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Chapter 11
Cubic Curves over Finite Fields

1. Rational points over finite fields

Our goal is to study cubic curves over a finite field, the field of integers modulo p.
This means that the curve’s polynomial equation will not have rational coefficients
anymore but the coefficients will be in the finite field with p elements. We will denote
this field with F,. We will study cubic equations C : F(x, y) = 0 with coefficients in
the field F,, and look for solutions (x, y) with x, y € F,. More generally, we will look
for solutions with x, y € Fq where Fg is an extension of F, with q = p° elements. We
will call this solution point of curve C. If the coefficients X, y lie in F;,, we will call it
rational point of curve C.

Remark 2.1.1 Let a non-singular cubic curve defined over some field K. Then the sum
of two rational points, here we consider points with coefficients in the field K, is
defined exactly as in 1.5.4. With this law we construct the commutative group of the
rational points of the curve.

Remark 2.1.2 Obviously, the remark 1.5.11 comes directly from the addition law so it
holds for every field K.

Remark 2.1.3 The formulas 1.5.13, 1.5.14 and 1.5.15 for adding two rational points of
an elliptic curve hold in every field K.

Consider the cubic curve

C: yV=x+ax’+bx +c¢
for some a, b, ¢ € F,. We assume that p # 2. The curve is non-singular if and only if
the discriminant D = — 4a’c + a’b” + 18abc — 4b” — 27¢? if the curve is not zero as an
element of Fy. (See, remark 1.4.9)
Working exactly as in the case that the polynomial f(x) hasn’t a 2-degree term, we

compute the coefficients of the sum P+Q of two rational points P, Q on C with P =
(x1, y1) and Q = (x2, y») as follows:

X3 = 2 —a —X] —X; and y3 = —(AX3 + V). 2.1.4)
where
u, if x, #x,
_ X, =X
2
3x; +2ax, +b’ it P —p,
2y,

andv=y; —Ax; =y, — Xy .
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Notation 2.1.5 When the curve C is defined over a field K we will sometimes write
Clk.

Definition 2.1.6 Let C |x. We denote the abelian group of its K-rational points with
C(K).

Before doing more general theory, let’s look at an example. Consider the elliptic
curve E given by the equation:

E: y2 =x +x+1
defined over the field Fs. How can we find the rational points?
Since x and y are supposed to be in Fs, we can just take each of the five possibilities
for x, apply them into the polynomial x> + x +1 and check if the result is a quadratic

residue in Fs.

We form the following table:

3 ) quadratic
X X tx+1=y residue y
0 1 YES 1,-1
1 1+1+1=3 NO -
2 2 424+1=1 YES 1,-1
3 3P 43+1=1 YES 1,-1
4 P +4+1=4 YES 2,-2

So, including the point O “at infinity”, we find nine points:
E(Fs) = {0, (0, £1), (2, £1), (3, £1), (4, £2)}.

Thus, E(Fs) is an abelian group of order nine, it is isomorphic either with the cyclic
group Zo or with the Z3 x Z;. We can determine which one by making the group table.
Let P = (0,1). Then using the formula 2.1.4 we find 2P = (x3, y3). (We keep in mind
that we are working in Fs).

We get:
a=0,b=1,x=0,y,=0,A=(3-0°42:0-0+1)-(2:1) =27"=3
v=y—Ax;=1-3-0 =1.SO,X3=32—0—0—0=4andy3=—3~4 -1=2.

Thus, 2P = (4,2).
With the same way we find that 3P = (2,1) and 4P = (3, —1). So ord(P) > 3.
Hence, E(F5s) is a cyclic group of order nine. The point P; = 3P = (2,1) has order 3.

Order 3 has also the point P, = —P; = (2, —1). All of the other non-zero points have
order nine.
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As these examples make clear because there are finite number of possibilities for x, vy,
the points (X, y) are finite and C(F,) is a finite group. It is also clear that the order of
C(Fp) is at maximum 2p+1. A natural question that occurs is how big is it? Can we
make any estimate as to the number of points in C(F})?
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2. Points of finite order

Now, we’ll try to study a method for finding the points of finite order on a rational
elliptic curve E with integer coefficients. The idea is to consider the curve locally.
This means to reduce the curve for every prime p. So, if we consider the curve E mod
p by reducing its coefficients mod p we get a curve defined over the field F,. Of
course the curve may have singularities. It will be an elliptic curve if and only if the
discriminant D is not divisible by p.

Let C be a cubic curve, given by the equation:
C: yV=x+ax’+bx +c¢
with integer coefficients a, b, c.
As we already know the group C(Q) of rational points on curve C is finitely generated

(Mordell’s theorem) and the points of finite order have integer coordinates (Lutz —
Nagell theorem).

We write z —Z for the map “reduction modulo p”,

Z ~
Z—>—=Fy,z>1Z
pZ

Then we can take the equation the curve C, which has integer coefficients, and reduce
those coefficients modulo p to get a new curve with coefficients in the field F:

C: y? =x’ +ax’ +bx+¢C
When will the curve C be non-singular?

When p > 3 and the discriminant

D =-43°c+23%b? +183abc —4b’ —27¢2

is non-zero. But reduction modulo p is a homomorphism, so the discriminant D is
just the reduction modulo p of the discriminant D of the cubic curve C. In other

words, the curve C is non-singular if for the prime p holds p >3 and p | D.

Having reduced the curve C, it is natural to try making points on C and reducing them

modulo p to get points on C. We can do this provided that the coordinates of the
point have no p in their denominator. In particular, if a point has integer coordinates,
then we can reduce that point modulo p for any prime p.

If P = (x, y) is a rational point on C with integer coordinates, then x and y satisfy the
equation:

y=x"+ax’+bx +c.
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This equation gives a relation among integers, so we can reduce it modulo p to get the
equation:

This tells us that P = (X,¥) is a point in the group C (Fp). So we get a map from the
points in C(Q) with integer coordinates to C (Fp).

From the Lutz — Nagell theorem (theorem 1.5.9) we have that all points of finite order
in C(Q) have integer coordinates (and also that y = 0 or y divides the discriminant

D(f) of f(x)).

We now are going to study the set of points of finite order, which we’ll denote with
®:= {P = (x,y) € C(Q) : ord(P) < + 0}

Obviously, @ is a subgroup of C(Q) because if P;, P, are points of finite order, say

m;P; = O and m,P, = O then we get that mym,(P; — P;) = mm;P; —mm,P, =0 -0 =

O. Hence Py — P, € .

Since @ consists of points with integer coefficients and O, we can define a reduction
modulo p map

® — C(F,)

~ |(XY) avP=(xy)
PHP_{ O avP=0

® is a group, more precisely subgroup of C(Q). If we choose p | 2D then we know

that C (Fp) is also a group. So we have a map from the group @ to the group C (Fp).
We will prove that this map is a homomorphism of groups.

First we note that:
~P=(x,-y)= X-y)=—P

So it suffices to show that Py + P, + P; =0 = I~’1 + 1~>2 + IN’3 = 0. We have to consider

various cases.

If any of Py, P,, P3 is O, for example P3;, we get: P; + P, = O or P; = —P,. Then, we
have E =—P,or P, =P, or P, + P, = O, which is what we wanted to prove.

