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KEF�ALAIO 1

Diaforikèc exis¸seic pr¸thc t�xhc

Mia diaforik  exÐswsh eÐnai mia exÐswsh thc morf c

f

(
x, y,

dy

dx
,
d2y

dx2
, . . .

)
= 0

ìpou y eÐnai mia sun�rthsh tou x.

ParadeÐgmata.

• dy

dx
= y

• d2y

dx2
= x2

• d2y

dx2
+

dy

dx
= 0

OrÐzoume thn t�xh miac diaforik c exÐswshc na'nai h t�xh thc an¸terhc
parag¸gou pou emfanÐzetai sthn exÐswsh. Sto kef�laio autì ja ex-
et�soume diaforikèc exis¸seic pr¸thc t�xhc.

To na lÔsoume mia diaforik  exÐswsh shmaÐnei na prosdiorÐsoume
ìlec tic sunart seic y pou thn ikanopoioÔn.

Opoiad pote sun�rthsh ikanopoieÐ mia diaforik  exÐswsh onom�ze-
tai eidik  lÔsh. To sÔnolo ìlwn twn eidik¸n lÔsewn onom�zetai genik 
lÔsh.

Par�deigma. H genik  lÔsh thc

dy

dx
= 2x

eÐnai

y = x2 + C

ìpou C eÐnai mia aujaÐreth stajer�. Pr�gmati

dy

dx
= 2x ⇒

∫
dy

dx
dx =

∫
2xdx ⇒ y = x2 + C.
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An jèloume na prosdiorÐsoume mia eidik  lÔsh ìtan gnwrÐzoume th
genik  lÔsh prèpei na xèroume thn tim  thc �gnwsthc sun�rthshc s�ena
shmeÐo. H plhroforÐa aut  onom�zetai arqik  sunj kh.

Par�deigma. Ja lÔsoume thn

dy

dx
= 3x2

me arqik  sunj kh y(0) = 1. H genik  lÔsh brÐsketai ìpwc sto pro-
hgoÔmeno par�deigma kai eÐnai

y = x3 + C.

GnwrÐzoume ìti y(0) = 1, �ra prèpei

03 + C = 1 ⇒ C = 1.

H genik  morf  miac diaforik c exÐswshc pr¸tou bajmoÔ eÐnai

dy

dx
= F (x, y).

H exÐswsh aut  mazÐ me thn arqik  sunj kh

y(x0) = y0,

ìpou x0 kai y0 eÐnai dosmènec stajerèc, onom�zetai prìblhma arqik¸n
tim¸n.

Ja exet�soume dÔo kathgorÐec diaforik¸n exis¸sewn pou mporoÔn
na lujoÔn me stoiqei¸deic mejìdouc:

• Tic exis¸seic qwrizomènwn metablht¸n kai
• tic grammikèc exis¸seic.

1. Exis¸seic qwrizomènwn metablht¸n

Mia diaforik  exÐswsh onom�zetai qwrizomènwn metablht¸n an m-
poreÐ na grafteÐ sth morf :

dy

dx
=

f(x)

g(y)
.

Tìte èqoume

g(y)dy = f(x)dx ⇒
∫

g(y)dy =

∫
f(x)dx

kai epomènwc èqoume prosdiorÐsei th genik  lÔsh an xèroume na up-
ologÐsoume ta oloklhr¸mata.
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Par�deigma. Ja lÔsoume to prìblhma arqik¸n tim¸n

dy

dx
+ 3x2y2 = 0

y(1) = 1/2

'Eqoume

dy

dx
+ 3x2y2 = 0 ⇒ −dy

y2
= 3x2dx ⇒ −

∫
dy

y2
=

∫
3x2dx

⇒ 1

y
= x3 + C ⇒ y =

1

x3 + C

Efìson y(1) = 1/2, paÐrnoume C = 1.

K�poiec exis¸seic oi opoÐec den eÐnai qwrizomènwn metablht¸n m-
poroÔn na metasqhmatistoÔn se qwrizomènwn metablht¸n mèsw miac
kat�llhlhc allag c metablht¸n. 'Ena tètoio par�deigma eÐnai h exÐsw-
sh thc morf c

dy

dx
= F (x, y)

ìpou h F èqei thn idiìthta F (λx, λy) = F (x, y) gia k�je λ. Mia tètoia
sun�rthsh onom�zetai omogen c. H idiìthta twn omogen¸n sunart -
sewn pou ja mac bohj sei na lÔsoume thn antÐstoiqh diaforik  exÐswsh
eÐnai h akìloujh: Mia sun�rthsh F (x, y) eÐnai omogen c an kai mìno an
up�rqei mia sun�rthsh f tètoia ¸ste

F (x, y) = f(y/x).

T¸ra, an h F eÐnai omogen c tìte h diaforik  exÐswsh

dy

dx
= F (x, y)

gÐnetai qwrizomènwn metablht¸n mèsw tou metasqhmatismoÔ v = y/x.
Pr�gmati. To arister� mèloc eÐnai

dy

dx
=

d(vx)

dx
= v + x

dv

dx
.

To dexi� mèloc eÐnai

F (x, y) = f(y/x) = f(v).

'Ara h diaforik  exÐswsh paÐrnei th morf 

v + x
dv

dx
= f(v) ⇒ dv

f(v)− v
=

dx

x

h opoÐa eÐnai qwrizomènwn metablht¸n kai lÔnetai kat� ta gnwst�.
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Par�deigma. Ja lÔsoume thn

dy

dx
=

x2 + y2

xy
.

ParathroÔme ìti h sun�rthsh

x2 + y2

xy

eÐnai omogen c. 'Ara k�noume to metasqhmatismì v = y/x, kai h exÐswsh
paÐrnei th morf 

vdv =
dx

x
⇒

∫
vdv =

∫
dx

x
⇒ v2

2
= ln x + C ⇒ y2

2x2
= ln x + C

LÔnontac aut n thn algebrik  exÐswsh wc proc y paÐrnoume th genik 
lÔsh thc diaforik c exÐswshc.

2. Grammikèc diaforikèc exis¸seic pr¸thc t�xhc

Mia diaforik  exÐswsh pr¸thc t�xhc lègetai grammik  an mporeÐ na
grafteÐ sth morf :

dy

dx
+ p(x)y = r(x).

An r(x) = 0 tìte h exÐswsh lègetai omogen c. Diaforetik� lègetai mh
omogen c.

Sthn omogen  perÐptwsh, h exÐswsh èqei th morf 

dy

dx
+ p(x)y = 0 ⇒ dy

y
= −p(x)dx

h opoÐa eÐnai qwrizomènwn metablht¸n kai lÔnetai kat� ta gnwst�.
Sth mh omogen  perÐptwsh, jètoume

F (x) = e
∫

p(x)dx

kai sth sunèqeia pollaplasi�zoume to arister� kai to dexi� mèloc thc
diaforik c exÐswshc me F (x). 'Etsi paÐrnoume

dy

dx
F (x) + p(x)yF (x) = r(x)F (x)

⇒ dy

dx
e

∫
p(x)dx + p(x)ye

∫
p(x)dx = r(x)e

∫
p(x)dx

⇒ d

dx

(
ye

∫
p(x)dx

)
= r(x)e

∫
p(x)dx

⇒ d(yF (x))

dx
= r(x)F (x)
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⇒ yF (x) =

∫
r(x)F (x)dx

LÔnontac thn parap�nw algebrik  exÐswsh wc proc y, paÐrnoume th
genik  lÔsh thc diaforik c exÐswshc. H bohjhtik  sun�rthsh F onom�ze-
tai oloklhrwtikìc par�gontac.

Par�deigma. Ja lÔsoume thn

dy

dx
+

2

x
y = 3x3.

'Eqoume p(x) = 2/x kai r(x) = 3x3. 'Ara ènac oloklhrwtikìc par�gontac
eÐnai

F (x) = e
∫

2
x

dx = e2 ln x = eln x2

= x2.

Epomènwc, sÔmfwna me th sqèsh thc prohgoÔmenhc paragr�fou, h
genik  lÔsh eÐnai

yx2 =

∫
3x3x2dx =

x6

2
+ C ⇒ y =

x4

2
+

C

x2
.
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KEF�ALAIO 2

Grammikèc diaforikèc exis¸seic deÔterhc t�xhc

Mia grammik  diaforik  exÐswsh deÔterhc t�xhc èqei th genik  mor-
f 

d2y

dx2
+ p(x)

dy

dx
+ q(x)y = r(x)

ìpou y eÐnai h �gnwsth sun�rthsh kai p(x), q(x), r(x) eÐnai dosmènec
sunart seic. An r(x) = 0, tìte h exÐswsh lègetai omogen c. Di-
aforetik� lègetai mh omogen c. Oi sunart seic p(x) kai q(x) lègontai
suntelestèc thc exÐswshc. Ja perioristoÔme sthn perÐptwsh ìpou oi
suntelestèc eÐnai stajeroÐ arijmoÐ.

Par�deigma. Ja lÔsoume thn exÐswsh

d2y

dx2
= 0.

'Eqoume

d2y

dx2
= 0 ⇒ dy

dx
= C1 ⇒ y = C1x + C2,

ìpou C1, C2 eÐnai aujaÐretec stajerèc

An jèloume na prosdiorÐsoume mia eidik  lÔsh, prèpei na xèroume
thn tim  thc �gnwsthc sun�rthshc se k�poio shmeÐo kai epÐshc thn tim 
thc parag¸gou thc �gnwsthc sun�rthshc sto Ðdio shmeÐo. Dhlad ,
qreiazìmaste dÔo arqikèc sunj kec.

Par�deigma. Ja lÔsoume thn exÐswsh

d2y

dx2
= 2

me arqikèc sunj kec y(0) = 1 kai y′(0) = 2. 'Eqoume

d2y

dx2
= 2 ⇒ dy

dx
= 2x + C1 ⇒ y = x2 + C1x + C2.

Prèpei y(0) = 1 �ra C2 = 1. EpÐshc y′(x) = 2x + C1 kai y′(0) = 2 �ra
C1 = 2.
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1. Mèjodoc epÐlushc thc omogenoÔc exÐswshc me stajeroÔc
suntelestèc

H genik  morf  thc exÐswshc eÐnai

d2y

dx2
+ a

dy

dx
+ by = 0

ìpou a kai b dosmènoi arijmoÐ. ApodeiknÔetai ìti h genik  lÔsh thc
exÐswshc aut c eÐnai thc morf c

y(x) = C1u1(x) + C2u2(x)

ìpou C1, C2 aujaÐretec stajerèc, kai u1(x), u2(x) k�poiec sunart -
seic. Gia na prosdiorÐsoume tic sunart seic autèc, antikajistoÔme sth

diaforik  exÐswsh to d2y
dx2 me λ2, to dy

dx
me λ kai to y me 1 kai paÐrnoume

to tri¸numo
λ2 + aλ + b = 0.

H exÐswsh aut  onom�zetai qarakthristik  exÐswsh. 'Estw ∆ h diakrÐ-
nousa tou triwnÔmou. DiakrÐnoume treic peript¸seic:

(1) ∆ = 0. Tìte h qarakthristik  exÐswsh èqei mia dipl  rÐza

ρ = −a

2
.

Sthn perÐptwsh aut  èqoume

u1(x) = eρx, u2(x) = xeρx.

(2) ∆ > 0. Tìte h qarakthristik  exÐswsh èqei dÔo diakekrimènec
rÐzec

ρ1 =
−a +

√
∆

2
, ρ2 =

−a−
√

∆

2
.

Sthn perÐptwsh aut  èqoume

u1(x) = eρ1x, u2(x) = eρ2x.

(3) ∆ < 0. Tìte h qarakthristik  exÐswsh den èqei rÐzec. Sthn
perÐptwsh aut  jètoume

r = −a

2
, s =

√
−∆

2

kai èqoume

u1(x) = erx sin(sx), u2(x) = erx cos(sx).
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ParadeÐgmata.

(1) y′′−y′−2y = 0. H qarakthristik  exÐswsh eÐnai λ2−λ−2 = 0.
H diakrÐnousa eÐnai ∆ = 9 > 0. 'Ara

ρ1 =
1 +

√
9

2
= 2, ρ2 =

1−
√

9

2
= −1.

Epomènwc

y = C1e
2x + C2e

−x.

(2) y′′+4y′+4y = 0. H qarakthristik  exÐswsh eÐnai λ2+4λ+4 =
0. H diakrÐnousa eÐnai ∆ = 0. 'Ara

ρ = −4

2
= −2.

Epomènwc

y = C1e
−2x + C2xe−2x.

(3) y′′+4y′+5y = 0. H qarakthristik  exÐswsh eÐnai λ2+4λ+5 =
0. H diakrÐnousa eÐnai ∆ = −4 < 0. 'Ara jètoume

r = −4

2
= −2, s =

√
4

2
= 1.

Epomènwc

y = C1e
−2x sin x + C2e

−2x cos x.

2. Mèjodoc epÐlushc thc mh omogenoÔc exÐswshc me
stajeroÔc suntelestèc

H genik  morf  eÐnai

d2y

dx2
+ a

dy

dx
+ by = r(x)

ìpou a, b dosmènoi arijmoÐ kai r(x) dosmènh sun�rthsh. Gia na lÔsoume
thn exÐswsh aut  ergazìmaste wc ex c:

(1) JewroÔme thn antÐstoiqh omogen  exÐswsh

d2y

dx2
+ a

dy

dx
+ by = 0

kai brÐskoume sÔmfwna me th mèjodo thc prohgoÔmenhc para-
gr�fou, th genik  thc lÔsh, èstw yh.

(2) ProsdiorÐzoume mia eidik  lÔsh thc mh omogenoÔc, èstw yp.
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Tìte h genik  lÔsh thc mh omogenoÔc eÐnai

y = yh + yp.

O prosdiorismìc thc yp gÐnetai me ton akìloujo trìpo:

(1) An r(x) = pn(x), ìpou pn(x) eÐnai èna polu¸numo n bajmoÔ,
tìte deqìmaste mia lÔsh yp thc morf c

yp = Anx
n + An−1x

n−1 + · · ·+ A1x + A0.

(2) An r(x) = eαxpn(x), ìpou pn(x) eÐnai èna polu¸numo n bajmoÔ,
tìte deqìmaste mia lÔsh yp thc morf c

yp = eαx(Anx
n + An−1x

n−1 + · · ·+ A1x + A0).

