èqoume ìti ∇α′(t)

→
N= −c1κ1

→
e 1 −c2κ2

→
e 2. Sunep¸c, èqoume ìti

λ(c1
→
e 1 +c2

→
e 2) = −c1κ1

→
e 1 −c2κ2

→
e 2 kai epomènwc λc1 = −c1κ1 kai λc2 = −c2κ2.

An c1 = 0 tìte α ′(t) = c2
→
e 2 kai �ra to α ′(t) ja orÐzei kÔria kateÔjunsh. Estw,

t¸ra c1 6= 0. Tìte, λ = −κ1 kai epomènwc, κ1c2 = c2κ2. An κ1 = κ2, tìte to
antÐstoiqo shmeÐo α(t) èinai omfalikì kai epomènwc, afoÔ k�je kateÔjunsh eÐnai
kÔria, tìte kai to α ′(t) ja orÐzei kÔria kateÔjunsh. Diaforetik�, an κ1 6= κ2, tìte
c2 = 0 kai epomènwc, p�li, to α ′(t) ja orÐzei kÔria kateÔjunsh. ♦

Sthn pr�xh t¸ra ìtan jèloume na broÔme tic kÔriec kampÔlec miac epif�neiac
douleÔoume wc ex c. Oi kÔriec kampÔlec eÐnai epifaneiakèc kampÔlec, dhl. kampÔlec
thc morf c α = α1 ◦ Φ me α1 : I −→ D ìpou, gi� k�je t, tì α ′(t) deiknÔei se mia
kÔria kateÔjunsh. An α1(t) = (u(t), v(t)), tìte sÔmfwna me thn an�lush pou k�name
sthn par�grafo 4.4.3, ja prèpei oi sunart seic u′ = u′(t), v′ = v′(t) na ikanopoioÔn
thn (diaforik ) exÐswsh (15). H lÔsh aut c thc diaforik c exÐswshc dÐdei tic kÔriec
kampÔlec.

Par�deigma 4.21 Ac broÔme tic kÔriec kampÔlec tou tìrou Φ(u, v) = ((2 +
cos u) cos v, (2 + cos u) sin v, sinu). K�nontac touc kat�llhlouc upologismoÔc brÐ-
skoume ìti

E = 1, F = 0, G = (2 + cos u)2

L = 1, M = 0, N = (2 + cos u) cos u.

Epomènwc h diaforik  exÐswsh (15) gÐnetai

[(2 + cos u)2 − (2 + cos u) cos u)]u′v′ = 0 ⇐⇒ 2(2 + cos u)u′v′ = 0 ⇐⇒ u′v′ = 0.

Ara u′ = 0 eÐte v′ = 0, oi lÔseic twn opoÐwn dÐdoun dÔo oikogèneiec kampul¸n tic
u = u0 kai v = v0. Epomènwc, apì k�je shmeÐo (u0, v0) ∈ D pernoÔn dÔo tètoiec
kampÔlec, oi α1(t) = (u0, v0 + t) kai β1(t) = (u0 + t, v0). Epomènwc apì k�je shmeÐo
Φ(u0, v0) tou tìrou dièrqontai dÔo kÔriec kampÔlec oi

α(t) = ((2 + cos u0) cos(v0 + t), (2 + cos u0) sin(v0 + t), sin u0) kai
β(t) = ((2 + cos(u0 + t)) cos v0, (2 + cos(u0 + t)) sin v0, sin(u0 + t)).

Pìrisma 4.2 Estw α epifaneiak  kampÔlh pou eÐnai h tom  thc epif�neiac S me
k�poio epÐpedo Π. An h gwnÐa twn S kai Π eÐnai stajer  se k�je shmeÐo thc kampÔlhc,
tìte h kampÔlh eÐnai kÔria. (GwnÐa epipèdou Π me epif�neia S se shmeÐo P thc
epif�neiac S, orÐzetai wc h gwnÐa pou sqhmatÐzei to epÐpedo Π me to epÐpedo TP S).

Apìdeixh: Estw
→
q tì monadiaÐo k�jeto di�nusma tou Π kai

→
N (t) to (monadiaÐo)

k�jeto di�nusma thc S sto shmeÐo α(t). Tìte, apì upìjesh, h gwnÐa twn
→
q kai

→
N (t) eÐnai stajer , anex�rthth tou t. An h gwnÐa aut  eÐnai mhdèn   π tìte
→
N (t) = ±

→
q kai �ra

→
N
′

(t) = 0, ∀t, dhl. ∇α′(t)