Let’s assume that P;, P, P3 are not equal to O. We write their coordinates as:

Py = (x1, y1), P> = (x2, y2), P3 = (x3,y3)
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From the remark 2.1.2 the condition P; + P, + P; = O is equivalent to say Py, P,, P; lie
on a line. We have proven to the previous chapter that we can obtain the coordinates
of P3 from the relation 1.5.12

X +ax’ +bx+c— (Ax +v)* = (x—x1) (X — X2) (X — X3).

This is the relation that ensures that P; + P, + P; = O, regardless of whether or not the
points are distinct.

Reducing the last equation modulo p, we obtain:
X2 +ax2 +bx + T —(Ax + V) =(x - X )(x =X, ) (X - X3)

Of course, we can also reduce the equations y; = Ax; + v (i € {1,2,3}) modulo p to get
y, = x%i +v (i e{1,2,3}). This means that the line y = Ax+ 7 intersects the curve at
the three points 131 ,IN)2 ,133. Further, if two of the points E , ﬁz, 133 are the same, say IN)1
= P,, then the line is the tangent of C at P,, and if P, = P, = P, then the line with

the curve C have a triple order contact point. Therefore, in all cases:

P, +P,+P, =0.

This completes the proof that the reduction modulo p is a homomorphism from @ to
C (F,).

Moreover, is a monomorphism (homomorphism and one-to-one) because a non-zero
point (x, y) in @ is sent to (X,y) € C(F,) which is not O. So the kernel of the

reduction map modulo p consists only of O. This is equivalent to the fact that the map
is one-to-one.

So, @ is isomorphic to a subgroup of C (F,) for every prime p (p | 2D). This remark
helps us in many cases to determine ® with very little work.

Before giving some examples, we will restate formally the theorem we have just
proved:

Theorem 2.2.1 (Reduction Modulo p Theorem) Let C be a non-singular curve

C: yV=x+ax’+bx +c¢
with integer coefficients a, b, ¢ and let D be the discriminant
D =—4a’c + a’b” + 18abc — 4b” — 27¢”.

Let ® < C(Q) be the subgroup consisting of all points of C of finite order. For any
prime p, let P —P be the reduction modulo p map:
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@ — C(F,)

P|—>§= (i’y;) lfP:(Xay)
O ifP=0

If p | 2D the reduction modulo p map is an isomorphism of @ onto a subgroup of
C (F,).

Let’s give three examples how to use this theorem to determine the points of finite
order of a curve.

Example 2.2.2 C: y2 =x’+3
The discriminant for this curve is D = —27-3% = —243 = —3°, hence there is a

monomoprism ® — C (Fp) for all primes p > 5.
We will find the groups C (Fs) and C (F;).

In the field F5 we have:

3 2 quadratic
X x'+3=y residue y
0 3 NO -
1 1+3=4 YES 2,3
2 2’+3=1 YES 1,4
3 334+3=0 YES 0
4 4+3=2 NO -
So, including the point O “at infinity”, we have that #C (Fs) = 6.
In the field F; we have:
3 ) quadratic
X x'+3=y residue y
0 3 NO -
1 4 YES 2,5
2 4 YES 2,5
3 2 YES 3,4
4 4 YES 2,5
5 2 YES 3,4
6 2 YES 3,4

So, including the point O “at infinity”, we have that #C (F;) = 13.
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Because @ is a subgroup of both C (Fs) and C (F;) we have that #® | #C (Fs) and

#® | #C (F;). So #® | 6 and #® | 13. But (6,13) = 1. Thus, #® = 1. In other words, C
has no points of finite order other than O.

We note that (1, 2) € C(Q) and, according to what we have proven, it has infinite
order. So the curve C has infinitely many rational points.

It is worth comparing this method for determining ® with the procedure given by the
Lutz-Nagell theorem (theorem 1.5.9) and the proposition 1.5.10. Using the
proposition 1.5.10 we have to prove that they are no points on C such that the square
of their y coordinate to divide — 243 or in other words, with y coordinate such that
y € {£l, 43, 49, 427, +81}. Clearly if y =+ 1 we have 1 = x> + 3 | x’ = -2 which
gives us no rational points. Let now 3 | y then the equation y* = x> + 3 gives us that 3 |
x but also we can write 3 = y* — x>. So because 9 | y* — x> we have that 9 | 3 which is a
contradiction. Thus, with the Lutz — Nagell theorem, we have proven that #® = 1.

Example 2.2.3 C: y'=x+x
The discriminant for this curve is D = — 41> = — 4. Because the discriminant is quite

small it might be easiest to use the Lutz — Nagell theorem but we will use the
reduction theorem. We have a one-to-one map ® — C (Fp) for every prime p > 3.

We do some little computation:

In the field F5 we have:

X7y y
0 0
2
1

N = O

1,2

So, including the point O “at infinity”, we have that #C (F3) = 4.

In the field Fs we have:
X C4+x= y2 y
0 0 0
1 2 -
2 0 0
3 0 0
4 3 -

So, including the point O “at infinity”, we have that #C (Fs) = 4.

In the field F; we have:

[ vy T
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0 0 0
1 2 3,4
2 3 -
3 2 3,4
4 5 ;
5 4 2,5
6 5 -

So, including the point O “at infinity”, we have that #C (F;) = 8.
We will prove that 4 divides #C (F,,) for all primes p > 3.

Obviously, two points on the curve

C: y=x(x*+1) (1)
are O and (0, 0).

We now check two cases.

-1
- If p=1 (mod 4) then [—j = 1 so there exists an x,, € F,, such that x; =1 (mod p).
p

Thus, the points (x,, 0) and (-Xx,, 0) are also points of (1). Until now, we have found
four points.

. . 2 . .
Moreover, if there is some x; such that x;(x; + 1) = ¢ where ¢ is a non-zero quadratic

residue mod p then the equation y* = ¢ has two solutions, let y; and y,. This means
that the points (x,,y;) and (Xx,.y») are points of (1). Also we have that

) -C -1)( ¢ v . N
-x,((=x,)"+)=-c and |—|=|—]||—|=|—]|. So, the equation y° = —c has
p p/\p p

also two solutions, let y; and y4, and the points (—X,, y3) and (—X,, y4) are also in (1).
So, we take pairs non-zero quadratic residues and each ones gives us two points.

So, 4| #C (F,).

- If p

-1
3 (mod 4) we have that (?j = —1 and then it holds that

5-E6)-6)

If there is any x, such that x;(x; + 1) = ¢ where c is a non-zero quadratic residue
mod p then the equation y* = ¢ has two solutions. If ¢ is not a quadratic residue mod p
then for —x, we have that — x,((- x,)’+1) = — ¢ where —c is a quadratic residue mod
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-1
p- So, including the two obvious solutions, we have totally pT -2+2 =p+ 1 points

on C.Itholds thatp + 1 =3+ 1 =0 (mod 4). So, again, 4 | #C (Fp).
Let’s examine the groups C (F3) and C (Fs) :

(E(F3) = {O’ (05 0)’ (25 1)’ (2’ 2)}
C (F5) = {O, (0, 0)5 (25 0)’ (39 0)}

Because for any point P = (x, y) it holds —P = (x, —y) we have that a point P has order

two if and only if y = 0. So C (F3) has only one point of order two while C (Fs) has
three. So

(Nj (F3) = Z4, (N: (F5) = Z2 X Z2

Because @ < C (F3) and @ < C (Fs) the only possibilities are that ® is trivial or cyclic

of order two. We notice that (0, 0) € C(Q) is a point of order two, we conclude that @
=10, (0,0)}.