(3) An r(x) = eαxpn(x) sin(βx)   r(x) = eαxpn(x) cos(βx), ìpou
pn(x) eÐnai èna polu¸numo n bajmoÔ, tìte deqìmaste mia lÔsh
yp thc morf c

yp = eαx sin(βx)(Anx
n + An−1x

n−1 + · · ·+ A1x + A0)

+ eαx cos(βx)(Bnx
n + Bn−1x

n−1 + · · ·+ B1x + B0).

Antikajist¸ntac thn yp pou deqt kame parap�nw sthn mh omogen 
exÐswsh, brÐskoume touc �gnwstouc suntelestèc A0, A1, . . . , An kai
B0, B1, . . . , Bn. H mèjodoc aut  onom�zetai mèjodoc twn prosdior-
istèwn suntelest¸n.

Par�deigma. Ja lÔsoume thn

y′′ − y′ − 2y = 4x2.

H antÐstoiqh omogen c eÐnai

y′′ − y′ − 2y = 0.

H qarakthristik  thc exÐswsh eÐnai

λ2 − λ− 2 = 0.

H diakrÐnousa eÐnai ∆ = 9 > 0, �ra h qarakthristik  exÐswsh èqei dÔo
diakekrimènec rÐzec ρ1 = 2 kai ρ2 = −1. Epomènwc h genik  lÔsh thc
omogenoÔc eÐnai

yh = C1e
2x + C2e

−x.

Gia na prosdiorÐsoume mia eidik  lÔsh thc mh omogenoÔc, parathroÔme
ìti h sun�rthsh 4x2 eÐnai èna polu¸numo deutèrou bajmoÔ, epomènwc
deqìmaste mia lÔsh thc morf c

yp = A2x
2 + A1x + A0.

Tìte
y′p = 2A2x + A1
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kai
y′′p = 2A2.

Efìson h yp eÐnai lÔsh thc mh omogenoÔc prèpei na thn ikanopoieÐ.
Dhlad  prèpei

y′′p − y′p − 2yp = 4x2.

IsodÔnama

2A2 − (2A2x + A1)− 2(A2x
2 + A1x + A0) = 4x2

⇒ −2A2x
2 + (−2A2 − 2A1)x + (2A2 − A1 − 2A0) = 4x2.

H parap�nw sqèsh eÐnai mia isìthta metaxÔ poluwnÔmwn, epomènwc oi
suntelestèc twn dun�mewn tou x sto arister� mèloc prèpei na eÐnai Ðsoi
me touc antÐstoiqouc suntelestèc twn dun�mewn tou x sto dexi� mèloc.
'Ara

−2A2 = 4

−2A2 − 2A1 = 0

2A2 − A1 − 2A0 = 0

LÔnontac to sÔsthma paÐrnoume

A0 = −3, A1 = 2, A2 = −2.

Epomènwc
yp = −2x2 + 2x− 3.

'Ara h genik  lÔsh thc mh omogenoÔc eÐnai

y = yh + yp = C1e
−x + C2e

2x − 2x2 + 2x− 3.

Par�deigma. Na lujeÐ h

y′′ − y′ − 2y = e3x.

JewroÔme thn antÐstoiqh omogen 

y′′ − y′ − 2y = 0.

H genik  thc lÔsh eÐnai

yh = C1e
−x + C2e

2x.

Jètoume r(x) = e3x kai parathroÔme ìti r(x) = eαxpn(x), ìpou α = 3
kai pn(x) polu¸numo mhdenikoÔ bajmoÔ. 'Ara deqìmaste mia eidik  lÔsh
thc morf c

yp = e3xA0.

Tìte
y′p = 3A0e

3x
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kai
y′′p = 9A0e

3x.

Antikajist¸ntac tic ekfr�seic autèc sth mh omogen  paÐrnoume

9A0e
3x − 3A0e

3x − 2A0e
3x = e3x

⇒ 4A0e
3x = e3x

⇒ A0 = 1/4.

Epomènwc

yp =
1

4
e3x.

'Ara h genik  lÔsh eÐnai

y = yh + yp = C1e
−x + C2e

2x +
1

4
e3x.

Par�deigma. Na lujeÐ h

y′′ − y′ − 2y = sin 2x.

H antÐstoiqh omogen c eÐnai

y′′ − y′ − 2y = 0.

H genik  thc lÔsh eÐnai

yh = C1e
−x + C2e

2x.

Jètoume r(x) = sin 2x kai parathroÔme ìti eÐnai thc morf c r(x) =
pn(x) sin βx, ìpou β = 2 kai pn(x) polu¸numo mhdenikoÔ bajmoÔ. 'Ara
deqìmaste mia eidik  lÔsh thc morf c

yp = A0 sin 2x + B0 cos 2x.

Tìte
y′p = 2A0 cos 2x− 2B0 sin 2x

kai
y′′p = −4A0 sin 2x− 4B0 cos 2x.

antikajist¸ntac sth mh omogen  paÐrnoume

− 4A0 sin 2x− 4B0 cos 2x− (2A0 cos 2x− 2B0 sin 2x)

− 2(A0 sin 2x + B0 cos 2x) = sin 2x

⇒ (−6A0 + 2B0) sin 2x + (−6B0 − 2A0) cos 2x = sin 2x.

'Ara
−6A0 + 2B0 = 1 − 6B0 − 2A0 = 0.

LÔnontac to sÔsthma paÐrnoume

A0 = −3/20, B0 = 1/20.
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Epomènwc

yp = − 3

20
sin 2x +

1

20
cos 2x.

'Ara h genik  lÔsh eÐnai

y = yh + yp = C1e
−x + C2e

2x − 3

20
sin 2x +

1

20
cos 2x.

3. TropopoÐhsh thc mejìdou twn prosdioristèwn
suntelest¸n

An ènac ìroc thc upoy fiac eidik c lÔshc perilamb�netai  dh sthn
yh (me k�poio diaforetikì, Ðswc, suntelest ), tìte h morf  thc eidik c
lÔshc pou deqìmaste prèpei na pollaplasiasteÐ epÐ xm, ìpou m eÐnai
o mikrìteroc fusikìc arijmìc gia ton opoÐo h morf  thc eidik c lÔshc
kai h yh den èqoun ìmoio ìro

Par�deigma. Na lujeÐ h

y′′ = 9x2 + 2x− 1.

H exÐswsh aut  mporeÐ, fusik�, na lujeÐ me ap�eujeÐac olokl rwsh.
Ac thn lÔsoume ìmwc me thn parap�nw mèjodo gia na doÔme pwc aut 
efarmìzetai sthn pr�xh.

H antÐstoiqh omogen c eÐnai

y′′ = 0.

H genik  thc lÔsh eÐnai

yh = C1x + C2.

Jètoume r(x) = 9x2 + 2x − 1 kai parathroÔme ìti r(x) = pn(x), ìpou
pn(x) eÐnai polu¸numo deÔterou bajmoÔ. 'Ara mia upoy fia lÔsh thc mh
omogenoÔc eÐnai thc morf c

A2x
2 + A1x + A0.

ParathroÔme ìti h parap�nw èkfrash kai h yh èqoun koinoÔc ìrouc.
Epomènwc pollaplasi�zoume epÐ x2 kai paÐrnoume

yp = A2x
4 + A1x

3 + A0x
2

y′p = 4A2x
3 + 3A1x

2 + 2A0x

y′′p = 12A2x
2 + 6A1x + 2A0.

Antikajist¸ntac sth mh omogen  paÐrnoume

12A2x
2 + 6A1x + 2A0 = 9x2 + 2x− 1

⇒ 12A2 = 9 6A1 = 2 2A0 = −1
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⇒ A2 = 3/4 A1 = 1/3 A0 = −1/2.

Epomènwc

yp =
3

4
x4 +

1

3
x3 − 1

2
x2.

'Ara h genik  lÔsh eÐnai

y = yh + yp = C1x + C2 +
3

4
x4 +

1

3
x3 − 1

2
x2.

Par�deigma. Na lujeÐ h

y′′ − 2y′ + y = xex.

H antÐstoiqh omogen c eÐnai

y′′ − 2y′ + y = 0.

H qarakhristik  thc exÐswsh eÐnai

λ2 − 2λ + 1 = 0.

H diakrÐnousa eÐna ∆ = 0, �ra h exÐswsh èqei mia dipl  rÐza ρ = 1.
Epomènwc h genik  lÔsh thc omogenoÔc eÐnai

yh = C1e
x + C2xex.

Jètoume r(x) = xex kai parathroÔme ìti eÐnai thc morf c r(x) =
eαxpn(x), ìpou α = 1 kai pn(x) polu¸numo pr¸tou bajmoÔ. 'Ara mi-
a upoy fia eidik  lÔsh thc mh omogenoÔc eÐnai thc morf c

ex(A1x + A0) = A1xex + A0e
x.

ParathroÔme ìti h parap�nw èkfrash kai h yh èqoun koinoÔc ìrouc.
'Ara pollaplasi�zoume epÐ x2 kai paÐrnoume

yp = A1x
3ex + A0x

2ex

y′p = ex(A1x
3 + (A0 + 3A1)x

2 + 2A0x)

y′′p = ex(A1x
3 + (A0 + 6A1)x

2 + (4A0 + 6A1)x + 2A0).

Antikajist¸ntac tic ekfr�seic autèc sth mh omogen  kai k�nontac tic
pr�xeic kai tic aplopoi seic paÐrnoume telik�

6A1x + 2A0 = x

⇒ 6A1 = 1 2A0 = 0

⇒ A1 = 1/6 A0 = 0.

Epomènwc

yp =
1

6
x3ex.
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'Ara h genik  lÔsh thc mh omogenoÔc eÐnai

y = yh + yp = C1e
x + C2xex +

1

6
x3ex.

4. GenÐkeush thc mejìdou twn prosdioristèwn suntelest¸n

Ean h r(x) eÐnai �jroisma   diafor� ìrwn twn diafìrwn morf¸n
pou jewr same sthn enìthta 2, tìte paÐrnoume wc yp to �jroisma   th
diafor� twn yp pou deqt kame stic antÐstoiqec peript¸seic.

Par�deigma. Na lujeÐ h

y′′ − 4y′ + 4y = sin x + cos 2x.

H antÐstoiqh omogen c eÐnai

y′′ − 4y′ + 4y = 0.

H genik  thc lÔsh eÐnai

yh = C1e
2x + C2xe2x.

Jètoume r(x) = sin x + cos 2x. An eÐqame mìno ton ìro sin x ja deqì-
mastan mia eidik  lÔsh thc morf c

A0 sin x + B0 cos x.

An eÐqame mìno ton ìro cos 2x ja deqìmastan mia eidik  lÔsh thc morf c

Γ0 sin 2x + ∆0 cos 2x.

'Ara deqìmaste mia eidik  lÔsh thc morf c

yp = A0 sin x + B0 cos x + Γ0 sin 2x + ∆0 cos 2x.

Antikajist¸ntac sth mh omogen  kai k�nontac tic pr�xeic paÐrnoume

(4B0 + 3A0) sin x + (3B0 − 4A0) cos x− 8∆0 sin 2x− 8Γ0 cos 2x

= sin x + cos 2x

⇒


4B0 + 3A0 = 1
3B0 − 4A0 = 0
−8∆0 = 0
−8Γ0 = 1

 ⇒


A0 = 3/25
B0 = 4/25
Γ0 = −1/8

∆0 = 0

 .

'Ara mia eidik  lÔsh eÐnai

yp =
3

25
sin x +

4

25
cos x− 1

8
sin 2x.
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Epomènwc h genik  lÔsh eÐnai

y = yh + yp = C1e
2x + C2xe2x +

3

25
sin x +

4

25
cos x− 1

8
sin 2x.

5. H mèjodoc thc metabol c twn paramètrwn

H mèjodoc twn prosdioristèwn suntelest¸n den mporeÐ na efar-
mosteÐ ìtan h sun�rthsh r(x) den èqei mia apì tic morfèc pou anafèrame
sthn prohgoÔmenh enìthta. An loipìn jèloume na lÔsoume thn

y′′ + ay′ + by = r(x)

ìpou r(x) eÐnai mia aujaÐreth sun�rthsh, akoloujoÔme mia �llh mèjodo
h opoÐa lègetai mèjodoc thc metabol c twn paramètrwn.

JewroÔme thn antÐstoiqh omogen  exÐswsh

y′′ + ay′ + by = 0.

GnwrÐzoume ìti h genik  thc lÔsh eÐnai thc morf c

yh = C1u1(x) + C2u2(x).

Deqìmaste ìti mia eidik  lÔsh thc mh omogenoÔc eÐnai thc morf c

yp = v1(x)u1(x) + v2(x)u2(x)

ìpou v1(x), v2(x) eÐnai sunart seic pou prèpei na prosdioristoÔn. Gia
na tic prosdiorÐsoume lÔnoume to akìloujo algebrikì sÔsthma wc proc
v′1(x), v′2(x).

v′1(x)u1(x) + v′2(x)u2(x) = 0

v′1(x)u′1(x) + v′2(x)u′2(x) = r(x)

Sth sunèqeia, oloklhr¸noume tic v′1(x) kai v′2(x) pou br kame kai paÐrnoume
tic v1(x) kai v2(x). H genik  lÔsh thc mh omogenoÔc eÐnai

y = yh + yp.

Par�deigma. Na lujeÐ h

y′′ − y′ − 2y = e3x.

Thn exÐswsh aut  thn èqoume  dh lÔsei me th mèjodo twn prosdior-
istèwn suntelest¸n. Ja thn lÔsoume kai me th mèjodo thc metabol c
twn paramètrwn gia na doÔme pwc aut  efarmìzetai.

H antÐstoiqh omogen c eÐnai

y′′ − y′ − 2y = 0.

H genik  thc lÔsh eÐnai

yh = C1u1(x) + C2u2(x) = C1e
−x + C2e

2x.
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Deqìmaste ìti mia eidik  lÔsh thc mh omogenoÔc eÐnai thc morf c

yp = v1(x)u1(x) + v2(x)u2(x).

