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ASKHSEIS #7

Prìblhma 1. Gia k�je mia apì tic parak�tw epekt�seic Q ≤ E, ulopoi ste thn
antistoiqÐa Galois. Dhlad , breÐte thn om�da Galois G = Gal(E/Q), breÐte ìlec
tic upoom�dec H t c G kai katat�xte thc an�loga me thn t�xh touc, breÐte tic
antÐstoiqec endi�mesec epekt�seic Q ≤ L ≤ E kai katat�xte thc an�loga me ton
bajmì touc [L : Q], breÐte poièc apì tic epekt�seic Q ≤ L eÐnai Galois kai poièc
upoom�dec H t c G eÐnai kanonikèc.
a) E eÐnai to s¸ma an�lushc toÔ f(x) = x5 − 1 ∈ Q[x].
b) E eÐnai to s¸ma an�lushc toÔ f(x) = (x2 − 2)(x2 − 5) ∈ Q[x].
g) E eÐnai to s¸ma an�lushc toÔ f(x) = x4 + x2 + 1 ∈ Q[x].

Prìblhma 2. 'Estw E to s¸ma an�lushc toÔ f(x) = x3 − 2 ∈ Q[x]. BreÐte ènan
migadikì a ètsi ¸ste E = Q(a).

Prìblhma 3. 'Estw f(x) ∈ Q[x] an�gwgo polu¸numo kai E tì s¸ma an�lus c
tou sto C. Upojètoume ìti to f(x) èqei mÐa rÐza sto C pou den eÐnai sto R.
'Estw σ : C → C me σ(z) = z̄ (suzugÐa migadik¸n arijm¸n). DeÐxte ìti h σ ep�gei
èna stoiqeÐo t c Gal(E/Q) (dhl. o periorismìc t c σ sto E orÐzei èna stoiqeÐo
t c Gal(E/Q)). BreÐte to antÐstoiqo endi�meso s¸ma Q ≤ L ≤ E t c kuklik c
upoom�dac < σ >≤ Gal(E/Q) kai ton bajmì t c epèktashc [L : Q].

Prìblhma 4. 'Estw K ≤ K(a) (a /∈ K) epèktash Galois. Upojètoume ìti
up�rqei σ ∈ Gal(K(a)/K) me σ(a) = a−1. DeÐxte tìte ìti [K(a) : K] eÐnai �rtioc
arijmìc kai [K(a+ a−1) : K] = 1

2 [K(a) : K].

Prìblhma 5. 'Estw f(x) ∈ Q[x] an�gwgo polu¸numo me s¸ma an�lushc E
kai èstw ìti h om�da Gal(E/Q) eÐnai abelian . DeÐxte ìti an a eÐnai mia opoiad pote
rÐza toÔ f(x) tìte E = Q(a). ('Upìdeixh: antistoiqÐa kanonik¸n upoom�dwn kai
endi�meswn epekt�sewn Galois).

Prìblhma 6. 'Estw f(x) = x4 + 4x + 2 ∈ Q[x] kai E to s¸ma an�lus c
tou. DeÐxte ìti h om�da Galois Gal(E/Q) èqei t�xh 4 kai breÐte me poi� akrib¸c
om�da t�xhc 4 eÐnai isìmorfh.
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