Example 2.2.4 C: y’=x’-43x+166
The discriminant for this curve is D = —4(—43)’-27166> =—425984= —2"13.

We will try a point with integer coefficients using the stronger form of the Lutz —
Nagell theorem (proposition 1.5.10). Let P = (x, y) € C a point with integer
coefficients. It holds that y* | D.

We try fory ==+ 1:

We have 1 = x> —43x + 166 i.e. x (x> 43)=—165i.e. x (x> —43) = —3-5-11. Because
the equation x* = 43 (mod p) has no solutions for p =3, 5, 11 it must be x> — 43 = +1.
So, x” =42 or x* = 44. This is a contradiction for every integer x.

We try fory =+ 2:

We have 4 = x* — 43x + 166 i.e. x (x> —43) =—162 i.e. x (x> —43) = -2 - 3*. Because
the equation x> =43 (mod 3) has no solutions it must x°—43 =+1,+2. So x> = 41, 42,
44, 45. This is a contradiction for every integer X.

We try fory =+ 4:

We have 16 = x° — 43x +166 i.e. x (x> — 43) = —150 i.e. x (x* — 43) = —2-3.5%.
Because the equation x* = 43 (mod p) has no solutions for p = 3, 5 it must
x°—43=+1,+2.So x> =41, 42, 44, 45. This is a contradiction for every integer X.

We try fory = £ 8:
We have 64 = x> — 43x +166 i.e. x (x* — 43) = —102. This equation has solution for
x=3.
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So the point P = (3, 8) is of finite order.

To determine the order of the element P let’s take the reduction of curve C modulo 5
and calculate the group C (Fs):

C: y=x+2x+1

x3+2x+1=y2 y

A WKN — O|X
W A WA —
1

So, including the point O “at infinity”, we have that #C (Fs) = 7.
Hence, if ord(P) > 7 then ord(P) = +c0. We calculate 2P:

3.3 43
2-8
So, 2P = (x3, y3) where x3 = (71)2 —6=-5and y; =-5-11=-16. Thus, we have that
2P = (-5, —16). Similarly we find that 3P = (11, -32), 4P = (11, 32), 5P = (-5, 16) and
6P = (3, -8) =—P. So 7P = O and ord(P) = 7. Because ® < C (Fs) and P € @ it holds

that ® = Z; and more precisely

a=0,b=-43,x,=3,y;=8,A= =-lL,v=y;—-Ax; =8+3=11.

®=<P>= {0, (3,18), (-5, £16), (11, £32)}.

A difficult problem is to determine which values are likely for the order of points of
finite order on an elliptic curve. We report without proof very beautiful but also very
difficult
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Theorem 2.2.5 (Mazur, 1976) Let E be a non-singular cubic curve defined over Q. Let
E(Q) has a point of finite order m. Then 1 <m < 10 or m = 12. In particular, the group
of the points of finite order of E is isomorphic with one of the following groups:

(i) Znwithl SN<100orN=12
(11) Zz X Z2N with 1 <N <4.

(See [S1], page 58)
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3. The Riemann hypothesis

(for algebraic function field of one variable with coefficients from the finite field F)

We have seen for each prime p, there is a field F,, of p elements. In fact, given any
prime p and an integer r > 1, there is exactly one field Fq of q = p' elements. The field
F, has F;, as a subfield and for each a in Fy it holds pa = 0. Conversely, any finite
field is isomorphic to a field Fq for some q = p'. The field Fy is characterized by the
property all its elements to be exactly the roots of the polynomial

f(X) = X -X

this means

fx)=[[(X-0)

aqu

Proposition 2.3.1 Let K be a field which contains Fy. The map Fr: K — K defined by
Fr (x) = x? is an Fs-endomorphism of the ring K. (Endomorphism with the property
Fr(o) = a for every o € Fy).

Proof Let x, y € K. Then

. x+y)l=x1+y!
2. (xy)'=x%yland 0’ =0 ifa € F,.

The second assertion needs no proof.
The first follows from the fact that for the binomial coefficients

(X+y)q= Zq:[jlj ijqu

=0

' _i _j .
forj=1,...,q- 1, it holds (qu - E - :(q J+D@=j+2)-.. q.We can write
1) Mq-)! 1-2-...-k

q

the last equality in the form (q—j—+1)(q—j+2)~...~q={'j'1~2~...~k. We have

that q = p' divides the left part of the equality and does not divide 1, 2, ..., k so it
.. q
divides (

J, and because the field characteristic is p, only the first and the last terms
J

survive., because (gj = (q] =1 and all the other terms are equal to zero.
q

So the map Fr: K — K is an Fg-endomorphism of the ring K. It is called the
Frobenius endomorphism. The Frobenius endomorphism is physiologically
extended, at components, in the affine and the projective space.
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We are interesting in counting the number N of solutions in Fy x F, of the equation
Y2 =f(X)

where f(X) = AX’ + BX*+CX +D € F, [X], is a polynomial of the third degree (A
# () without repeated roots (it has only single roots). We suppose p # 2, 3 so, as we

have show in chapter 1, the equation can be written in the Weierstrass form (see
definition 1.4.7):

Y2=X+bX+c

for some b, ¢ € Fy. Together with the point O “at infinity”, these solutions form an
abelian group of order N| = Nq + 1. This is the group of the F¢-rational points on the
elliptic curves E defined by the last equation. Let g = p. In 1924, Artin conjectured the
following estimate for N, : |Np - pl< 2\/5 . Actually, the equivalent form of this

inequality is the analog for the field of rational functions on the curve E of what
Riemann conjectured much earlier for the field of rational numbers, and is well
known as the Riemann hypothesis. Gauss was the first to study the behavior of N,, for
the different values of p, for the curve

Yi=X>-432

In fact, he gave a precise formula for N,

Theorem 2.3.2 (Gauss, 1801) Let N, be the number of solutions in F, x F, of the
equation Y? = X> — 432, p # 2, 3. Then

1. Np=p forp=2(mod 3)
2. If p =1 (mod 3), there are integers A, B unique up to sign, such that 4p =
A’ + 27 B If the sign of A is chosen that A = 1 (mod 3), then Np=p+tA-2.1In

Np—p|s2\/5.

particular,

Artin’s conjecture was proved by Hasse in 1936. Later in 1948 Weil generalized it to
his famous theorem (the Riemann hypothesis for curves over finite fields) and made
some intriguing conjectures, which are known as Weil conjectures.