Gia na prosdiorÐsoume tic v1(x) kai v2(x) lÔnoume to sÔsthma. v′1(x)u1(x) + v′2(x)u2(x) = 0

v′1(x)u′1(x) + v′2(x)u′2(x) = r(x)


⇒

 v′1(x)e−x + v′2(x)e2x = 0

−v′1(x)e−x + 2v′2(x)e2x = e3x


⇒


v′1(x) = −e4x

3

v′2(x) =
ex

3

 ⇒


v1(x) = −e4x

12

v2(x) =
ex

3

 .

Epomènwc

yp = − 1

12
e4xe−x +

1

3
exe2x =

1

4
e3x.

Sunep¸c h genik  lÔsh eÐnai

y = yh + yp = C1e
−x + C2e

2x +
1

4
e3x.

Ac doÔme mÐa perÐptwsh sthn opoÐa den mporoÔme na efarmìsoume
thn mèjodo twn prosdioristèwn suntelest¸n, opìte ja efrmìsoume
kat�an�gkh th mèjodo thc metabol c twn paramètrwn.

Par�deigma. Na lujeÐ h

y′′ − 2y′ + y =
ex

x
.

H antÐstoiqh omogen c eÐnai

y′′ − 2y′ + y = 0.

H genik  thc lÔsh eÐnai

yh = C1u1(x) + C2u2(x) = C1e
x + C2xex.

Deqìmaste ìti mia eidik  lÔsh thc mh omogenoÔc eÐnai thc morf c

yp = v1(x)u1(x) + v2(x)u2(x).

Gia na prosdiorÐsoume tic v1(x) kai v2(x) lÔnoume to sÔsthma. v′1(x)u1(x) + v′2(x)u2(x) = 0

v′1(x)u′1(x) + v′2(x)u′2(x) = r(x)
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⇒


v′1(x)ex + v′2(x)xex = 0

v′1(x)ex + v′2(x)(ex + xex) =
ex

x


⇒


v′1(x) = −1

v′2(x) =
1

x

 ⇒
{

v1(x) = −x
v2(x) = ln x

}
.

Epomènwc
yp = −xex + xex ln x.

Sunep¸c h genik  lÔsh eÐnai

y = yh + yp = C1e
x + C2xex − xex + xex ln x

= C1e
x + C3xex + xex ln x,

ìpou jèsame C3 = C2 − 1.
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KEF�ALAIO 3

PÐnakec

'Enac m × n pÐnakac A eÐnai mia orjog¸nia di�taxh m · n arijm¸n
se m grammèc kai n st lec. Dhlad 

A =


a11 a12 a13 · · · a1n

a21 a22 a23 · · · a2n
...

...
...

...
am1 am2 am3 · · · amn

 .

QrhsimopoioÔme epÐshc ton sumbolismì A = (aij) gia na deÐxoume ìti to
stoiqeÐo aij brÐsketai ekeÐ pou sunantiètai h i-gramm  me thn j-st lh.
An A = (aij) eÐnai ènac m × n pÐnakac kai B = (bij) eÐnai ènac s × r
pÐnakac tìte lème ìti A = B an m = s, n = r kai aij = bij gia ìla ta
i, j.

1. Morfèc pin�kwn

Ja orÐsoume k�poiec eidikèc morfèc pin�kwn pou sunanti¸ntai suqn�
sthn pr�xh.

• 'Enac pÐnakac 1× 1 lègetai pÐnakac stoiqeÐo.
• 'Enac pÐnakac 1× n lègetai pÐnakac gramm . Par�deigma:

A = [1 2 5 7].

• 'Enac pÐnakac n× 1 lègetai pÐnakac st lh. Par�deigma:

A =

2
4
6

 .

• 'Enac m × n pÐnakac lègetai mhdenikìc kai sumbolÐzetai me
0m×n (  pio apl� me 0, ìtan den up�rqei kÐndunoc sÔgqushc),
an ìla ta stoiqeÐa tou eÐnai mhdèn.

• 'Enac m × n pÐnakac lègetai tetragwnikìc an m = n. Pa-
radeÐgmata:

A =

[
1 2
3 4

]
, B =

 5 5 1
2 3 0
12 2 7

 .
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• 'Enac tetragwnikìc n × n pÐnakac A lègetai diag¸nioc, an
mìno h diag¸nioc perièqei mh mhdenik� stoiqeÐa. Dhlad 

i 6= j ⇒ aij = 0.

Par�deigma:

A =

1 0 0
0 3 0
0 0 5

 .

• O diag¸nioc n × n pÐnakac o opoÐoc èqei ìla ta stoiqeÐa thc
diagwnÐou Ðsa me 1 lègetai monadiaÐoc kai sumbolÐzetai me In.
Dhlad 

In = (aij),

ìpou

aij =

{
0 an i 6= j

1 an i = j

ParadeÐgmata:

I2 =

[
1 0
0 1

]
, I3 =

1 0 0
0 1 0
0 0 1

 .

• 'Enac tetragwnikìc n × n pÐnakac lègetai �nw trigwnikìc,
an ìla ta stoiqeÐa k�tw apì th diag¸nio eÐnai 0. Dhlad 

i > j ⇒ aij = 0.

Par�deigma:

A =

1 2 3
0 5 7
0 0 6

 .

• 'Enac tetragwnikìc n× n pÐnakac lègetai k�tw trigwnikìc,
an ìla ta stoiqeÐa p�nw apì th diag¸nio eÐnai 0. Dhlad 

j > i ⇒ aij = 0.

Par�deigma:

A =

1 0 0
6 3 0
8 9 10

 .
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2. Pr�xeic metaxÔ pin�kwn

• Prìsjesh
'Estw A = (aij) kai B = (bij) dÔo m × n pÐnakec. Tìte

to �jroisma touc sumbolÐzetai me A + B kai orÐzetai na�nai
ènac m × n pÐnakac (cij) ta stoiqeÐa tou opoÐou dÐnontai apì
th sqèsh

cij = aij + bij.

Par�deigma: [
1 2
0 0

]
+

[
1 3
5 7

]
=

[
2 5
5 7

]
.

• Bajmwtì ginìmeno
'Estw A = (aij) ènac m×n pÐnakac kai λ ènac pragmatikìc

arijmìc. To bajmwtì touc ginìmeno sumbolÐzetai me λA kai
orÐzetai na�nai ènac m×n pÐnakac (cij), ta stoiqeÐa tou opoÐou
dÐnontai apì th sqèsh

cij = λaij.

Par�deigma:

2 ·
[
1 2
3 4

]
=

[
2 4
6 8

]
.

• Ginìmeno pin�kwn
'Estw A = (aij) ènac m × n pÐnakac kai B = (bij) ènac

n× s pÐnakac. Tìte to ginìmeno touc sumbolÐzetai me AB kai
orÐzetai na�nai ènac m× s pÐnakac (cij), ta stoiqeÐa tou opoÐou
dÐnontai apì th sqèsh

cij =
n∑

k=1

aikbkj.

ParadeÐgmata:
(1) [

0 1 2
1 0 1

]1 0 0
1 1 0
0 1 0


=

[
0 · 1 + 1 · 1 + 2 · 0 0 · 0 + 1 · 1 + 2 · 1 0 · 0 + 1 · 0 + 2 · 0
1 · 1 + 0 · 1 + 1 · 0 1 · 0 + 0 · 1 + 1 · 1 1 · 0 + 0 · 0 + 1 · 0

]
=

[
1 3 0
1 1 0

]
.
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(2)

[1 2 3]

0
1
0

 = [1 · 0 + 2 · 1 + 3 · 0] = [2].

(3)0
1
0

 [1 2 3] =

0 · 1 0 · 2 0 · 3
1 · 1 1 · 2 1 · 3
0 · 1 0 · 2 0 · 3

 =

0 0 0
1 2 3
0 0 0

 .

An A eÐnai ènac tetragwnikìc pÐnakac kai k ènac fusikìc ari-
jmìc tìte jètoume Ak = AA · · ·A︸ ︷︷ ︸

k forèc

.

Ac doÔme t¸ra tic basikèc idiìthtec twn pr�xewn pou orÐsame.

• A + B = B + A.
• A + 0 = 0 + A = A.
• (A + B) + C = A + (B + C) = A + B + C.
• An A eÐnai ènac m×n pÐnakac, tìte A0n×s = 0m×s kai 0r×mA =

0r×n gia ìla ta r, s.
• An A eÐnai ènac m × n pÐnakac, B ènac n × s pÐnakac kai C
ènac s× r pÐnakac tìte (AB)C = A(BC) = ABC.

• An A, B eÐnai dÔo m×n pÐnakec kai C ènac n× s pÐnakac tìte
(A + B)C = AC + BC.

• An D eÐnai ènac m×n pÐnakac kai E, F dÔo n× s pÐnakec tìte
D(E + F ) = DE + DF .

• An A eÐnai n× n tetragwnikìc pÐnakac tìte AIn = InA = A.

Genik� den isqÔei AB = BA, akìma ki�an oi A kai B eÐnai tetragwnikoÐ.
Par�deigma: [

1 2
3 4

] [
1 0
0 0

]
=

[
1 0
3 0

]
[
1 0
0 0

] [
1 2
3 4

]
=

[
1 2
0 0

]
.

An gia dÔo pÐnakec A, B isqÔei AB = BA, tìte lème ìti oi A kai B
metatÐjentai.

3. An�strofoc kai antÐstrofoc pÐnakac

'Estw A = (aij) ènac m × n pÐnakac. O an�strofoc tou A sum-
bolÐzetai me At kai orÐzetai na�nai ènac n×m pÐnakac (cij) ta stoiqeÐa
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tou opoÐou dÐnontai apì th sqèsh cij = aji. Par�deigma:[
1 2 3
4 5 6

]t

=

1 4
2 5
3 6

 .

'Enac pÐnakac A lègetai summetrikìc an At = A. 'Enac summetrikìc
pÐnakac eÐnai kat�an�gkh tetragwnikìc. Par�deigma:1 5 7

5 3 9
7 9 8

t

=

1 5 7
5 3 9
7 9 8

 .

'Enac pÐnakac A lègetai antisummetrikìc an At = −A. 'Enac anti-
summetrikìc pÐnakac eÐnai kat�n�gkh tetragwnikìc kai ta stoiqeÐa thc
diagwnÐou eÐnai mhdèn. Par�deigma 0 5 7

−5 0 9
−7 −9 0

 = −

 0 5 7
−5 0 9
−7 −9 0

t

.

'Enac mh mhdenikìc tetragwnikìc n× n pÐnakac A lègetai antistrèy-
imoc an up�rqei pÐnakac B tètoioc ¸ste

AB = BA = In.

An up�rqei tètoioc pÐnakac B tìte eÐnai monadikìc, sumbolÐzetai me A−1

kai onom�zetai antÐstrofoc tou A. Up�rqoun pÐnakec oi opoÐoi den
eÐnai antistrèyimoi. Par�deigma:

A =

[
1 0
0 0

]
.

Tèloc, ènac tetragwnikìc n × n pÐnakac A lègetai orjog¸nioc, an
AAt = AtA = In Ac doÔme k�poiec idiìthtec.

• I t
n = In.

• (At)t = A.
• (A + B)t = At + Bt.
• (AB)t = BtAt.
• An A, B eÐnai antistrèyimoi, tìte kai o AB eÐnai antistrèyimoc
kai isqÔei (AB)−1 = B−1A−1.

• An o A eÐnai antistrèyimoc, tìte kai o At eÐnai antistrèyimoc
kai isqÔei (At)−1 = (A−1)t.
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4. KlimakwtoÐ pÐnakec

Hgetikì stoiqeÐo   epikefal c stoiqeÐo thc grammhc i enìc
pÐnaka onom�zetai to pr¸to mh mhdenikì stoiqeÐo thc, kai sumbolÐzoume
me l(i) ton arijmì thc st lhc pou to perièqei. Par�deigma:

A =


0 1 3 −1 1/2
0 0 0 0 0
2 −1 0 1/2 −7
0 0 0 −3 −1

 .

Hgetikì stoiqeÐo thc gramm c 1 eÐnai to 1 kai l(1) = 2.
Hgetikì stoiqeÐo thc gramm c 3 eÐnai to 2 kai l(3) = 1.
Hgetikì stoiqeÐo thc gramm c 4 eÐnai to −3 kai l(4) = 4.

'Enac pÐnakac lègetai klimakwtìc an:

(1) 'Olec oi mh mhdenikèc grammèc brÐskontai sthn p�nw meri�.
(2) Ta epikefal c stoiqeÐa kinoÔntai proc ta dexi� kaj¸c katebaÐ-

noume ton pÐnaka, dhlad  l(1) < l(2) < · · · .
(3) 'Ola ta epikefal c stoiqeÐa eÐnai mon�da.
(4) K�je st lh pou perièqei epikefal c stoiqeÐo èqei ìla ta up-

ìloipa stoiqeÐa thc Ðsa me mhdèn.

Par�deigma:

A =

1 3 0 4
0 0 1 6
0 0 0 0

 .

Ja doÔme ìti mporoÔme na fèroume k�je pÐnaka se klimakwt  morf 
mèsw miac seir�c pr�xewn tic opoÐec ja perigr�youme sthn epìmenh
par�grafo.

5. Stoiqei¸deic pr�xeic gramm¸n se pÐnaka

Onom�zoume stoiqei¸deic pr�xeic gramm¸n touc akìloujouc metasqh-
matismoÔc p�nw s�èna pÐnaka:

(1) Enallag  dÔo gramm¸n: ri1 ↔ ri2 .
(2) Pollaplasiasmìc gramm c me ènan arijmì λ: ri → λri.
(3) Prìsjesh se mia gramm  pollaplasÐou miac �llhc: ri1 → ri1 +

λri2 .

Par�deigma:  1 0 −1 1
2 1 0 1
−1 1 0 2

−−−−−→r2→r2+2r3

 1 0 −1 1
0 3 0 5
−1 1 0 2
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−−→r2↔r3

 1 0 −1 1
−1 1 0 2
0 3 0 5

 .

An A kai B eÐnai dÔo pÐnakec, tìte lème ìti o A eÐnai grammoðsodÔ-
namoc me ton B an o B mporeÐ na prokÔyei apì ton A efarmìzontac
mia seir� apì stoiqei¸deic pr�xeic gramm¸n. Gia par�deigma, oi treic
pÐnakec tou prohgoÔmenou paradeÐgmatoc eÐnai grammoðsodÔnamoi.

ApodeiknÔetai ìti k�je pÐnakac A eÐnai grammoðsodÔnamoc me ènan
klimakwtì pÐnaka B. O arijmìc twn mh mhdenik¸n gramm¸n tou B
lègetai t�xh tou pÐnaka A.