→
N= 0 kai �ra sugrammikì me

to α ′(t), ∀t. Epomènwc apì thn parap�nw prìtash èqoume ìti h α eÐnai kÔria

33



kampÔlh.Upojètoume t¸ra ìti h gwnÐa twn dianusm�twn den eÐnai mhdèn   π. Se aut 

thn perÐptwsh ta
→
N (t) kai

→
q ja eÐnai grammik� anex�rthta gia k�je t. Ja èqoume

→
q ·

→
N (t) =stajerì kai �ra

→
q ·

→
N
′
(t) = 0. Epomènwc to di�nusma

→
N
′
(t) = ∇α′(t)

→
N

eÐnai k�jeto sto
→
q ìpwc, epÐshc, kai sto

→
N (t) (afoÔ eÐnai efaptìmeno di�nusma

sthn epif�neia). To Ðdio ìmwc isqÔei kai gia to di�nusma α′(t) afoÔ eÐnai apì thn
mia pleur� di�nusma tou epipèdou Π kai apì thn �llh efaptìmeno sthn S. Sunep¸c

ta∇α′(t)

→
N kai α′(t) eÐnai suggrammik�, gi� k�je t, kai �ra h kampÔlh eÐnai kÔria. ♦

Ja melet soume t¸ra èna deÔtero eÐdoc kampul¸n thc epif�neiac, tic asumptw-
tikèc kampÔlec. Se analogÐa me tic kÔriec kampÔlec autèc antistoiqìun stic asum-
ptwtikèc kateujÔnseic pou orÐzontai wc ex c.

Orismìc 4.7 1. Asumptwtik  kateÔjunsh thc epif�neiac S sto shmeÐo P eÐnai mia
kateÔjunsh tou TP S wc proc thn opoÐa h k�jeth kampulìthta eÐnai mhdèn.
2. Asumptwtik  kampÔlh se mia epif�neia eÐnai mia epifaneiak  kampÔlh ìpou se k�je
shmeÐo thc to di�nusma taqÔtht�c thc deÐqnei proc mia asumptwtik  kateÔjunsh.
Dhl. mia sumptwtik  kampÔlh diatrèqei thn S se kateujÔnseic ìpou h klÐsh thc
epif�neiac (dhl. h k�jeth kampulìthta) eÐnai mhdèn.

Prìtash 4.7 Estw P shmeÐo epif�neiac S kai K(P ) h kampulìthta Gauss sto P .
Tìte
1. An K(P ) > 0, dhl. to P eÐnai elleiptikì shmeÐo, tìte den up�rqoun asumptwtikèc
kateujÔnseic sto P .
2. An K(P ) < 0, dhl. to P eÐnai sagmatikì (uperbolikì) shmeÐo, tìte up�rqoun
akrib¸c dÔo asumptwtikèc kateujÔnseic oi opoÐec diqotomoÔntai apì tic kÔriec kateu-

jÔnseic kat� gwnÐa θ, gia thn opoÐa isqÔei ìti tan2 θ = −κ1(P )
κ2(P ) .

3. An K(P ) = 0, tìte an to P eÐnai parabolikì (dhl. mÐa twn κ1(P ), κ2(P ) eÐnai 6= 0
kai h �llh = 0), tìte up�rqei akrib¸c mia asumptwtik  kateÔjunsh, h opoÐa eÐnai
kai kÔria. An to P eÐnai epipediko, dhl. κ1(P ) = 0 = κ2(P ), tìte k�je kateÔjunsh
eÐnai asumptwtik .

Apìdeixh: Shmei¸noume pr¸ta ìti an to shmeÐo P eÐnai omfalikì, dhl. κ1 = κ2 = κ,

tìte an κ 6= 0, dhl. to shmeÐo eÐnai elleiptikì ja èqoume ìti Knormal
P,S (

→
w) = κ 6=

0, ∀ →
w∈ TP S. Ara den up�rqoun asumptwtikèc kateujÔnseic. Apì thn �llh meri�,

an κ 6= 0, dhl. to shmeÐo eÐnai epipedikì, tìte Knormal
P,S (

→
w) = κ = 0, ∀ →

w∈ TP S kai
�ra k�je kateÔjunsh eÐnai asumprtwtik . Upojètoume t¸ra ìti to shmeÐo P eÐnai den
eÐnai omfalikì. H apìdeixh se aut n thn perÐptwsh eÐnai �mesh sunèpeia thc prìtashc

4.2 kai tou tÔpou tou Euler, bl. pìrisma 4.1. An
→
w∈ TP S tìte diathr¸ntac ton

sumbolismì tou porÐsmatoc 4.1 èqoume ìti KP,S(
→
w) = cos2 θ κ1(P ) + sin2 θ κ2(P ).