Theorem 2.3.3 The Riemann hypothesis for curves over finite Fields (Weil). The
number Ng of points with coordinates in Fy on an irreducible, non-singular curve
defined over Fy and of genus g satisfies

INg—ql <2¢/q (D)

Manin gave a completely elementary proof of Hasse’s theorem and a valuation
theoretic proof is due to Zimmer. Weil’s proof of Riemann hypothesis depends
heavily in algebraic geometry. A somewhat simpler proof was given by Roquette. An
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elementary proof was later initiated by Stepanov and completed by W. Schmidt. A
very elegant but less elementary proof based on Stepanov’s method is by Bombieri.
More about the history of the Riemann hypothesis can be found in [Chl] and [Ch2].
We shall give Manin’s proof of Hasse’s theorem.

Theorem 2.3.4 (Hasse, 1936) Let p # 2, 3. The number N,, of solutions in F, x F,, of
the elliptic curve
Y =X +bX+c

where a, b € F, with A = —4b’ — 27 ¢* in F," satisfies the inequality

|Np_p| S2\/5

Remark 2.3.5 When the curve is projective, there is an extra point (the point at
infinity), so that the total number of points is N'q = Ny + 1 and the last inequality
becomes

INg—(q+ D] <2g4q

Now we are going to explain why Hasses’s theorem is called the Riemann hypothesis
for the elliptic curve. First, recall that the Riemann (-eta function is defined as

i(s) = Zn’s , for s € C with Re(s) > 1. it is proved that the function converges
neN

uniformly in all the complex plane, except the simple pole for s = 1. Moreover it

verifies a functional equation which connects {(s) with (1 — s). To be more specific,

if &(s) = n_% r (% ) {(s) then &(s) = §(1 — s), where I'(s) is the well-known I'-function.

Riemann hypothesis is reported in the conjecture that all the roots of {(s) for 0<

Re(s) < 1 lay on the line Re(s) = 1 . Let E be an elliptic curve over a finite field F,.
2

The zeta function for that curve is defined as follows

2
_1=a,T+pT

2B, = (1-T)(1-pT)’

where o, = op,(E) = p — N,. We omit here to discuss properties of that function
equivalent to properties of the Riemann (-eta function. Due to the theorem of Hasse,
the polynomial pT* — a,T + 1 has as discriminant

A(E) = aﬁ —4p <0.
The two roots of the polynomial are complex conjugates, let a and a . So we get

1-a,T+pT>=(1-aT)(1-2aT)
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wherea+ a =a,and |a|=|a|= \/5
If we consider T =p ® where s = ¢ + it € C and define

l— app—s +p1—25
1-p™)1-p™)

C(B|, . 9):=Z (B, .p™)=

wegetC(E|FP,s)=0ifandonlyif17apfs=0ﬁ l-ap’=0.Thus,p’=aorp’=a.
Now, because |p*| = p*® = p° we have that [p’| = \/5 is equivalent with ¢ = %, the
truth for the Riemann hypothesis for {( E|FP , 8). We note that the Riemann hypothesis
for the function {( E|Fp , 8) is equivalent with the fact that |a] = |a| = \/F . For the
polynomial P(T)=1 — a,T + pT? we have that lo,| =]a+a| < |a| +|a|=24p. Thus,

|Np -p | < 2\/5 . We just proved that the Riemann hypothesis for the function

& E|FP , S) is equivalent to Hasse’s theorem.
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4. Manin’s proof of the Hasse inequality
First let us remark that Hasse’s theorem:

If p prime different than 2 and 3 and N, the number of solutions in F, x F,, of the
equation

Yi=X}+bX +¢

where b, ¢ € F, with A = - 4b* — 27 ¢’ in F,," then N,, satisfies the inequality

|Np_P|52\/5,

holds and in the case we replace p with q =7p'.

Definition 2.4.1 Let E;, E; be two elliptic curves defined over a field K. Then E; is a
twist of E; if E; and E, become isomorphic over a finite extension L of K.

Example 2.4.2 Let E;, E; be two elliptic curves over the field Q of the rational
numbers, which are given by the equations

E :Y’=X’+bX+c¢
E;:dY’=X’+bX+c
where a, b, d € Z and d is square-free.

E; and E; are not isomorphic over Q, but if we consider the finite extension
L= Q(\/E ), then E, is written over L:

E:(JdYP =X +bX +c

Now there is an isomorphism ® : E; — E; which is defined by (X, Y) — (X, Jd Y).
So Ei|q is a twist of Ey|q.

Proposition 2.4.3 Let K = F,(x) be the function field in one variable over F, and
suppose E is the elliptic curve defined by the equation:

E:Y’=X+bX+c (b,ceF,) (1)
E is defined over F;, so is also defined over K = F;(x)
If E, is the elliptic curve defined by the equation

E:AY =X +bX+c )
where A = A(x) = x> + bx + ¢ € K = Fy(x)

then E and E; are both defined over K and E; is a twist of E over the field K.
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Proof Like the example, we consider the finite extension L = K(\/x ), then E and E,
are defined over L and E; is written:

Ev:(WAYP? =X +bX+c

Then there is an isomorphism @, : E — E, given by (X, Y) — (X, \/XY). So E|k is
a twist of Ej k.

To prove Hasse’s theorem we shall consider the group E;(K) of K-rational points on
E;.

Let P = (Xl, Yl), Q = (Xz, Yz), P+Q = (X3, Y3) = (Xl, Y]) + (Xz, Y2) (S EK(K) We
will give some formulas similar to 1.5.14 and 1.5.15 that will allow us to compute
P+Q easily.

If X; # X, exactly as in chapter 1, we write the line L which is defined by P and Q in
Yz — Y1

X, =X,
v=Y;—kX; =Y — «X,. Because of it construction L intersects the curve E on points

P, Q. To calculate the third intersection point PQ we substitute Y from the last
relation in the curve’s equation.

the form Y = kX + v where k and v are given by the formulas k = and

MX + vy =X +bX +c
or else
X - X2+ (b 2Mev)X + (c —vH) =0

The last relation is a third degree equation in X and has roots X, X, X3 so:

X =M X2+ (b 2Mev)X + (¢ —vF) = (X =X1) (X —X2) (X —X3) (2.4.4)
Hence, we get: X; + X, + X3 =— —sz) or
X3 =M —X; —X, and Y3 = kX5 + v (2.4.5)

s0, by substituting k and v we get

2
Y, -Y Y,-Y
X3 = x{ﬁ) — (Xl + Xz) and Yz = ﬁ (X3 —Xl) +Y; (246)

2 1

Similarly we work if (X, Y) = 2(Xj, Y1)
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~ 3X; +b
From the relation AY? = X° + bX + ¢ we get that k = av = 1 . B
dx X,V 20Y,

substituting k from the formulas 1.5.12 and LY? by X? +aX + b we find that:

(3X? +b)? % _ X} —2bX] —8cX, +b’
D408 16X, +0)

3=

= - 2.4.7
4(X; +bX, +¢) @4.7)

If in the equation (2) we substitute X = x € K = F(x), we get:
AY? =x’+bx +cAAY?=ARY>=1RY =+1.
So, two obvious solutions of (2) are
x, )and (x,-1)=—(x, 1)

A less obvious solution is:
p-1

Xo:Xp, Y():(X3+bX+C)

That’s true because if (Xo, Yo) is a point of E; with Xy = x" then XYOZ = (xp)3 +bxP+¢
or due to proposition 2.3.1:

AYZ =(x’+bx+c)

p1)2
It holds that: (x> + bx + ¢)’ = (x> + bx + ¢) (X + bx +¢)’ ' =1 ((x3 +bx +¢) J .