6. Metatrop  pÐnaka se klimakwtì: Mèjodoc apaloif c tou
Gauss

O kalÔteroc trìpoc na perigr�youme th mèjodo aut  eÐnai mèsa apì
èna par�deigma. Ac upojèsoume ìti èqoume ton pÐnaka0 0 3 −1

0 −1 4 7
0 −1 7 6


kai jèloume na ton metatrèyoume se klimakwtì, dhlad  na broÔme mèsw
miac seir�c stoiqeiwd¸n pr�xewn ènan klimakwtì grammoðsodÔnamo pÐ-
naka. Ta b mata eÐnai ta ex c:

(1) BrÐskoume thn pr¸th mh mhdenik  st lh.

j = 2

(2) BrÐskoume thn pr¸th gramm  sth st lh aut  h opoÐa perièqei
mh mhdenikì stoiqeÐo.

i = 2

(3) EÐnai h gramm  aut  h pr¸th gramm  tou pÐnaka? An nai p�me
sto epìmeno b ma. An ìqi enall�ssoume thn gramm  aut  me
thn pr¸th gramm  tou pÐnaka.0 0 3 −1

0 −1 4 7
0 −1 7 6

−−→r1↔r2

0 −1 4 7
0 0 3 −1
0 −1 7 6


(4) K�noume to epikefal c stoiqeÐo thc pr¸thc gramm c tou pÐna-

ka pou p rame sto prohgoÔmeno b ma Ðso me 1 diair¸ntac th
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gramm  aut  dia to epikefal c stoiqeÐo.0 −1 4 7
0 0 3 −1
0 −1 7 6

−−−→r1→−r1

0 1 −4 −7
0 0 3 −1
0 −1 7 6


(5) MhdenÐzoume ìla ta upìloipa mh mhdenik� stoiqeÐa thc st lhc

pou brÐsketai to epikefal c stoiqeÐo prosjètontac   afair¸n-
tac kat�llhla pollapl�sia thc pr¸thc gramm c.0 1 −4 −7

0 0 3 −1
0 −1 7 6

−−−−−→r3→r3+r1

0 1 −4 −7
0 0 3 −1
0 0 3 −1


(6) Sto shmeÐo autì elegqoume an o pÐnakac eÐnai klimakwtìc.

An eÐnai stamat�me. An ìqi agnooÔme thn pr¸th gramm  kai
epistrèfoume sto b ma 1. Th diadikasÐa thn epanalamb�noume
mèqri na katal xoume se klimakwtì pÐnaka. 0 1 −4 −7

0 0 3 −1
0 0 3 −1

−−−→r2→ r2
3

0 1 −4 −7
0 0 1 −1/3
0 0 3 −1


−−−−−→
r1→r1+4r2
r3→r3−3r2

0 1 0 −25/3
0 0 1 −1/3
0 0 0 0

 .

O parap�nw pÐnakac eÐnai se klimakwt  morf  �ra stamat�me.

Sta parak�tw paradeÐgmata xekin�me me k�poio pÐnaka kai ton meta-
trèpoume se klimakwtì efarmìzontac th mèjodo thc apaloif c tou
Gauss.

(1)  1 3 0 0
0 0 0 0
0 0 1 −1

−−→r2↔r3

1 3 0 0
0 0 1 −1
0 0 0 0


(2) 1 0 0

1 1 0
0 0 1

−−−−−→r2→r2−r1

1 0 0
0 1 0
0 0 1


(3) 1 0 5 3
0 2 −6 4
0 0 1 6

−−−→r2→ 1
2
r2

 1 0 5 3
0 1 −3 2
0 0 1 6

−−−−−→r1→r1−5r3
r2→r2+3r3

1 0 0 −27
0 1 0 20
0 0 1 6
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(4)
1 3 2 5
0 1 −1 3
0 0 0 0
0 0 1 2

−−−−−→r1→r1−3r2


1 0 5 −4
0 1 −1 3
0 0 0 0
0 0 1 2

−−→r3↔r4


1 0 5 −4
0 1 −1 3
0 0 1 2
0 0 0 0


−−−−−→
r2→r2+r3
r1→r1−5r3


1 0 0 −14
0 1 0 5
0 0 1 2
0 0 0 0
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KEF�ALAIO 4

Sust mata grammik¸n exis¸sewn

Sto kef�laio autì ja qrhsimopoi soume th mèjodo thc apaloif c
tou Gauss gia na diereun soume kai na lÔsoume opoiod pote sÔsthma
grammik¸n exis¸sewn. H genik  morf  enìc sust matoc m grammik¸n
exis¸sewn me n agn¸stouc eÐnai

(∗)


a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...

am1x1 + am2x2 + · · ·+ amnxn = bm

 ,

ìpou aij kai bi eÐnai dosmènoi arijmoÐ kai xj eÐnai oi �gnwstec posìthtec
pou prèpei na prosdioristoÔn ¸ste ìlec oi exis¸seic (∗) na ikanopoioÔn-
tai. To sÔsthma (∗) mporeÐ na grafteÐ se morf  pin�kwn:

AX = B,

ìpou

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
...

am1 am2 · · · amn

 ,

eÐnai o pÐnakac suntelest¸n tou sust matoc kai

X =


x1

x2
...

xn

 , B =


b1

b2
...

bm

 .

OrÐzoume epÐshc ton pÐnaka

(A|B) =


a11 a12 · · · a1n b1

a21 a22 · · · a2n b2
...

...
...

...
am1 am2 · · · amn bm


o opoÐoc lègetai epauxhmènoc pÐnakac tou sust matoc.

Par�deigma:
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'Estw to sÔsthma  3x4 + x1 = 2
x2 + x3 = 6

x1 + x2 + x3 = 0

 .

Tìte 3x4 + x1 = 2
x2 + x3 = 6

x1 + x2 + x3 = 0

 ⇔

 1x1 + 0x2 + 0x3 + 3x4 = 2
0x1 + 1x2 + 1x3 + 0x4 = 6
1x1 + 1x2 + 1x3 + 0x4 = 0

 .

'Ara

A =

 1 0 0 3
0 1 1 0
1 1 1 0

 X =


x1

x2

x3

x4

 B =

 2
6
0



(A|B) =

 1 0 0 3 2
0 1 1 0 6
1 1 1 0 0

 .

DÐnoume k�poiouc akìma orismoÔc:

• Opoiad pote n-�da arijm¸n (x1, x2, . . . , xn) ikanopoieÐ tic ex-
is¸seic (∗) lègetai lÔsh tou sust matoc.

• An èna sÔsthma èqei toul�qisto mia lÔsh tìte lègetai sumbibastì.
Diaforetik� lègetai adÔnato.

• DÔo sust mata pou èqoun to Ðdio sÔnolo lÔsewn lègontai
isodÔnama.

• An s�èna sÔsthma AX = B o pÐnakac B eÐnai mhdenikìc tìte to
sÔsthma lègetai omogenèc. Diaforetik� lègetai mh omogenèc.
'Ena omogenèc sÔsthma eÐnai p�ntote sumbibastì diìti èqei mÐa
toul�qisto lÔsh: th mhdenik .

'Ena sÔsthma mporeÐ na èqei kamÐa, mÐa mìno   �peirec lÔseic. Sthn
teleutaÐa perÐptwsh h morf  twn lÔsewn ekfr�zetai san sun�rthsh
aujaÐretwn paramètrwn. ParadeÐgmata:

(1) To sÔsthma {
x1 + x2 = 1

2x1 + 2x2 = 4

}
den èqei kamÐa lÔsh.

(2) To sÔsthma {
x1 + x2 = 1
x1 − x2 = 0

}
èqei mia monadik  lÔsh: (x1, x2) = (1/2, 1/2).

34



(3) To sÔsthma {
4x1 − 2x2 = 1
2x1 + x2 = 3/2

}
èqei mia monadik  lÔsh: (x1, x2) = (1/2, 1/2). EÐnai dhlad 
isodÔnamo me to prohgoÔmeno.

(4) To sÔsthma
x1 + x2 = 1

èqei �peirec lÔseic. Pr�gmati an jèsoume x2 = κ, ìpou κ
aujaÐretoc arijmìc, tìte x1 = 1 − x2 = 1 − κ. 'Ara oi lÔseic
tou sust matoc eÐnai ìla ta zeug�ria thc morf c

(x1, x2) = (1− κ, κ),

ìpou κ opoiosd pote arijmìc.

An o pÐnakac suntelest¸n tou sust matoc eÐnai klimakwtìc, tìte to
sÔsthma eÐnai p�ra polÔ eÔkolo na lujeÐ. LÔnoume pr¸ta wc proc ton
�gnwsto pou antistoiqeÐ sto teleutaÐo hgetikì stoiqeÐo. Sth sunèqeia
lÔnoume wc proc ton �gnwsto pou antistoiqeÐ sto amèswc prohgoÔ-
meno hgetikì stoiqeÐo. SuneqÐzoume ètsi mèqri na ft�soume sto pr¸to
hgetikì stoiqeÐo. An sta dexi� mèlh twn ekfr�sewn pou p rame up�r-
qoun �gnwstoi, touc antikajistoÔme me aujaÐretec paramètrouc.

Par�deigma:
Na lujeÐ to sÔsthma  x1 + 2x3 = 0

x2 + 3x3 = 0
x4 = 1

 .

O pÐnakac suntelest¸n tou sust matoc eÐnai 1 0 2 0
0 1 3 0
0 0 0 1


o opoÐoc eÐnai klimakwtìc. 'Etsi èqoume

x4 = 1
x2 = −3x3

x1 = −2x3

Sta dexi� mèlh up�rqei o �gnwstoc x3, epomènwc jètoume x3 = κ kai
paÐrnoume

(x1, x2, x3, x4) = (−2x3,−3x3, x3, 1) = (−2κ,−3κ, κ, 1),
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dhlad  to sÔsthma èqei �peirec lÔseic, h morf  twn opoÐwn dÐnetai apì
thn parap�nw èkfrash.

ApodeiknÔetai ìti an AX = B kai A′X = B′ eÐnai duo sust mata
tètoia ¸ste oi antÐstoiqoi epauxhmènoi pÐnakec (A|B) kai (A′|B′) eÐnai
grammoðsodÔnamoi, tìte ta sust mata eÐnai isodÔnama. Apì to prohgoÔ-
meno ìmwc kef�laio gnwrÐzoume ìti k�je pÐnakac eÐnai grammoðsodÔ-
namoc m�èna klimakwtì pÐnaka (apaloif  Gauss). M��lla lìgia, gia
na lÔsoume èna sÔsthma arkeÐ na metatrèyoume ton epauxhmèno pÐnak�
tou s�èna pÐnaka (A′|B′), ìpou o A′ eÐnai klimakwtìc. Stic epìmenec
paragr�fouc ja doÔme pwc autì mporeÐ na gÐnei me susthmatikì trìpo.

1. Mèjodoc epÐlushc omogen¸n susthm�twn

H genik  morf  enìc omogenoÔc sust matoc m grammik¸n exis¸sewn
me n agn¸stouc eÐnai

AX = 0

ìpou A eÐnai ènac m × n pÐnakac. Gia na lÔsoume èna tètoio sÔsthma
ergazìmaste wc ex c:

(1) Metatrèpoume ton A s�èna klimakwtì pÐnaka A′ qrhsimopoi¸n-
tac thn apaloif  Gauss.

(2) BrÐskoume thn t�xh r tou A, dhlad  ton arijmì twn mh mh-
denik¸n gramm¸n tou A′. An r = n tìte to sÔsthma èqei mìno
thn mhdenik  lÔsh. An r < n tìte to sÔsthma èqei �peirec lÔ-
seic me n − r aujaÐretec paramètrouc. Gia na prosdiorÐsoume
th morf  twn lÔsewn, lÔnoume to sÔsthma A′X = 0 sÔmfwna
me th mèjodo thc prohgoÔmenhc paragr�fou.

Par�deigma:
Na lujeÐ to sÔsthma x1 + 2x2 + 3x3 + 4x4 = 0

2x1 + 3x2 + 4x3 + 5x4 = 0
3x1 + 5x2 + 5x3 + 7x4 = 0

 .

O pÐnakac suntelest¸n tou sust matoc eÐnai:

A =

 1 2 3 4
2 3 4 5
3 5 5 7

 .

Metatrèpoume ton A se klimakwtì.

A =

 1 2 3 4
2 3 4 5
3 5 5 7

−−−−−→r2→r2−2r1
r3→r3−3r1

 1 2 3 4
0 −1 −2 −3
0 −1 −4 −5

−−−→r2→−r2

 1 2 3 4
0 1 2 3
0 −1 −4 −5
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−−−−−→
r1→r1−2r2
r3→r3+r2

 1 0 −1 −2
0 1 2 3
0 0 −2 −2

−−−−→r3→− 1
2
r3

 1 0 −1 −2
0 1 2 3
0 0 1 1


−−−−−→
r2→r2−2r3
r1→r1+r3

 1 0 0 −1
0 1 0 1
0 0 1 1

 = A′.

H t�xh tou pÐnaka suntelest¸n eÐnai 3 < 4, �ra to sÔsthma èqei �peirec
lÔseic me 4 − 3 = 1 aujaÐreth par�metro. Gia na prosdiorÐsoume th
morf  twn lÔsewn lÔnoume to sÔsthma A′X = 0 pou antistoiqeÐ ston
klimakwtì pÐnaka A′:  x1 − x4 = 0

x2 + x4 = 0
x3 + x4 = 0


LÔnoume pr¸ta wc proc ton �gnwsto pou antistoiqeÐ sto teleutaÐo
hgetikì stoiqeÐo (x3), met� wc proc ton �gnwsto pou antistoiqeÐ sto
prohgoÔmeno hgetikì stoiqeÐo (x2) kai tèloc wc proc ton �gnwsto pou
antistoiqeÐ sto pr¸to hgetikì stoiqeÐo (x1). x3 = −x4

x2 = −x4

x1 = x4

 .

Touc agn¸stouc pou mènoun, dhlad  autoÔc pou emfanÐzontai sta dexi�
mèlh twn parap�nw exis¸sewn, (x4), touc antikajistoÔme me aujaÐretec
paramètrouc (κ). Epomènwc h morf  twn lÔsewn eÐnai:

(x1, x2, x3, x4) = (x4,−x4,−x4, x4) = (κ,−κ,−κ, κ).