An loipìn K(P ) > 0, tìte κ1(P ), κ2(P ) eÐnai omìshma (jetik�   arnhtik�) kai apì

ton parap�nw tÔpo blèpoume ìti gia opoiad pote epilog  tou
→
w∈ TP S to KP,S(

→
w) ja

eÐnai antistoÐqwc jetikì   arnhtikì kai �ra 6= 0. Sunep¸c den èqoume asumptwtikèc
dieujÔnseic. An K(P ) < 0 tìte ta κ1(P ), κ2(P ) eÐnai eterìshma kai èstw p.q.

κ1(P ) > 0, κ2(P ) > 0. Se aut n thn perÐptwsh KP,S(
→
w) = 0 an kai mìnon an h

gwnÐa θ pou kajorÐzei to
→
w ikanopoieÐ thn exÐswsh tan2 θ = −κ1(P )

κ2(P ) > 0. Up�rqoun
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dÔo kateujÔnseic pou ikanopoioÔn aut  thn exÐswsh oi opoÐec diqotomoÔntai apì to

kÔrio di�nusma
→
e1. Tèloc, an K(P ) = 0 me p.q. κ1(P ) 6= 0, tìte ja èqoume ìti

KP,S(
→
w) = cos2 θ κ1(P ) kai �ra KP,S(

→
w) = 0 akrib¸c ìtan cos θ = 0 dhl. to

→
w

deÐqnei sthn kÔria kateÔjunsh pou orÐzei to kÔrio di�nusma
→
w. Apì thn �llh, an

K(P ) = 0 me κ1(P ) = 0 = κ2(P ) tìte profan¸c KP,S(
→
w) = 0 gia k�je

→
w∈ TP S.

♦

Par�deigma 4.22 Sthn perÐptwsh tou tìrou tou paradèigmatoc 4.21, èqoume apì
ton tÔpo (16) ìti h kampulìthta Gauus K(u, v) = cos u

2+cos u . Epomènwc apì k�je shmeÐo
P = Φ(u, v) me cos u > 0, dhl. apì k�je shmeÐo P pou brÐsketai sto �exwterikì�
komm�ti tou tìrou, den up�rqoun asumptwtikèc kateujÔnseic. Apì k�je shmeÐo
P = Φ(u, v) me cos u < 0, dhl. apì k�je shmeÐo P pou brÐsketai sto �eswterikì�
komm�ti tou tìrou, up�rqoun dÔo asumptwtikèc kateujÔnseic kai tèloc, apì k�je
shmeÐo P = Φ(u, v) me cos u = 0, dhl. apì k�je shmeÐo P pou brÐsketai ston �p�nw�
kai �k�tw� kÔklo tou tìrou, up�rqei mÐa asumptwtik  kateÔjunsh.

Sthn pr�xh t¸ra ìtan jèloume na broÔme tic asumptwtikèc kampÔlec douleÔoume
ìpwc kai sthn perÐptwsh twn kÔriwn kampulwn. Oi asumptwtikèc kampÔlec eÐnai
epifaneiakèc kampÔlec, dhl. kampÔlec thc morf c α = α1 ◦Φ me α1 : I −→ D ìpou,
gi� k�je t, tì α ′(t) deiknÔei se mia asumptwtik  kateÔjunsh. An α1(t) = (u(t), v(t)),
ja prèpei oi sunart seic u′ = u′(t), v′ = v′(t) na ikanopoioÔn thn (diaforik ) exÐswsh
L(u, v)u

′2 + 2M(u, v)u′v′ + N(u, v)v
′2 = 0. H lÔsh aut c thc diaforik c exÐswshc

dÐdei tic asumptwtikèc kampÔlec.
H parak�tw prìtash dÐdei èna krit rio gia to pìte mia epifaneiak  kampÔlh eÐnai

asumptwtik .

Prìtash 4.8 Mia epifaneiak  kampÔlh α : I −→ S eÐnai asumptwtik  kampÔlh an
kaÐ mìnon an α ′′(t) ∈ Tα(t)S, gia k�je t ∈ I.

Apìdeixh: Pr�gmati, èstw
→
N (t) to (monadiaÐo) k�jeto di�nusma thc S sto sh-

meÐo α(t). Eqoume α ′(t)·
→
N (t) = 0 kai �ra α ′(t)·

→
N
′

(t) + α ′′(t)·
→
N (t) = 0.

UpenjumÐzoume ìti
→
N
′

(t) = ∇α ′(t)

→
N kai �ra apì thn prìtash 4.4 èqoume ìti

KP,S(α ′(t)) = 0 ⇐⇒ IIP (α ′(t)) = 0 ⇐⇒ α ′(t)·
→
N
′
(t) = 0. Epomènwc h α eÐnai a-

sumptwtik  kampÔlh, an kai mìnon an, α ′′(t)·
→
N (t) = 0,∀t ∈ I, dhl. α ′′(t) ∈ Tα(t)S,

gia k�je t ∈ I.
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