p-1 p-1 2

2
Thus, LY. =k((x3 +bx+c)2J 0y = ((x3 +bx+c)2] .

This last equality completes the proof because

p-1 p-1

(x*+bx+c) 2 =12 ek

Let (Xn, Yo) = (Xo, Yo) +0(x,1) neZ (2.4.8)

If (X4, Yn) # 0 we can prove that X, # 0. (See lemma 2.5.1 on the next paragraph)

.. . P ) .
Writing X, in the lowest form as X, = — where Q,, P, € F,[x] and P, is monic, we

get a well-defined function:

d:Z—{0,1,2,3,..}
given by
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0’ lf (Xn7Yn):O
deg(P ), otherwise

dn)=4d, = {
Due to the definition of P, the function d is well defined.
Manin’s proof of Hasses’s theorem is based on the following basic identity:
BASIC IDENTITY: dy1 + dps1 = 2ds + 2.
(The proof of the basic identity can be found in paragraph 2.5)

The connection between Hasse’s theorem and the function d(n) is the following
identity:

di—do—-1=N,-p (2.4.9)
To prove identity (2.4.9) we need to put the rational function X_; in the lowest form.

By formula (2.4.8) we have that (X_;, Y1) = (X0, Yo) + (x, —1). By the addition
formula (2.4.6) we get:

{(Xs o) HT
(" —xJ

- 2
(x3 +bx+c{(x3 +bx+c)p71 +1}

X_1=x —(xP+x)=

- xP+x)=

p+l
A+ 217 +x]—(xp +x)(xP —x)

]

LH
(x’ +bx +c)? +2)2 +k]—(x3p —x P _xP? 4+ x%)

(=,

So using the proposition 2.3.1
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p+l
((X3p +bx? +¢)+21 2 +X]—(x3p —xP _xP? 4 x%)

]

X_1:

ptl
X +bxP +c+20 2 +A—xP +xPT 4 xP —x7)

]

p+l
x P xPP L bxP 4202 +A—X +cC

_ (" )
p+1

A is a third degree polynomial in x and the polynomial A 2 is of 3 > degree which

2p+1

p+l

is less than 2p. So,

x4 R(x)

X_ —
bxP—x)’

where R(x) is a polynomial of degree at most 2p.

: P
To put X_; in the lowest form — we first note that
-1

x-x)=xx-1)...x-p+1)
So the denominator is written:
X -x)’=x*(x-17...x-p+1)

Hence, as we can see from the first equality we gave for X_; (see above) the only
factors to cancel from the denominator are these who divide the factors in the

2
p-l
nominator ((x3 +bx+c) 2 J +1orA=x"+bx+ec. So, these are:

p-1

— either (x — r)* when (r® + rx + ¢) 2 = -1 which that means that to the Legendre
r’ +br + c)

p

—eitherx—rwhenr3+br+c=0(0£r<p).

symbols it holds ( =-1

If m is the number of factors of the first kind and n the number of factors of the
second kind, then

d_j=degP_=2p+1-2m—-n

But,
do = deg(Po) = deg (x*) =p (2.4.10)
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So that
di—dy=p+t1-2m-n (2.4.11)
. 3 r’+br+c oy .
We also note that each rin F, withr’ +ar+b#0and | —— | = 1 will give us
p
two solutions and we will get only one solution from 1’ + br + ¢ = 0. We have that
3

[ﬂ] = 1 it holds for p — m — n values of r whereas r° + br + ¢ = 0 holds for n

p
values.

Hence, N, =2(p—-m—-n)+n1M N, =2(p—m ) —nand (2.4.9) follows from (2.4.11).
Lemma 2.4.12 The function d(n) is a quadratic polynomial in n. In fact,
dy=n’—(d_—do— 1) n+dp
Proof
Firstly we prove the lemma for n=-1 and n=0.
For n = —1 the equality is written
d =12 =@di-do—D)(-1)+dofid ;=1+d—do—1+do
So lemma is true for n = —1.
For n = 0 the equality is written
do=0%—(d_; —do— 1) 0+do 1 do = do.
So lemma is true for n = 0.

We continue using the mathematical induction in n.
Suppose it is true for n —1 and n (n > 0).

By the basic identity,

doi1 =2dp—dn+2
=2[n’ = (d 1 —do— Dn+do] = [(n— 1)’ = (d 1 —do— 1) (n = 1) + do] +2
=(m+1)y°-(d_ —do— 1) (n+1)+d,.

This proves the lemma for n + 1. By induction the lemma holds for all n > — 1.
Similarly, it holds for all n < 0.

Proof of Hasse’s Theorem

We define the quadratic polynomial

dx)=x*—(d_1—do— )x +do=x"— (N, — p)x + do
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We have shown dy = p (see 2.4.10). So the discriminant of the polynomial d(x) is
D= (N, ~p)’ ~4p.

If we show that D < 0 for any prime p we have the proof of Hasse’s theorem. The
discriminant D cannot be positive, for any prime p, because otherwise the polynomial
d(x) will have two distinct real roots. Let a, B (o < B) be these roots. Between the two
roots the polynomial gives only negative values. Because, for every n € Z it holds
that d(n) > 0, we get that the two roots of the polynomial will be between two
successive integers this means that there exists a ny € Z such that:

np<a<pf<ng+1

Moreover, both equalities cannot hold simultaneously because by definition, d(n)
cannot be zero for two successive integers because if we had d, = 0 then

X,,,Y,)=0 but then (XHOH,YHOH) = (XnO Y, )t D=(x1) and d(ng + 1)=1
= 0.

So from o, B at most only one can be an integer. Due to the inequality we get that
(0. — B) ¢ Z. But this is a contradiction because o, B are roots of d(x) and that means
D = (a + B)* — 4ap = (o — B)* . Thus, it should D € Z and simultaneously
(@-Pez

So (N, — p)’ — 4p < 0 which proves the theorem.

Manin’s proof is included inter alia, and in the book of Franz Lemmermeyer,
Elliptishe Kurven I, (Available at World Wide Web: http://www.rzuser.uni-
heidelberg.de/~hb3/ellc.html). Mr. Lemmermeyer informed his teacher professor mr.
Peter Roquette with regard to the existence of this proof. It follows copy of letter of
Mr. Roquette to Mr. Lemmermeyer in the German where it is proved that the proof of
Manin is in actual the same with the proof of Hasse.
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29.4.1998
Lieber Herr Lemmermeyer,

besten Dank fiir die Zusendung Thres Maninshen Beweises. Bei der Lektiire Thres
Aufschriebs habe ich mich daran erinnern kénnen, dall ich den Maninshen Beweis
seinerzeit studiert habe; es ist schon lange her. Und ich kann mich auch an den
Eindruck erinnern, den ich damals nach der Lektiire der Arbeit hatte, ndmlich dal} dies
in der Tat im wesentlichen derselbe Beweis wie bei Hasse ist, nur eben unter
Benutzung der expliziten Formel fiir das Additionstheorem der -elliptischen
Funktionen, was Hasse wegen Charakteristik 2 und 3 vollstindig vermeiden wollte
(und vermieden hat), und unter Weglassung der strukturellen Deutung der
eingefiihrten Begriffe (was ebenfalls nicht im Sinne von Hasse war).