Par�deigma:
Na lujeÐ to sÔsthma x1 − x2 + x3 = 0

x1 + x2 + 2x3 = 0
x1 + 2x2 − x3 = 0

 .

Metatrèpoume ton pÐnaka suntelest¸n se klimakwtì. 1 −1 1
1 1 2
1 2 −1

−−−−−→r2→r2−r1
r3→r3−r1

 1 −1 1
0 2 1
0 3 −2

−−−→r2→ 1
2
r2

 1 −1 1
0 1 1/2
0 3 −2


−−−−−→
r1→r1+r2
r3→r3−3r2

 1 0 3/2
0 1 1/2
0 0 −7/2

−−−−→r3→− 2
7
r3

 1 0 3/2
0 1 1/2
0 0 1
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−−−−−→
r1→r1− 3

2
r3

r2→r2− 1
2
r3

 1 0 0
0 1 0
0 0 1

 .

Epomènwc h t�xh tou pÐnaka eÐnai 3, ìsh dhlad  kai o arijmìc twn
agn¸stwn. 'Ara to sÔsthma èqei mìno th mhdenik  lÔsh.

2. Mèjodoc epÐlushc mh omogen¸n susthm�twn

H genik  morf  enìc mh omogenoÔc sust matoc m grammik¸n ex-
is¸sewn me n agn¸stouc eÐnai

AX = B,

ìpou A eÐnai ènac m × n pÐnakac kai B ènac m × 1 pÐnakac (pÐnakac
st lh). Gia na lÔsoume èna tètoio sÔsthma ergazìmaste wc ex c:

(1) Metatrèpoume me apaloif  Gauss ton epauxhmèno pÐnaka (A|B)
s�èna pÐnaka (A′|B′) ìpou A′ klimakwtìc.

(2) An se opoiad pote f�sh thc diadikasÐac, emfanisteÐ hgetikì
stoiqeÐo sthn teleutaÐa st lh tou pÐnaka me ton opoÐo douleÔ-
oume, tìte to sÔsthma eÐnai adÔnato kai stamat�me. Diafore-
tik� suneqÐzoume kai prosdiorÐzoume th morf  twn lÔsewn,
lÔnontac to sÔsthma A′X = B′ kat� ta gnwst�.

An t¸ra, me b�sh to parap�nw krit rio, to sÔsthma eÐnai sumbibastì
kai jèsoume r na�nai h t�xh tou A, tìte:

• An r = n tìte to sÔsthma èqei monadik  lÔsh.
• An r < n tìte to sÔsthma èqei �peirec lÔseic me n − r au-
jaÐretec paramètrouc.

Par�deigma:
Na lujeÐ to sÔsthma x1 − 3x2 = −1

2x1 + x2 = 5
3x1 + 4x2 = 4

 .

Fèrnoume ton epauxhmèno pÐnaka tou sust matoc sthn kat�llhlh mor-
f . 1 −3 −1

2 1 5
3 4 4

−−−−−→r2→r2−2r1
r3→r3−3r1

 1 −3 −1
0 7 7
0 13 7

−−−→r2→ 1
7
r2

 1 −3 −1
0 1 1
0 13 7


−−−−−−→
r3→r3−13r2
r1→r1+3r2

 1 0 2
0 1 1
0 0 −6

 .
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ParathroÔme ìti h teleutaÐa st lh èqei hgetikì stoiqeÐo (−6). 'Ara to
sÔsthma eÐnai adÔnato.

Par�deigma:
Na lujeÐ to sÔsthma x1 − 3x2 + x3 = 2

2x1 + x2 + 3x3 = 3
x1 + 5x2 + 5x3 = 2

 .

Fèrnoume ton epauxhmèno pÐnaka tou sust matoc sthn kat�llhlh mor-
f .

(A|B) =

 1 −3 1 2
2 1 3 3
1 5 5 2

−−−−−→r2→r2−2r1
r3→r3−r1

 1 −3 1 2
0 7 1 −1
0 8 4 0


−−−→
r2→ 1

7
r2

 1 −3 1 2
0 1 1/7 −1/7
0 8 4 0

−−−−−→r1→r1+3r2
r3→r3−8r2

 1 0 10/7 11/7
0 1 1/7 −1/7
0 0 20/7 8/7


−−−−→
r3→ 7

20
r3

 1 0 10/7 11/7
0 1 1/7 −1/7
0 0 1 2/5

−−−−−−→r1→r1− 10
7

r3

r2→r2− 1
7
r3

 1 0 0 1
0 1 0 −1/5
0 0 1 2/5

 = (A′|B′).

H teleutaÐa st lh tou (A′|B′) den èqei hgetikì stoiqeÐo, �ra to sÔsthma
eÐnai sumbibastì. H t�xh tou A eÐnai 3, ìsh kai o arijmìc twn agn¸st-
wn, �ra to sÔsthma èqei monadik  lÔsh. Gia na th broÔme, lÔnoume to
sÔsthma A′X = B′. Dhlad  x1 = 1

x2 = −1/5
x3 = 2/5

 .

Par�deigma:
Ac upojèsoume ìti jèlame na lÔsoume to prohgoÔmeno sÔsthma

all� me mia exÐswsh ligìterh, dhlad {
x1 − 3x2 + x3 = 2
2x1 + x2 + 3x3 = 3

}
.

Tìte ja eÐqame

(A|B) =

[
1 −3 1 2
2 1 3 3

]
−−−−−→
r2→r2−2r1

[
1 −3 1 2
0 7 1 −1

]
−−−→
r2→ 1

7
r2

[
1 −3 1 2
0 1 1/7 −1/7

]
−−−−−→
r1→r1+3r2

[
1 0 10/7 11/7
0 1 1/7 −1/7

]
= (A′|B′).
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H teleutaÐa st lh tou (A′|B′) den èqei hgetikì stoiqeÐo �ra to sÔsthma
eÐnai sumbibastì. H t�xh tou A eÐnai 2 < 3. 'Ara to sÔsthma èqei
�peirec lÔseic me 3−2 = 1 aujaÐreth par�metro. Gia na prosdiorÐsoume
th morf  twn lÔsewn, lÔnoume to sÔsthma A′X = B′, dhlad 

x1 +
10

7
x3 =

11

7

x2 +
1

7
x3 = −1

7

 .

LÔnoume pr¸ta wc proc ton �gnwsto pou antistoiqeÐ sto teleutaÐo
hgetikì stoiqeÐo (x2) kai met� wc proc ton �gnwsto pou antistoiqeÐ
sto pr¸to hgetikì stoiqeÐo (x1).

x2 = −1

7
x3 −

1

7

x1 = −10

7
x3 +

11

7

 .

Sta dexi� mèlh twn parap�nw exis¸sewn emfanÐzetai o �gnwstoc x3.
Ton antikajistoÔme me mia aujaÐreth par�metro κ kai paÐrnoume:

(x1, x2, x3) =

(
−10

7
x3 +

11

7
,−1

7
x3 −

1

7
, x3

)
=

(
−10

7
κ +

11

7
,−1

7
κ− 1

7
, κ

)
.

3. 'Euresh antistrìfou

'Estw A = (aij) ènac n × n pÐnakac. Jèloume na exet�soume an
eÐnai antistrèyimoc kai sthn perÐptwsh pou eÐnai, na upologÐsoume ton
antÐstrofì tou. Zht�me dhlad  èna pÐnaka X = (xij) tètoio ¸ste

AX = In.

IsodÔnama
a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
...

an1 an2 · · · ann




x11 x12 · · · x1n

x21 x22 · · · x2n
...

...
...

xn1 xn2 · · · xnn

 =


1 0 · · · 0
0 1 · · · 0
...

...
...

0 0 · · · 1


'Estw Xj h j-st lh tou pÐnaka X kai Ej h j-st lh tou pÐnaka In. Tìte
h parap�nw sqèsh mac lèei ìti

AXj = Ej
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gia ìla ta j = 1, . . . , n. Dhlad  gia na prosdiorÐsoume ton X prèpei
na lÔsoume n sust mata me n exis¸seic kai n agn¸stouc to kajèna.
Autì mporeÐ na gÐnei polÔ eÔkola wc ex c:

JewroÔme ton pÐnaka

(A|In) =


a11 a12 · · · a1n 1 0 · · · 0
a21 a22 · · · a2n 0 1 · · · 0
...

...
...

...
...

...
an1 an2 · · · ann 0 0 · · · 1

 .

Metatrèpoume me apaloif  Gauss ton (A|In) s�èna pÐnaka (A′|B), ìpou
A′ klimakwtìc. An A′ = In tìte o A eÐnai antistrèyimoc kai A−1 = B.
An A′ 6= In tìte o A den eÐnai antistrèyimoc. Par�deigma:

Na brejeÐ (an up�rqei) o antÐstrofoc tou

A =

 1 −1 2
0 1 −2
3 2 4

 .

'Eqoume

(A|I3) =

 1 −1 2 1 0 0
0 1 −2 0 1 0
3 2 4 0 0 1

−−−−−→r3→r3−3r1

 1 −1 2 1 0 0
0 1 −2 0 1 0
0 5 −2 −3 0 1


−−−−−→
r1→r1+r2
r3→r3−5r2

 1 0 0 1 1 0
0 1 −2 0 1 0
0 0 8 −3 −5 1


−−−→
r3→ 1

8
r3

 1 0 0 1 1 0
0 1 −2 0 1 0
0 0 1 −3/8 −5/8 1/8


−−−−−→
r2→r2+2r3

 1 0 0 1 1 0
0 1 0 −3/4 −1/4 1/4
0 0 1 −3/8 −5/8 1/8

 = (A′|B).

ParathroÔme ìti A′ = I3, �ra o A eÐnai antistrèyimoc kai

A−1 = B =

 1 1 0
−3/4 −1/4 1/4
−3/8 −5/8 1/8

 .

Par�deigma:
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Na brejeÐ (an up�rqei) o antÐstrofoc tou pÐnaka

A =

 1 0 1
−1 1 2
1 1 4

 .

'Eqoume

(A|I3) =

 1 0 1 1 0 0
−1 1 2 0 1 0
1 1 4 0 0 1

−−−−−→r2→r2+r1
r3→r3−r1

 1 0 1 1 0 0
0 1 3 1 1 0
0 1 3 −1 0 1


−−−−−→
r3→r3−r2

 1 0 1 1 0 0
0 1 3 1 1 0
0 0 0 −2 −1 1

 = (A′|B).

ParathroÔme ìti A′ 6= I3, �ra o A den eÐnai antistrèyimoc.

An mac endiafèrei mìno an ènac pÐnakac A eÐnai antistrèyimoc kai ìqi
o prosdiorismìc tou antistrìfou, tìte den mac sumfèrei na doulèyoume
me ton epauxhmèno (A|In) giatÐ oi pr�xeic eÐnai perissìterec. Sthn
perÐptwsh aut  apl� metatrèpoume ton A se klimakwtì kai brÐskoume
thn t�xh tou. An eÐnai Ðsh me n tìte o A eÐnai antistrèyimoc. An ìqi
tìte den eÐnai. Par�deigma:

Exet�ste an o pÐnakac  1 −1 1
1 2 1
1 1 1


eÐnai antistrèyimoc.

'Eqoume 1 −1 1
1 2 1
1 1 1

−−−−−→r2→r2−r1
r3→r3−r1

 1 −1 1
0 3 0
0 2 0

−−−→r2→ 1
3
r2

 1 −1 1
0 1 0
0 2 0


−−−−−→
r1→r1+r2
r3→r3−2r2

 1 0 1
0 1 0
0 0 0

 .

H t�xh tou A eÐnai 2 < 3, �ra o A den eÐnai antistrèyimoc.
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KEF�ALAIO 5

OrÐzousec

'Estw A ènac tetragwnikìc n×n pÐnakac. O el�sswn pÐnakac Aij

orÐzetai na�nai o tetragwnikìc (n− 1)× (n− 1) pÐnakac pou prokÔptei
apì ton A an paraleÐyoume thn i gramm  kai thn j st lh. ParadeÐgmata:

(1) An

A =

[
1 0
0 1

]
,

tìte

A11 = [1], A12 = [0], A21 = [0], A22 = [1].

(2) An

A =

 1 2 3
4 5 6
7 8 9

 ,

tìte

A11 =

[
5 6
8 9

]
, A12 =

[
4 6
7 9

]
, A31 =

[
4 5
7 8

]
,

A21 =

[
2 3
8 9

]
, A22 =

[
1 3
7 9

]
, A23 =

[
1 2
7 8

]
,

A31 =

[
2 3
5 6

]
, A32 =

[
1 3
4 6

]
, A33 =

[
1 2
4 5

]
.

H orÐzousa tou pÐnaka A eÐnai ènac pragmatikìc arijmìc pou sum-
bolÐzetai me |A| kai orÐzetai wc ex c:

• An o A eÐnai pÐnakac stoiqeÐo, dhlad  an A = [a11], tìte |A| =
a11.

• An o A eÐnai 2× 2, dhlad  an

A =

[
a11 a12

a21 a22

]
,

tìte

|A| = a11|A11| − a12|A12| = a11a22 − a12a21.
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• An o A eÐnai 3× 3, dhlad  an

A =

 a11 a12 a13

a21 a22 a23

a31 a32 a33

 ,

tìte

|A| = a11|A11| − a12|A12|+ a13|A13|

= a11

∣∣∣∣ a22 a23

a32 a33

∣∣∣∣− a12

∣∣∣∣ a21 a23

a31 a33

∣∣∣∣ + a13

∣∣∣∣ a21 a22

a31 a32

∣∣∣∣ .

Sthn parap�nw èkfrash emfanÐzontai orÐzousec 2×2 oi opoÐec
upologÐzontai sÔmfwna me ta prohgoÔmena.

• An o A eÐnai 4× 4 pÐnakac, tìte

|A| = a11|A11| − a12|A12|+ a13|A13| − a14|A14|.

Ed¸ emfanÐzontai orÐzousec 3×3 tic opoÐec upologÐzoume ìpwc
parap�nw.

Koit¸ntac touc parap�nw tÔpouc eÐnai safèc pia eÐnai h idèa: An m-
poroÔme na upologÐsoume thn orÐzousa k�je n×n pÐnaka, tìte mporoÔme
na upologÐsoume thn orÐzousa k�je (n + 1)× (n + 1) pÐnaka. Xèroume
ìmwc pwc brÐsketai h orÐzousa k�je 1 × 1 pÐnaka, �ra mporoÔme na
broÔme thn orÐzousa k�je pÐnaka me ton akìloujo anadromikì tÔpo:

|A| = a11|A11| − a12|A12|+ a13|A13| − · · · ± a1n|A1n|,

ìpou ta prìshma enall�ssontai (xekin�me me (+) kai katal goume p�li
se (+) an o n eÐnai perittìc arijmìc, en¸ katal goume se (−) an o n
eÐnai �rtioc). O parap�nw tÔpoc lègetai an�ptugma se el�ssonec
orÐzousec. ParadeÐgmata:

(1) ∣∣∣∣ 1 2
3 4

∣∣∣∣ = 1 · 4− 2 · 3 = 4− 6 = −2.

(2) ∣∣∣∣∣∣
1 0 2
1 2 1
1 1 2

∣∣∣∣∣∣ = 1 ·
∣∣∣∣ 2 1

1 2

∣∣∣∣− 0 ·
∣∣∣∣ 1 1

1 2

∣∣∣∣ + 2 ·
∣∣∣∣ 1 2

1 1

∣∣∣∣
= 1 ·

∣∣∣∣ 2 1
1 2

∣∣∣∣ + 2 ·
∣∣∣∣ 1 2

1 1

∣∣∣∣
= 1 · (2 · 2− 1 · 1) + 2 · (1 · 1− 2 · 1)

= 1.
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EÐnai fanerì ìti an o pÐnakac eÐnai meg�loc tìte h poluplokìthta
twn upologism¸n eÐnai ter�stia. Gia par�deigma, an jèlame na anaptÔx-
oume thn orÐzousa enìc 4×4 pÐnaka se el�ssonec orÐzousec, ja èprepe
na upologÐsoume 4 orÐzousec 3× 3 ìpwc sto prohgoÔmeno par�deigma.
Ja doÔme sthn epìmenh par�grafo ìti up�rqoun polÔ pio apoteles-
matikèc mèjodoi upologismoÔ orizous¸n.

1. Idiìthtec orizous¸n

'Estw A, B tetragwnikoÐ n× n pÐnakec. Tìte:

• |At| = |A|. Par�deigma:

A =

[
1 2
3 4

]
⇒ At =

[
1 3
2 4

]
.

|A| = 1 · 4− 2 · 3 = −2, |At| = 1 · 4− 3 · 2 = −2.

• |AB| = |A||B|. Par�deigma:

A =

[
1 1
1 0

]
, B =

[
1 2
1 0

]
⇒ AB =

[
2 2
1 2

]
.

|A| = 1 · 0− 1 · 1 = −1, |B| = 1 · 0− 2 · 1 = −2.

|AB| = 2 · 2− 2 · 1 = 2 = |A||B|.
• H orÐzousa enìc �nw   k�tw trigwnikoÔ pÐnaka isoÔtai me to
ginìmeno twn stoiqeÐwn thc diagwnÐou tou. Par�deigma:∣∣∣∣∣∣

1 0 0
2 3 0
4 5 6

∣∣∣∣∣∣ = 1

∣∣∣∣ 3 0
5 6

∣∣∣∣− 0

∣∣∣∣ 2 0
4 6

∣∣∣∣ + 0

∣∣∣∣ 2 3
4 5

∣∣∣∣
= 3 · 6− 0 · 5 = 18 = 1 · 3 · 6.

• An mia gramm  (  st lh) enìc pÐnaka eÐnai mhdenik , tìte h
orÐzous� tou eÐnai mhdèn. Par�deigma:∣∣∣∣ 0 0

1 1

∣∣∣∣ = 0 · 1− 0 · 1 = 0.

• An dÔo grammèc (  st lec) enìc pÐnaka eÐnai Ðsec, tìte h orÐ-
zous� tou eÐnai mhdèn. Par�deigma:∣∣∣∣ 1 1

1 1

∣∣∣∣ = 1 · 1− 1 · 1 = 0.
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• An enall�xoume dÔo grammèc (  st lec) enìc pÐnaka, tìte h
orÐzous� tou all�zei prìshmo. Par�deigma:

A =

[
1 1
1 0

]
−−→r1↔r2

[
1 0
1 1

]
= B.

|A| = −1, |B| = 1 = −|A|.
• An pollaplasi�soume mia gramm  (  st lh) enìc pÐnaka me
èna arijmì λ, tìte h orÐzous� tou pollaplasi�zetai epÐ λ.
Par�deigma:

A =

[
1 2
3 4

]
−−−→
r1→2r1

[
2 4
3 4

]
= B.

|A| = −2, |B| = −4 = 2|A|.
• An prosjèsoume se mia gramm  pollapl�sio miac �llhc, tìte
h orÐzousa den all�zei. H Ðdia idiìthta isqÔei kai gia st lec.
Par�deigma:

A =

[
1 2
3 4

]
−−−−−→
r2→r2+r1

[
1 2
4 6

]
= B.

|A| = −2, |B| = −2 = |A|.
Efarmogèc:

(1) O monadiaÐoc In eÐnai eidik  perÐptwsh �nw trigwnikoÔ (  k�tw
trigwnikoÔ) pÐnaka, �ra

|In| =

∣∣∣∣∣∣∣∣∣∣

1 0 0 · · · 0
0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...
0 0 0 · · · 1

∣∣∣∣∣∣∣∣∣∣
= 1 · 1 · 1 · · · 1 = 1.

(2) An A tetragwnikìc n×n pÐnakac, tìte |λA| = λn|A|, gia k�je
pragmatikì arijmì λ. Pr�gmati, èstw

A =


a11 · · · a1n

a21 · · · a2n
...

...
an1 · · · ann

 .

Tìte

|λA| =

∣∣∣∣∣∣∣∣
λa11 · · · λa1n

λa21 · · · λa2n
...

...
λan1 · · · λann

∣∣∣∣∣∣∣∣ = λ

∣∣∣∣∣∣∣∣
a11 · · · a1n

λa21 · · · λa2n
...

...
λan1 · · · λann

∣∣∣∣∣∣∣∣
46



= λ2

∣∣∣∣∣∣∣∣
a11 · · · a1n

a21 · · · a2n
...

...
λan1 · · · λann

∣∣∣∣∣∣∣∣ = · · · = λn

∣∣∣∣∣∣∣∣
a11 · · · a1n

a21 · · · a2n
...

...
an1 · · · ann

∣∣∣∣∣∣∣∣
= λn|A|.

(3) An A antistrèyimoc, tìte |A| 6= 0 kai

|A−1| = 1

|A|
.

Pr�gmati

AA−1 = In ⇒ |AA−1| = |In| ⇒ |A||A−1| = 1 ⇒ |A−1| = 1

|A|
.

(4) Qrhsimopoi¸ntac tic idiìthtec twn orizous¸n, ja upologÐsoume
thn orÐzousa tou

A =


1 −2 3 1
0 1 2 1
−1 2 1 −2
2 1 0 2

 .

ProspajoÔme na metatrèyoume ton A se �nw trigwnikì.

A =

∣∣∣∣∣∣∣∣
1 −2 3 1
0 1 2 1
−1 2 1 −2
2 1 0 2

∣∣∣∣∣∣∣∣
=

r3→r3+r1
r4→r4−2r1

∣∣∣∣∣∣∣∣
1 −2 3 1
0 1 2 1
0 0 4 −1
0 5 −6 0

∣∣∣∣∣∣∣∣
=

r4→r4−5r2

∣∣∣∣∣∣∣∣
1 −2 3 1
0 1 2 1
0 0 4 −1
0 0 −16 −5

∣∣∣∣∣∣∣∣
=

r4→r4+4r3

∣∣∣∣∣∣∣∣
1 −2 3 1
0 1 2 1
0 0 4 −1
0 0 0 −9

∣∣∣∣∣∣∣∣ = 1 · 1 · 4 · (−9) = −36
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2. EpÐlush grammik¸n susthm�twn me th mèjodo Cramer

JewroÔme to n × n sÔsthma AX = B. To sÔsthma autì èqei
monadik  lÔsh an kai mìno an |A| 6= 0. Sthn perÐptwsh aut , h lÔsh
dÐnetai apì ton tÔpo

(x1, . . . , xn) =

(
|A1|
|A|

, . . . ,
|An|
|A|

)
,

ìpou Aj eÐnai o pÐnakac pou prokÔptei an antikast soume thn j-st lh
tou A me ton pÐnaka st lh B.

Par�deigma: Na lujeÐ me th mèjodo Cramer to sÔsthma x1 + x2 + x3 = 4
x1 − x2 + 2x3 = 15
2x1 − 2x2 − x3 = 5

 .

'Eqoume

A =

 3 1 1
1 −1 2
2 −2 −1

 , B =

 4
15
5

 ,

A1 =

 4 1 1
15 −1 2
5 −2 −1

 , A2 =

 3 4 1
1 15 2
2 5 −1

 , A3 =

 3 1 4
1 −1 15
2 −2 5

 .

ParathroÔme ìti |A| = 20 6= 0, �ra to sÔsthma èqei monadik  lÔsh.
Epiplèon,

|A1| = 20, |A2| = −80, |A3| = 100.

'Ara

(x1, x2, x3) =

(
|A1|
|A|

,
|A2|
|A|

,
|A3|
|A|

)
= (1,−4, 5).

3. EÔresh antistrìfou me th mèjodo twn orizous¸n

'Estw A tetragwnikìc pÐnakac. O prosarthmènoc pÐnakac tou A
sumbolÐzetai me adjA kai orÐzetai na'nai o pÐnakac

adjA = ((−1)i+j|Aij|),

ìpou Aij o el�sswn pÐnakac pou antistoiqeÐ sto stoiqeÐo (i, j). ApodeiknÔe-
tai ìti o A eÐnai antistrèyimoc an kai mìno an |A| 6= 0. Sthn perÐptwsh
aut , o antÐstrofoc dÐnetai apì ton tÔpo

A−1 =
1

|A|
(adjA)t.
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Par�deigma: Na brejeÐ o antÐstrofoc tou

A =

 2 3 −4
1 2 3
3 −1 −1

 .

'Eqoume |A| = 60 6= 0, �ra o A antistrèfetai. EpÐshc

|A11| =
∣∣∣∣ 2 3
−1 −1

∣∣∣∣ = 1, |A12| =
∣∣∣∣ 1 3

3 −1

∣∣∣∣ = −10, |A13| =
∣∣∣∣ 1 2

3 −1

∣∣∣∣ = −7,

|A21| =
∣∣∣∣ 3 −4
−1 −1

∣∣∣∣ = −7, |A22| =
∣∣∣∣ 2 −4

3 −1

∣∣∣∣ = 10, |A23| =
∣∣∣∣ 2 3

3 −1

∣∣∣∣ = −11,

|A31| =
∣∣∣∣ 3 −4

2 3

∣∣∣∣ = 17, |A32| =
∣∣∣∣ 2 −4

1 3

∣∣∣∣ = 10, |A33| =
∣∣∣∣ 2 3

1 2

∣∣∣∣ = 1.

Sunep¸c

adjA =

 |A11| −|A12| |A13|
−|A21| |A22| −|A23|
|A31| −|A32| |A33|

 =

 1 10 −7
7 10 11
17 −10 1


⇒ (adjA)t =

 1 7 17
10 10 −10
−7 11 1

 .

Epomènwc

A−1 =
1

|A|
(adjA)t =

1

60

 1 7 17
10 10 −10
−7 11 1

 .
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KEF�ALAIO 6

O dianusmatikìc q¸roc Rm×1

To sÔnolo ìlwn twn m × 1 pin�kwn sumbolÐzetai me Rm×1 kai ta
stoiqeÐa tou onom�zontai dianÔsmata. TautÐzoume dhlad  k�je pÐnaka
st lh 

a1

a2
...

am


me to shmeÐo me suntetagmènec (a1, a2, . . . , am)  , isodÔnama, me to
di�nusma me arq  thn arq  twn axìnwn kai pèrac to shmeÐo (a1, a2, . . . , am).

'Estw A1, A2, . . . , An ∈ Rm×1. Tìte

(1) Opoiad pote èkfrash thc morf c

x1A1 + x2A2 + · · ·+ xnAn

ìpou x1, x2, . . . , xn ∈ R, onom�zetai grammikìc sunduasmìc
twn A1, A2, . . . , An.

(2) Ta dianÔsmata A1, A2, . . . , An onom�zontai grammik� exarth-
mèna an up�rqoun x1, x2, . . . , xn ∈ R, ìqi ìloi Ðsoi me mhdèn,
tètoioi ¸ste

x1A1 + x2A2 + · · ·+ xnAn = 0.

Par�deigma: Ta dianÔsmata[
1
1

]
,

[
2
2

]
,

[
3
3

]
,

[
4
4

]
eÐnai grammik� exarthmèna diìti[

1
1

]
−

[
2
2

]
−

[
3
3

]
+

[
4
4

]
=

[
0
0

]
.

(3) Ta dianÔsmata A1, A2, . . . , An onom�zontai grammik� anex�rth-
ta an

x1A1 + x2A2 + · · ·+ xnAn = 0 ⇒ x1 = x2 · · · = xn = 0.
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Par�deigma: Ta dianÔsmata[
1
1

]
,

[
2
1

]
eÐnai grammik� anex�rthta diìti

x1

[
1
1

]
+ x2

[
2
1

]
=

[
0
0

]
⇒

{
x1 + 2x2 = 0
x1 + x2 = 0

}
⇒ x1 = x2 = 0.

(4) m to pl joc grammik� anex�rthta dianÔsmata tou Rm×1 onom�-
zontai b�sh tou Rm×1. Par�deigma:

E1 =


1
0
0
...
0

 , E2 =


0
1
0
...
0

 , . . . , Em =


0
0
0
...
1

 .

Parathr seic: 'Estw A1, A2, . . . , An ∈ Rm×1.

(1) To di�nusma B eÐnai grammikìc sunduasmìc twn A1, A2, . . . , An,
dhlad  B = x1A1 +x2A2 + · · ·+xnAn an kai mìno an AX = B,
ìpou A eÐnai o pÐnakac pou èqei st lec ta dianÔsmata A1, A2, . . . , An

kai

X =


x1

x2
...

xn

 .