Allerdings hat natiirlich der Maninsche Beweis einen gewissen Wert zum Vortrag
in einer Vorlesung fiir Horer mit wenigen Vorkenntnissen: das sei ihm gerne
zugestanden. (Aufgabe: fiihre diesen Beweis fiir Charakteristik 3 und 2 durch!)

Lassen Sie mich vielleicht erkldrren, wie ich die Sache sehe. Die Fq-rationalen
Punkte von E sind definitionsgemil3 gekennzeitchnet als die Fixpunkte der Frobenius-
Isogenie m von E. Das ist der Grund dafiir, da3 der Hassende Beweis der Begriff
»Isogenie* benutzt (er sagt: ,,Meromorhismus®).

Sie X = (x, y) ein allgemeiner Punkt von E (iiber einem Definitionskdrper K, den
wir der Einfachheit halber als algebraisch abgeschlossen voraussetezen wollen, was
aber nicht notwendig ist). Es ist also y2 = x> — ax — b. Bs ist K(X) = K(x, y) der
Funktionenkorper von E. Jede Isogenie p wird dann gegeben durch der Punkt uX =
(Xw Yw), der rational ist in K(X). Die ,Norm” von p wird definiert durch den
Korpergrad:

N(w) = [K(X) : K(uX)] (1

In der Regel ist N(p) gleich der Anzahl der Punkte im Kern von p, ndmlich dann
wenn p separabel ist (d.h. wenn K(X) separabel ist iiber K(uX)). Hierbei mufl man
aber den unendlich fernen Punkt mitzéhlen, die Kurve E also projectiv auffassen.
Insbesondere folgt

N(r—1)=Ng+1 (2)

denn die Fg-rationalen Punkte bilden den Kern von © — 1. (Die 1 auf der linken Seite
bezeichnet die identische Isogenie; die 1 auf der rechten Seite von (2) ist natiirliche
Zahl; sie zahlt den unendlich fernen Punkt: wie bei Ihnen schreibe ich hier also N fiir
die Anzahl der F-rationalen Punkte im endlichen.

Die obige Formel (2) ist die Formel (#E(Fy) = Ng + 1 =d_) bei Ihnen. [...]

Der Hassesche Beweis besteht nun darin, die Normenadditionsformel zu beweisen:

N(p +v) + N(p—v) = 2N(p) + 2N(v) 3)
welche zeigt, dal3 die Norm eine quadratische, positiv definite Form definiert auf der

additiven Gruppe der Isogenien (wozu auch die uneigentliche Isogenie 0 gezdhlt
wird).
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Natiirlich geniigt es im Hinblick auf (2), diejenige Untergruppe zu betrachten, die
aufgespannt wird von der Eins-Isogenie 1 und der Frobenius-Isogenie © = mq zu F,.
Und weiter geniigt es, fiir die Folge 1, = 1 — nz die Regel

N(tn+1) + N(ua 1) = 2 N(a) + 2 4

zu zeigen (was ein Spezialfall von (4) ist). Man sieht den Zusammenhang mit der von
Ihnen so genannten ,,Grundrelation”: d , ; + dy+ | = 2d, + 2.

Den einzigen neuen Gedanken von Manin sehe ich darin, die Isogenenien p von E
darzustellen als K(x)-rationale Punkte der getwisteten Kurve

Ex:kzz=u3+au+b wobel A=x>+ax+b. 5)

Zu jeder Isogenie p von E gehort ein K(x)-rationaler Punkt (u, z) von E;, ndmlich u =

Xy, Z =Y/ 'y, und zwar ist dabei v ,, (u) <0, wobei v, die Bewertung der unendlichen

Stelle von K(x) ist, also der negative Grad einer rationalen Funktion. Und umgekehrt:
jedem K(x)-rationalen Punkt (u, z) von E, entspricht auf diese Weise eine isogenie p,
derart da x, = u und y, = yz. (Der unendlich ferne Punkt von E; gehort zur
uneigentlichen Isogenie u=0.)

Dabei entspricht der Addition von Isogenien die Addition von Punkten der
getwisteten Kurve. Und die Norm einer Isogenie ist

N = [KX) : K(uX)] = [K(x) : K(xp)] = [K(x) : K(w)] (6)

Schriebt man u = f/ g mit teilerfremden Polynomen f, g, so ist v, (u) = — Grad(f) +
Grad(g) < 0 und daher

[K(x) : K(u)] = Grad(f) (7)

Somit sehen wir, daB die auf Seite 3 Thres Manuskripts eingenfiihrte Zahl d, nichts
anderes ist als die Norm der zugenhorigen Isogenie.

Dieser Zusammenhang erlaubt es Manin, dem Leser den Begriff der Isogenie
vorzuenthalten und mit rationalen Punkten der getwisteten Kurve zu rechnen. In
Wabhrheit ist es aber, wie gesagt, der Hassesche Beweis.
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5. Proof of the Basic Identity

For the proof we will need the following lemma:
Lemma 2.5.1 If (X;, Y,) # 0 then deg P,, > deg Q,, in particular X, # 0.

Proof To prove that the degree of numerator of a rational function R(x) in Fy(x) is
larger than that of its denominator, we formally evaluate R(x) when x — oo and show
that lim R(x) = .

Lemma obviously holds for n = 0 because X, = x* and degPy = deg x* > deg 1 =
degQo.

The lemma is also true for those n > 0 for which (X,-1, Ya-1) = 0 because then (X,
Y.) = (x, 1) and degP, = deg x > deg 1 = degQ,.

Suppose the lemma is true for a particular n > 0 for which (X,-;, Y1) # 0. We
continue by induction.

If we show that the lemma holds for n + 1 then we have shown the lemma for any
n > 0. So, we have only to show that if (Xp+1, Ynt1) # 0 then degPpr; > degQuq1.

It holds:

3

2 3 o, X3 4bX.. +c

LY a1 =X n+l+bXn+1+c n Y1 = ﬂ+13 n+l )
X" +bx+c

Moreover, because Xy+1(X) = L((X) it holds that
n+l X

limX, ,,(x) <0 < deg Pyi(x) < deg Quei(X)

So, the nominator in the expression of Y2n+1 above when x — oo is less than oo when
deg Pp+1(x) < deg Qn+1(x). But then the denominator goes to .

Hence
IimY, ,, (X) =0 < deg Pp1(x) < deg Qui1(x)

) IimY ., (X) # 0 < deg Py(x) > deg Que1(X)

We will show this with a contradiction.

We assume that deg P, 1(x) < deg Qu+1(x). Which means that limY, , (x) = 0.
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It holds (Xnt1, Yor1) = (X, Yo) £ (x, 1)
1.€.
(Xnr1,=Yne1) + (Xn, Ya) + (X, 1) =0 (2.5.2)

This tells us that the points (Xn+1, —Ynt1), (Xn, Yn), (X, 1) lie on a line.