(2) Ta A1, A2, . . . , An eÐnai grammik� exarthmèna an kai mìno an to
omogenèc sÔsthma AX = 0 èqei kai mh mhdenik  lÔsh, ìpou
A o pÐnakac pou èqei st lec ta dianÔsmata A1, A2, . . . , An.
IsodÔnama, ta A1, A2, . . . , An eÐnai grammik� exarthmèna an kai
mìno an h t�xh tou A eÐnai mikrìterh apì n. An m = n tìte
ta A1, A2, . . . , An eÐnai grammik� exarthmèna an kai mìno an
|A| = 0.

(3) Ta A1, A2, . . . , An eÐnai grammik� anex�rthta an kai mìno an to
omogenèc sÔsthma AX = 0 èqei mìno th mhdenik  lÔsh, ìpou A
o pÐnakac pou èqei st lec ta dianÔsmata A1, A2, . . . , An. IsodÔ-
nama, ta A1, A2, . . . , An eÐnai grammik� anex�rthta an kai mìno
an h t�xh tou A eÐnai Ðsh me n. An m = n tìte ta A1, A2, . . . , An

eÐnai grammik� anex�rthta an kai mìno an |A| 6= 0.
(4) An m = n kai ta A1, A2, . . . , An apoteloÔn b�sh, tìte k�je

di�nusma B mporeÐ na grafteÐ me monadikì trìpo san grammikìc
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sunduasmìc twn A1, A2, . . . , An. IsodÔnama to sÔsthma AX =
B èqei monadik  lÔsh.

ParadeÐgmata:

(1) Na exetasteÐ an ta dianÔsmata 1
0
0

 ,

 3
0
0

 ,

 0
0
1

 ,

 0
0
−1


eÐnai grammik� exarthmèna.

'Eqoume

A =

 1 3 0 0
0 0 0 0
0 0 1 −1

 .

H t�xh tou A den mporeÐ na eÐnai 4 diìti o pÐnakac èqei mìno 3
grammèc, �ra ta dianÔsmata eÐnai grammik� exarthmèna.

(2) Na exetasteÐ an ta dianÔsmata
1
0
0
0

 ,


3
1
0
0

 ,


2
−1
0
1

 ,


5
3
0
2


eÐnai grammik� exarthmèna.

'Eqoume

A =


1 3 2 5
0 1 −1 3
0 0 0 0
0 0 1 2

 .

1oc trìpoc: Metatrèpoume ton A se klimakwtì me apaloif 
Gauss.

A →


1 0 0 −14
0 1 0 5
0 0 1 2
0 0 0 0

 .

ParathroÔme ìti h t�xh tou A eÐna 3 < 4, �ra ta dianÔsmata
eÐnai grammik� exarthmèna.

2oc trìpoc: UpologÐzoume thn orÐzousa tou A.

|A| =

∣∣∣∣∣∣∣∣
1 3 2 5
0 1 −1 3
0 0 0 0
0 0 1 2

∣∣∣∣∣∣∣∣ = −

∣∣∣∣∣∣∣∣
1 3 2 5
0 1 −1 3
0 0 1 2
0 0 0 0

∣∣∣∣∣∣∣∣ = −1 · 1 · 1 · 0 = 0.
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H orÐzousa eÐnai 0 �ra ta dianÔsmata eÐnai grammik� exarthmè-
na.

(3) Na exetasteÐ an to di�nusma

B =


3
9
−4
−2


eÐnai grammikìc sundiasmìc twn dianusm�twn

A1 =


1
−2
0
−3

 , A2 =


2
3
0
1

 , A3 =


2
−1
2
1

 .

Jètoume

A =


1 2 2
−2 3 −1
0 0 2
−3 1 1

 ,

kai exet�zoume an to sÔsthma

AX = B

eÐnai sumbibastì. Metatrèpoume ton epauxhmèno pÐnaka tou
sust matoc me apaloif  Gauss s�ena pÐnaka (A′|B′), ìpou o
A′ eÐnai klimakwtìc.

(A|B) =


1 2 2 3
−2 3 −1 9
0 0 2 −4
−3 1 1 −2

 →


1 0 0 1
0 1 0 3
0 0 1 −2
0 0 0 0

 = (A′|B′).

ParathroÔme ìti h teleutaÐa st lh tou (A′|B′) den èqei hgetikì
stoiqeÐo, �ra to sÔsthma eÐnai sumbibastì. Epomènwc to B
mporeÐ na ekfrasteÐ sa grammikìc sunduasmìc twn A1, A2, A3.
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KEF�ALAIO 7

Idiotimèc - IdiodianÔsmata

'Estw A ènac n × n pÐnakac. 'Enac arijmìc λ onom�zetai idiotim 
tou A, an up�rqei èna mh mhdenikì di�nusma X tètoio ¸ste

AX = λX.

K�je tètoio di�nusma onom�zetai idiodi�nusma tou A pou antistoiqeÐ
sthn idiotim  λ.

1. DiadikasÐa prosdiorismoÔ idiotim¸n-idiodianusm�twn

Zht�me λ tètoio ¸ste gia k�poio mh mhdenikì X na isqÔei

AX = λX ⇔ AX − λX = 0 ⇔ AX − λIX = 0 ⇔ (A− λI)X = 0.

H parap�nw exÐswsh onom�zetai exÐswsh idiotim¸n. Jèloume to o-
mogenèc autì sÔsthma na èqei mh mhdenikèc lÔseic. IsodÔnama

|A− λI| = 0.

Dhlad  gia na broÔme tic idiotimèc tou A arkeÐ na lÔsoume wc proc λ
thn algebrik  exÐswsh

|A− λI| = 0,

h opoÐa onom�zetai qarakthristik  exÐswsh tou A.
'Estw ìti afoÔ lÔsame thn exÐswsh aut , br kame ìti oi idiotimèc

tou A eÐnai

λ1, λ2, . . . , λn.

Gia na prosdiorÐsoume ta idiodianÔsmata pou antistoiqoÔn stic idiotimèc
autèc, brÐskoume tic mh mhdenikèc lÔseic twn susthm�twn

(A− λjI)X = 0, j = 1, 2, . . . , n.

O arijmìc twn aujaÐretwn paramètrwn thc lÔshc tou

(A− λjI)X = 0

eÐnai Ðsoc me ton arijmì twn grammik� anex�rthtwn idiodianusm�twn pou
antistoiqoÔn sthn idiotim  λj.
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Par�deigma: Na brejoÔn oi idiotimèc kai ta idiodianÔsmata tou pÐ-
naka

A =

[
1 2
4 3

]
.

H qarakthristik  exÐswsh eÐnai

|A− λI| = 0 ⇒
∣∣∣∣ 1− λ 2

4 3− λ

∣∣∣∣ = 0 ⇒ λ2 − 4λ− 5 = 0.

Oi idiotimèc tou A eÐnai oi rÐzec thc parap�nw exÐswshc dhlad 

λ1 = 5, λ2 = −1.

Gia na broÔme ta idiodianÔsmata lÔnoume me apaloif  Gauss ta sust -
mata

(A− λ1I)X = 0, (A− λ2I)X = 0.

'Eqoume

A− λ1I =

[
−4 2
4 −2

]
→

[
1 −1/2
0 0

]
.

H t�xh tou pÐnaka eÐnai 1 < 2, �ra to sÔsthma èqei �peirec lÔseic me mia
aujaÐreth par�metro. ProsdiorÐzoume th morf  touc kat� ta gnwst�.

(x1, x2) = (1/2x2, x2) = (1/2κ, κ).

'Ara ta idiodianÔsmata pou antistoiqoÔn sthn idiotim  λ1 eÐnai[
1/2κ

κ

]
= κ

[
1/2
1

]
,

gia ìla ta κ 6= 0. Dhlad  sthn idiotim  λ1 antistoiqeÐ èna (grammik�
anex�rthto) idiodi�nusma, to [

1/2
1

]
.

EpÐshc èqoume

A− λ2I =

[
2 2
4 4

]
→

[
1 1
0 0

]
.

H t�xh tou pÐnaka eÐnai 1 < 2, �ra to sÔsthma èqei �peirec lÔseic me
mia aujaÐreth par�metro:

(x1, x2) = (−x2, x2) = (−κ, κ).

'Ara ta idiodianÔsmata pou antistoiqoÔn sthn idiotim  λ2 eÐnai[
−κ
κ

]
= κ

[
−1
1

]
,
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gia ìla ta κ 6= 0. Dhlad  sthn idiotim  λ2 antistoiqeÐ èna (grammik�
anex�rthto) idiodi�nusma, to [

−1
1

]
.

Par�deigma: Na brejoÔn oi idiotimèc kai ta idiodianÔsmata tou pÐ-
naka

A =

 3 2 4
2 0 2
4 2 3

 .

H qarakthristik  exÐswsh eÐnai

|A− λI| = 0 ⇒

∣∣∣∣∣∣
3− λ 2 4

2 −λ 2
4 2 3− λ

∣∣∣∣∣∣ = 0

⇒ (3− λ)

∣∣∣∣ −λ 2
2 3− λ

∣∣∣∣− 2

∣∣∣∣ 2 2
4 3− λ

∣∣∣∣ + 4

∣∣∣∣ 2 −λ
4 2

∣∣∣∣ = 0

⇒ (3− λ)(λ2 − 3λ− 4) + 4(λ + 1) + 16(λ + 1) = 0

⇒ (3− λ)(λ− 4)(λ + 1) + 4(λ + 1) + 16(λ + 1) = 0

⇒ (λ + 1)(−λ2 + 7λ + 8) = 0

⇒ (λ + 1)(λ + 1)(8− λ) = 0

⇒ (λ + 1)2(8− λ) = 0.

Oi idiotimèc tou A eÐnai oi rÐzec thc parap�nw exÐswshc dhlad 

λ1 = λ2 = −1, λ3 = 8.

Gia na broÔme ta idiodianÔsmata pou antistoiqoÔn sthn λ1 = λ2, lÔ-
noume to sÔsthma

(A− λ1I)X = 0.

'Eqoume

A− λ1I =

 4 2 4
2 1 2
4 2 4

−−−−−−−→apaloif  Gauss

 1 1/2 1
0 0 0
0 0 0

 .

H t�xh tou pÐnaka twn suntelest¸n eÐnai 1 < 3, �ra to sÔsthma èqei
�peirec lÔseic me 3 − 1 = 2 aujaÐretec paramètrouc. Gia na pros-
diorÐsoume tic lÔseic, lÔnoume to sÔsthma pou antistoiqeÐ ston kli-
makwtì pÐnaka.

x1 + 1/2x2 + x3 = 0 ⇒ x1 = −1/2x2 − x3.
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Jètoume κ = x2 kai λ = x3, kai paÐrnoume

(x1, x2, x3) = (−1/2x2 − x3, x2, x3) = (−1/2κ− λ, κ, λ).

'Ara ta idiodianÔsmata pou antistoiqoÔn sthn λ1 = λ2 eÐnai −1/2κ− λ
κ
λ

 = κ

 −1/2
1
0

 + λ

 −1
0
1

 ,

gia ìla ta κ, λ, ìqi kai ta dÔo mhdèn. Dhlad  sthn λ1 = λ2 antistoiqoÔn
2 grammik� anex�rthta idiodianÔsmata: −1/2

1
0

 ,

 −1
0
1

 .

Gia na broÔme ta idiodianÔsmata pou antistoiqoÔn sthn λ3, lÔnoume to
sÔsthma

(A− λ3I)X = 0.

'Eqoume

A− λ3I =

 −5 2 4
2 −8 2
4 2 −5

−−−−−−−→apaloif  Gauss

 1 0 −1
0 1 −1/2
0 0 0

 .

H t�xh tou pÐnaka twn suntelest¸n eÐnai 2 < 3, �ra to sÔsthma èqei
�peirec lÔseic me 3−2 = 1 aujaÐreth par�metro. Gia na prosdiorÐsoume
tic lÔseic, lÔnoume to sÔsthma pou antistoiqeÐ ston klimakwtì pÐnaka.{

x1 − x3 = 0
x2 − 1/2x3 = 0

}
⇒

{
x2 = 1/2x3

x1 = x3

}
.

Jètoume κ = x3 kai paÐrnoume

(x1, x2, x3) = (x3, 1/2x3, x3) = (κ, 1/2κ, κ).

'Ara ta idiodianÔsmata pou antistoiqoÔn sthn λ3 eÐnai κ
1/2κ

κ

 = κ

 1
1/2
1

 ,

gia ìla ta κ 6= 0. Dhlad  sthn λ3 antistoiqeÐ èna (grammik� anex�rth-
to) idiodi�nusma:  1

1/2
1

 .
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2. Idiìthtec idiotim¸n-idiodianusm�twn

(1) To �jroisma twn idiotim¸n enìc pÐnaka isoÔtai me to �jroisma
twn stoiqeÐwn thc diagwnÐou tou. Par�deigma:

A =

[
1 2
4 3

]
.

Oi idiotimèc tou A eÐnai λ1 = 5, λ2 = −1. λ1 + λ2 = 4 = 1 + 3.
(2) To ginìmeno twn idiotim¸n enìc pÐnaka isoÔtai me thn orÐzousa

tou. Par�deigma:

A =

[
1 2
4 3

]
.

Oi idiotimèc tou A eÐnai λ1 = 5, λ2 = −1. H orÐzousa tou A
eÐnai:

|A| =
∣∣∣∣ 1 2

4 3

∣∣∣∣ = 3− 8 = −5 = λ1λ2.

(3) Oi idiotimèc enìc �nw   k�tw trigwnikoÔ pÐnaka eÐnai ta stoiqeÐa
thc diagwnÐou tou. Par�deigma:

A =

 1 0 0
2 1 0
3 4 −1

 .

H qarakthristik  exÐswsh eÐnai

|A− λI| = 0 ⇒

∣∣∣∣∣∣
1− λ 0 0

2 1− λ 0
3 4 −1− λ

∣∣∣∣∣∣ = 0

⇒ (1− λ)(1− λ)(−1− λ) = 0 ⇒ λ1 = λ2 = 1, λ3 = −1.

(4) (Je¸rhma Cayley-Hamilton) K�je pÐnakac ikanopoieÐ th qarak-
thristik  tou exÐswsh. Par�deigma:

A =

[
1 2
4 3

]
.

H qarakthristik  exÐswsh eÐnai

|A− λI| = 0 ⇒
∣∣∣∣ 1− λ 2

4 3− λ

∣∣∣∣ = 0 ⇒ λ2 − 4λ− 5 = 0.

'Eqoume

A2 − 4A− 5I =

[
1 2
4 3

] [
1 2
4 3

]
− 4

[
1 2
4 3

]
− 5

[
1 0
0 1

]
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=

[
9 8
16 17

]
−

[
4 8
16 12

]
−

[
5 0
0 5

]
=

[
0 0
0 0

]
.

3. Diagwniopoi simoi pÐnakec

'Estw A tetragwnikìc n×n pÐnakac. O A onom�zetai diagwniopoi -
simoc an up�rqei ènac antistrèyimoc pÐnakac P tètoioc ¸ste o pÐnakac
P−1AP eÐnai diag¸nioc. Sthn perÐptwsh aut  lème ìti o P diag-
wniopoieÐ ton A.

Jewrhma. 'Enac tetragwnikìc n×n pÐnakac diagwniopoieÐtai an kai
mìno an èqei n to pl joc grammik� anex�rthta idiodianÔsmata.

'Estw t¸ra ìti o tetragwnikìc n × n pÐnakac A diagwniopoieÐtai,
λ1, . . . , λn eÐnai oi idiotimèc tou, kai X1, . . . , Xn ta grammik� anex�rthta
idiodianÔsmata pou antistoiqoÔn s�autèc. Jètoume

P = [X1 · · ·Xn]

na eÐnai o pÐnakac me st lec ta idiodianÔsmata X1, . . . , Xn. Tìte o P
diagwniopoieÐ ton A kai

P−1AP =


λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λn

 .

Par�deigma: Na exetasteÐ an o pÐnakac

A =

[
2 1
−1 0

]
eÐnai diagwniopoi simoc.

H qarakthristik  exÐswsh eÐnai

|A− λI| = 0 ⇒
∣∣∣∣ 2− λ 1
−1 −λ

∣∣∣∣ = 0 ⇒ λ2 − 2λ + 1 = 0 ⇒ (λ− 1)2 = 0.

Oi idiotimèc tou A eÐnai oi rÐzec thc parap�nw exÐswshc, dhlad 

λ1 = λ2 = 1.

Gia na prosdiorÐsoume ta idiodianÔsmata lÔnoume to sÔsthma

(A− λ1I)X = 0.

'Eqoume

A− λ1I =

[
1 1
−1 −1

]
−−−−−−−→apaloif  Gauss

[
1 1
0 0

]
.

H t�xh tou pÐnaka suntelest¸n eÐnai 1 < 2 �ra to sÔsthma èqei �peirec
lÔseic me 2 − 1 = 1 aujaÐreth par�metro. Gia na prosdiorÐsoume th
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morf  twn lÔsewn, lÔnoume to sÔsthma pou antistoiqeÐ ston klimakwtì
pÐnaka.

x1 + x2 = 0 ⇒ x1 = −x2.

Jètoume κ = x2 kai paÐrnoume

(x1, x2) = (−x2, x2) = (−κ, κ).

'Ara ta idiodianÔsmata eÐnai[
−κ
κ

]
= κ

[
−1
1

]
,

gia ìla ta κ 6= 0. Dhlad  o pÐnakac èqei èna mìno (grammik� anex�rth-
to) idiodi�nusma, to [

−1
1

]
.

SumperaÐnoume ìti o A den diagwniopoieÐtai.

Par�deigma: Na apodeiqteÐ ìti o pÐnakac

A =

[
0 1
−1 0

]
diagwniopoieÐtai kai an brejeÐ ènac pÐnakac pou ton diagwniopoieÐ.

H qarakthristik  exÐswsh eÐnai

|A− λI| = 0 ⇒
∣∣∣∣ −λ 1
−1 −λ

∣∣∣∣ = 0 ⇒ λ2 + 1 = 0.

Oi idiotimèc tou A eÐnai oi rÐzec thc parap�nw exÐswshc, dhlad 

λ1 = i, λ2 = −i.

Gia na prosdiorÐsoume ta idiodianÔsmata pou antistoiqoÔn sthn idiotim 
λ1 = i lÔnoume to sÔsthma

(A− λ1I)X = 0.

'Eqoume

A− λ1I =

[
−i 1
−1 −i

]
−−−−−−−→apaloif  Gauss

[
1 i
0 0

]
.

H t�xh tou pÐnaka suntelest¸n eÐnai 1 < 2 �ra to sÔsthma èqei �peirec
lÔseic me 2 − 1 = 1 aujaÐreth par�metro. Gia na prosdiorÐsoume th
morf  twn lÔsewn, lÔnoume to sÔsthma pou antistoiqeÐ ston klimakwtì
pÐnaka.

x1 + ix2 = 0 ⇒ x1 = −ix2.

Jètoume κ = x2 kai paÐrnoume

(x1, x2) = (−ix2, x2) = (−iκ, κ).
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'Ara ta idiodianÔsmata eÐnai[
−iκ
κ

]
= κ

[
−i
1

]
,

gia ìla ta κ 6= 0. Dhlad  sthn idiotim  λ1 antistoiqeÐ èna (grammik�
anex�rthto) idiodi�nusma, to [

−i
1

]
.

Gia na prosdiorÐsoume ta idiodianÔsmata pou antistoiqoÔn sthn idiotim 
λ2 = −i lÔnoume to sÔsthma

(A− λ2I)X = 0.

'Eqoume

A− λ1I =

[
i 1
−1 i

]
−−−−−−−→apaloif  Gauss

[
1 −i
0 0

]
.

H t�xh tou pÐnaka suntelest¸n eÐnai 1 < 2 �ra to sÔsthma èqei �peirec
lÔseic me 2 − 1 = 1 aujaÐreth par�metro. Gia na prosdiorÐsoume th
morf  twn lÔsewn, lÔnoume to sÔsthma pou antistoiqeÐ ston klimakwtì
pÐnaka.

x1 − ix2 = 0 ⇒ x1 = ix2.

Jètoume κ = x2 kai paÐrnoume

(x1, x2) = (ix2, x2) = (iκ, κ).

'Ara ta idiodianÔsmata eÐnai[
iκ
κ

]
= κ

[
i
1

]
,

gia ìla ta κ 6= 0. Dhlad  sthn idiotim  λ2 antistoiqeÐ èna (grammik�
anex�rthto) idiodi�nusma, to [

i
1

]
.

'Ara o A èqei dÔo grammik� anex�rthta idiodianÔsmata:[
−i
1

]
,

[
i
1

]
.

SumperaÐnoume ìti o A eÐnai diagwniopoi simoc. 'Enac pÐnakac pou ton
diagwniopoieÐ eÐnai

P =

[
−i i
1 1

]
.
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EpalhjeÔoume:

P−1 =

[
i/2 1/2
−i/2 1/2

]
,

kai �ra

P−1AP =

[
i/2 1/2
−i/2 1/2

] [
0 1
−1 0

] [
−i i
1 1

]
=

[
i 0
0 −i

]
=

[
λ1 0
0 λ2

]
.

Par�deigma: Na apodeiqteÐ ìti o pÐnakac

A =

 3 2 4
2 0 2
4 2 3


eÐnai diagwniopoi simoc kai na brejeÐ ènac pÐnakac pou ton diagwniopoieÐ.

Sthn prohgoÔmenh enìthta deÐxame ìti oi idiotimèc tou A eÐnai

λ1 = λ2 = −1, λ3 = 8,

kai ìti stic idiotimèc autèc antistoiqoÔn ta grammik� anex�rthta idiodi-
anÔsmata  −1/2

1
0

 ,

 −1
0
1

 ,

 1
1/2
1

 .

Epomènwc o A eÐnai diagwniopoi simoc kai ènac pÐnakac pou ton diag-
wniopoieÐ eÐnai

P =

 −1/2 −1 1
1 0 1/2
0 1 1

 .

4. EÔresh ìlwn twn dun�mewn pÐnaka

'Estw A ènac tetragwnikìc pÐnakac. Zht�me ènan kleistì tÔpo gia
ton Ak = AA · · ·A︸ ︷︷ ︸

k forèc

, gia ìla ta k.

An o A eÐnai diag¸nioc, dhlad  an

A =


a1 0 · · · 0
0 a2 · · · 0
...

...
. . .

...
0 0 · · · an

 ,
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tìte

Ak =


ak

1 0 · · · 0
0 ak

2 · · · 0
...

...
. . .

...
0 0 · · · ak

n

 .

'Estw t¸ra ìti o A eÐnai diagwniopoi simoc. Tìte up�rqei ènac anti-
strèyimoc pÐnakac P (o opoÐoc èqei st lec ta idiodianÔsmata tou A) kai
ènac diag¸nioc pÐnakac

Λ =


λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λn

 ,

(o opoÐoc èqei sthn diag¸nio tic idiotimèc tou A), tètoioi ¸ste

P−1AP = Λ ⇒ A = PΛP−1.

Epomènwc,

Ak = (PΛP−1)(PΛP−1) · · · (PΛP−1) = PΛkP−1

= P


λk

1 0 · · · 0
0 λk

2 · · · 0
...

...
. . .

...
0 0 · · · λk

n

P−1.

O parap�nw tÔpoc mac dÐnei th dunatìthta na upologÐsoume tic dun�meic
tou A qwrÐc na qrei�zetai na k�noume k diadoqikoÔc pollaplasiasmoÔc.

Par�deigma: Na upologistoÔn oi dun�meic tou pÐnaka

A =

[
2 1
1 2

]
.

Oi idiotimèc tou A eÐnai

λ1 = 3, λ2 = 1.

Sthn idiotim  λ1 antistoiqeÐ to idiodi�nusma[
1
1

]
,

kai sthn idiotim  λ2 antistoiqeÐ to idiodi�nusma[
−1
1

]
.
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Epomènwc o A eÐnai diagwniopoi simoc. Jètoume

P =

[
1 −1
1 1

]
, Λ =

[
λ1 0
0 λ2

]
=

[
3 0
0 1

]
.

Tìte

P−1 =

[
1/2 1/2
−1/2 1/2

]
.

Sunep¸c

Ak = PΛkP−1 =

[
1 −1
1 1

] [
3k 0
0 1

] [
1/2 1/2
−1/2 1/2

]

=


3k + 1

2

3k − 1

2

3k − 1

2

3k + 1

2

 .

5. Sust mata grammik¸n diaforik¸n exis¸sewn 1hc t�xhc me
stajeroÔc suntelestèc

H genik  morf  enìc tètoiou sust matoc eÐnai
y′1 = a11y1 + · · ·+ a1nyn + b1

y′2 = a21y1 + · · ·+ a2nyn + b2
...

y′n = an1y1 + · · ·+ annyn + bn

 ,

ìpou y1, y2, . . . , yn �gnwstec sunart seic, aij stajeroÐ arijmoÐ (oi sun-
telestèc), kai b1, b2, . . . , bn dosmènec sunart seic.

To sÔsthma se morf  pin�kwn eÐnai

Y ′ = AY + B.

ìpou

Y =

 y1
...

yn

 , Y ′ =

 y′1
...

y′n

 , A =

 a11 · · · a1n
...

...
an1 · · · ann

 , B =

 b1
...
bn

 ,

eÐnai oi pÐnakec twn �gnwstwn sunart sewn, twn parag¸gwn touc, twn
suntelest¸n kai twn dosmènwn sunart sewn antÐstoiqa.

An B = 0 to sÔsthma lègetai omogenèc. Diaforetik� lègetai mh
omogenèc. Ja asqolhjoÔme mìno me omogen  sust mata.

Par�deigma: Na lujeÐ to sÔsthma{
y′1 = 3y1 + y2

y′2 = y1 + 3y2

}
.
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LÔnoume thn pr¸th exÐswsh wc proc y2,

y2 = y′1 − 3y1

kai antikajistoÔme sthn deÔterh

y′′1 − 6y′1 + 8y1 = 0.

H exÐswsh aut  eÐnai grammik , omogen c, 2hc t�xhc, me stajeroÔc sun-
telestèc. H genik  thc lÔsh, sÔmfwna me ta gnwst�, eÐnai

y1 = C1e
2x + C2e

4x.

AntikajistoÔme t¸ra sthn 1h exÐswsh kai paÐrnoume

y2 = −C1e
2x + C2e

4x.

6. Mèjodoc epÐlushc tou omogenoÔc sust matoc Y ′ = AY
ìtan o A eÐnai diagwniopoi simoc

'Estw λ1, λ2, . . . , λn oi idiotimèc tou A kai X1, X2, . . . , Xn ta idiodi-
anÔsmata pou antistoiqoÔn s�autèc. Jètoume

P = [X1 X2 · · · Xn]

na�nai o pÐnakac me st lec ta idiodianÔsmata X1, X2, . . . , Xn. Tìte h
genik  lÔsh tou Y ′ = AY eÐnai

Y =

 y1
...

yn

 = P

 C1e
λ1x

...
Cne

λnx

 ,

ìpou C1, C2, . . . , Cn aujaÐretec stajerèc.
Par�deigma: Na lujeÐ to sÔsthma y′1 = y2 + y3

y′2 = y1 + y3

y′3 = y1 + y2

 .

To sÔsthma se morf  pin�kwn eÐnai

Y ′ = AY,

ìpou

A =

 0 1 1
1 0 1
1 1 0

 .

Oi idiotimèc tou A eÐnai

λ1 = 2, λ2 = λ3 = −1.
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Sthn λ1 antistoiqeÐ to idiodi�nusma 1
1
1

 ,

kai sthn λ2 antistoiqoÔn ta grammik� anex�rthta idiodianÔsmata 1
1
−2

 ,

 1
−2
1

 .

Epomènwc o A eÐnai diagwniopoi simoc. Jètoume

P =

 1 1 1
1 1 −2
1 −2 1

 .

H genik  lÔsh tou sust matoc eÐnai

Y =

 y1

y2

y3

 = P

 C1e
λ1x

C2e
λ2x

C3e
λ3x

 =

 1 1 1
1 1 −2
1 −2 1

 C1e
2x

C2e
−x

C3e
−x


=

 C1e
2x + C2e

−x + C3e
−x

C1e
2x + C2e

−x − 2C3e
−x

C1e
2x − 2C2e

−x + C3e
−x

 .
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