The equation of the line L which intersects (X;, Y,) and (x, 1) is

L:y-1=17Y

X —X

n

X—x)

Because (Xu+1, —Yn+1) is also a point on L we get that

1-Y
~Yopr1—1= T (X1 — X
1 X (Xn+1 —Xx)

n

, 1-Y,
n Yo t1l= X (X - Xn+l)

n

7 l_YIl
n Yol = X—Xn (X—Xn+1)_l

.| 1=, .
So because limY,, (x) = 0 we get hm{ X“ (X—XM)—I} = 0 ie.

X=X —

1-Y X
1- n 1_ n+l _1 :O
im _Xn[ j

X—>00 X

X

but because deg Pni(x) < deg Quri1(x) we get deg Pnii(x) < deg Quii(x) + 1 ie.
degPp1(x) < deg [xQn+1(X)] so

lim X2: = fim Pas =g (2.5.3)
X —00 X X—>00 XQn+l
Thus,
lim1-Y, =1 (2.5.4)
X—>0 X
1 — n
X

From the addition formula (2.4.6) we get

X = n

2
xm:[l_i“J (x> +bx +¢) - (x + Xy)
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We get

X, =Y, (. b, cj_l_xn

nil = —+ 2.5.

" X, ( BRI " (25.5)
X

. 1-Y, b ¢ X
lim| S -l =
x—0 0 X X X
1-—
X

=— lim—°
x>0 x

. . X
ie. Iim—= — 0.
x—0 X

But that means deg P,(x) < deg [xQu(x)]. So deg Py(x) < deg Qu(x), and we get a
contradiction because we assumed that deg P,(x) > deg Qu(X).

This contradiction proves the lemma for every n > 0. The induction for n < 0 is carried
out similarly.
We now prove the basic identity: dy -1 + dp 1 = 2d, + 2

1. Ifone of (Xu-1, Yn-1), Xn, Yn), (Xn+1, Yne1) 18 zero the identity is trivial.
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In fact, by using (2.5.2) we get:

If (Xa,Ys) = 0 then (Xo,Yo) + n(x, 1) = 0.
Then,
(X1, Yar1) = (Xo,Yo) + (n+1) (x, 1) = Xo,Yo) +nx, )+ (x, ) =0+ (x, 1) =(x, 1).

Thus, Xni1 =X, Yo =1 and (Xp-1, Y1) = (Xn, Yo) - (X, 1) =—(x, 1) =(x, —1)

So Xn—l =X, Yn—l =—1
Finally, d,=0and dy,-; = dn+1 = 1

If (Xi-1, Yn-1) = 0 then (X, Y4) = (Xo, Yo) + n(x, 1)
re. (Xn, Yn) =(Xo, Yo) t(n— D —-1)+(x, 1) = (Xp-1, Y1) + (X, 1) =(x,1)

Sodp1=0,d,=1.

By the addition formula (2.4.7) we get:
(Koot Yoot) = (Ko, Yo) (5, 1) = 205, 1), X = B +OS
4‘)(3 +bx+c )

9x* + 6bx* +b? —8x* —8bx?* —8cx

4()(3 +bx+c)
x* —=2bx? —8cx + b’
4()(3 +bx+c)

We calculate the maximum common divisor of the nominator and the denominator:
- Ifb#0 then

x* = 2bx — 8cx + b* =x (x’ + bx + ¢) + (- 3bx* — 9cx + b?)

2
x3+bx+c=(—ix+%j(—3bx2—9cx+b2)+ ﬂ+9L2 X
3b b 3 b

2\7! 2
—3bx” — 9cx + b° = (- 3bx — 9¢) @+9L2 @+9L2 X+ b’
3 b 3 b

b” is a unit on the ring F,(x) so x* — 2bx — 8cx + b® and X’ + bx + ¢ are co prime.

- Ifb=0then c#0 and

x* — 2bx — 8cx + b? = x* — 8cx,
X +bx+c=x>+c

So:

x478cx=x(x3+c)79cx

x3+c=—ix2(—9cx)+c
9c
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c is a unit on the ring Fy(x) so x* — 8cx and x* + ¢ are co prime.

In both cases d,+1 = 4.

Sod,_ 1 +dy1 =0+4=2+2=d,+ 2 and the basic identity holds.
. If (Xps1, Yorr) =0 then (Xp, Yo) =—-(x, 1) =(x,-1)

Sody1=0,dy=1.
In a similar way as above, by (2.4.7) we get:
(Xan-1, Y1) =—2(x, 1) =2(x, —1) and

(3x2 +b)2 x* —2bx* —8cx +b’

Kot = 4(x> +bx +c¢) - 4(x3+bx+c)

Thusd,-; =4and 4 +0=2-1 + 2 which holds.

2. Letnow (Xu-1, Yn-1) # 0, (Xn, Yn) # 0, (Xnt1, Yne1) # 0.
By (2.5.2) we get

(X, Yn) = Xne1, Y1) T (x, 1) e,

(Xn-1, Yn-1) = (Xa, Yn) — (x, 1) 1.e.

(anl, Ynfl) = (Xn, Yn) + (X, _1)

By the addition law (2.4.6) and with X,, = (1;“ we get

n

+1
A~ (x+ Xy) =
X

+1f —(x+X, )X, -x)°

(X, —x)’

)\.(Yn +1)2 —(x + P, J( P, —XJ
— Qn Qn —
o)
-X
Qn
QMY, +1)° —(xQ, + PSP, -xQ,)" _
Q,(xQ, -P,)

MY, +1) = (x+X, )P, -xQ,)" _ (2.5.6)

(xQ, -P,)’
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QA (Y2 +2Y, +1)-(x+X, JP2 —xP,Q, +x*Q’)

(xQ, -P,)
Q2 2y, +2)-x(P2 —xP.Q, +x°Q%)-X, (P2 —xP,Q, +x°Q2) _
) (xQ, -,V )
QX3 +bX, +c+20Y, +4)-xP2 +x°P,Q, —-x’Q> =X, P} +xP> —x’P,Q,
) (xQ, ~P,) )
QX2 +Q2(bX, +c+2L0Y, +A)-xP} —x’Q2 - X, P} +xP}
) (xQ, -P,) )
_ bP.Q, +¢cQl +21Y,Q2 +AQ2 —xP; —x’Q +xP;
) (xQ, -P,) )
B (XQn +Pn)(xPn +an)+(>L—X3 —bx+c—bx)Qf1 +2)0Y,Q: B
. (xQ, -P,)’ )
_ (xQ, +P, xP, +bQ, )+2cQ} +21Y,Q’
) (xQ,-P,)’ |
Thus, Xy =d R 2.5.7)

where R = (xQ, + P,) (xP, + bQ,) + 2¢ Q> +21Y,Q’.
Similarly

(Xn+la Yn+1) = (Xna Yn) + (X’ 1)

SO
Xpi1 = x(Y“—_l)z C(x+Xy) = 2Q,(Y, -1) _(HX“Z)(P“ —xQ,) (2.5.8)
(Xn _X) (XQn _Pn)
_ (xQ, +P, (xP, +bQ, )+2cQ; —21Y,Q;
(xQ, -P,)’ '
Thus, Xy = Lt S (2.5.9)

Q“” (XQn _Pn )2

where S = (xQ, + Py) (xP, + bQ,) + 2¢ Q2 — 2AY, Q>

In multiplying the above expressions for X, ; and X,+; we obtain
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Pn—l : Pn+l _ R- S

X1+ Xpt1 = =
1 " Qn—l 'Qn+1 (XQn _Pn )4

(xQ, +P,)xP, +bQ, )+2cQ> [ —4%> - Y2 - Q!

(xQ, -P,)’

[(xQ, +P, XxP, +bQ, )+2¢Q2 | ~4A(X} +bX, +0)-Q} _
(xQ, -P, )’ .
(xQ, +P, \xP, +bQ, )+2cQ2 | —4(x* +bx +c)(P2Q, +bP!Q} +cQ!)
(xQ, -P,)’ .

x*'QIP} +2x’QPb+x’Q}b’ -2x’Q,P] + 4x*Q’P b +2xQ.P b’ + P}x’ N
(xQ, -P,)"*
-2P)xbQ, + P b’°Q: +4cQ.x’P, +4cQ’b +4cQ’xP;] N
(xQ, P,

N —4X3bP:Qi —4)(3ch1 —4b2XP:Qi —4CP§Qn —4(:beQf1 _

xQ, -P,)*
_ (xQ, =P V[(xP, ~bQ, )" ~4cQ, (xQ, +P,)]
: (xQ, =P, )’
(xP, ~bQ, ] ~4cQ, (xQ, +P,)

= . . (2.5.10)
(xQ, -P,)

If we show that Qn—; - Qu+1 =k - (xXQ; — Pn)2 , where k € F,, then
Pois Post =k - [(xPy — bQy)” — 4cQ, (xQn + Py)]
and then
do1# dosr = deg (Po_; - Pos) = deg(x’- P - k) = deg(x®) + deg(P.) = 2d, + 2
and we have completed the proof of the basic identity.
From the equalities of (2.5.10) we get
(XQn = Po)” R'S = (xQn = Po)* - [(xPs = bQu)” — 4cQu (xQn + Pu)] 1
R-S = (xQy — Po)* - [(xP, — bQ,)* — 4¢cQ, (xQ, + Py)]
Thus, (xQ. — P,)> | R-S

Hence there exist polynomials R, S; € Fy[x] such that (xQ, — Pn)2 = R;-S; where
R, |RandS,|S.
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R
P . @57 R o
So Xy = =L = R = R__R because is in the lowest form,
Q.. (XQn - Pn) R,-§, S, Qn—l

i.e. that Q,-;, Pn-; are co prime, we get that Q,_; | Sy.

P
Qn+1 - (XQn _Pn )2 - Rl 'Sl

n+l

and Qp+1, Py+1 are co prime.

S
el (2.5.9) S S Sl
Similarly, X, = = —

Rl

So Qui1 IRy
Hence, Qu - Qus; divides S;-R; = (xQp — P)™
So

To show Qu-1 - Qns1 = k - (xQn — Pn)2 we only have to show that the polynomial
(xQn — Py)? divides Qut - Qnet (1)

Definition 2.5.11 We consider a polynomial A#0 and a irreducible polynomial f on
the Euclidean field Fy[x]. vi(A) is defined to be the power to which f appears in the
factorization of A into powers of prime (irreducible) polynomials. If A = 0 we define
vi(A) = oo. It is clear that v A) € {0, 1,2, ...} U {0}.

vr converges on the filed of the rational functions Fp(x):

IfT e Fy(x) and T = % with A, B € F,[x] then the map v(T) is defined to be
V(T) = vi(A) — v(B). Hence, v{(T) € Z U {»}.
If A, B € Fy(x) and A | B then obviously vi(A) < viB) for any irreducible f € F,[x].
So, A | B means that there is an irreducible f € F;[x] such that

v(A) > vi(B)
Remark 2.5.12 For any A € F,(x) it holds Vf(Az) =2vdA)

We go back to the proof of the basic identity. Let (xQu— Pn)? | Qu_i- Qus1 that there is
an irreducible f € F;[x] such that

Ve((xQn = Pu)?)> ve(Quo1 - Quit) e
2 ve(xQn = Pu) > ve(Qu-1 - Qi) (2.5.13)
To help our calculations we define
T: = (xP, — bQ,)* — 4c¢Q, (xQ, + Pp) (2.5.14)

So from (2.5.10) we get
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P P T
Qn—l .Qn+l (XQn _Pn )2 ,

n+l

1.€.

Pn—l ) Pn+l ) (XQn B Pn )2
anl 'Qn+1

T= (2.5.15)

From (2.5.15) and (2.5.13) we get that f divides T.

The polynomial f divides (xQ, — Pp)* so if we prove that f divide both R and S then,
from (2.5.6) and (2.5.8), we get

fIAQ2 (Yo+ 1)?and f|AQ2 (Y, — 1)

If we assume that f divides Q,, then, because it also divides xQ,— Py, it divides Py
which is a contradiction because P, Q, are co prime. So, f does not divide Q,. We get

fIA(Ya+Dand f|A(Yo—1)
We now assume that f does not divide A. Then f| (Y, + 1) and f| (Y, — 1). So f divides
(Yo + 1) = (Yo, — 1) = 2, which is a contradiction because f is an irreducible
polynomial and not a constant of Fy[x].

Hence, f divides L = x> + bx + c.

We write T as a polynomial of P:

T = (xP, — bQn)* — 4cQ, (xQu + Py) = x*P2 — 2bxP,Q, + b*Q2 — 4cxQ’ — 4cQ,P, =
szi + (=2bx — 4¢)Q,Py + (b — 4cxQ [21) and we then divide T with xQ, — Py:

T =—(xQu - Py) [x*Py + (x° — 2bx — 4¢)Qu] + (x* — 2bx — 8cx +b%)Q2.

The polynomial f divides both T and the polynomial xQ, — P, so it divides the
polynomial (x* — 2bx — 8cx +b2)Qf1. Also, f does not divide Q,. This shows that f
divides x* — 2bx — 8cx +b’. But then f divides

(3x” —=5bx — 27¢)(x> + bx + ¢) — (3x” + b) (x* — 2bx — 8cx + b%) = — 4b> — 27c¢* = A,

which is the discriminant of the elliptic curve. This is a contradiction because A is a
non-zero constant.

Thus, we only have to prove that, f divides both R and S to complete the proof.

We have that f divides T and also that T divides RS (see (2.5.10)). So, f | RS. Hence,
f|Rorf]S.
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Now suppose f divides R but not S (Then proof in the case that f| S and f /R is
exactly the same).

(2.5.9)

Because f [S and f | (xQ, — Pn)* , see (2.5.13), we get vi(Qui1) = vi(Qui1S) =

Vi((XQn — Pu)* Pos1) = vi((xQn — Po)?) + vi(Pas1) > 0. Hence, f | Qq+1. But then because
Put1, Qne1 are co prime we get f | Pyyg i.e.

Vi(Pni1) = 0. (2.5.16)
Also

Vf(Qn-H) =2 Vf(XQn - Pn) (2517)

Now we calculate v(T).

Because f divides R it also divides T = R-S- (xQ, — Pp)*. So v{(T) > 0. Also, due to
(2.5.15):

Pn+1 ) (XQn — Pn )2
Qn—l ' Qn+1
Vi(Pr1) + vi(Po+1) + 2 v(XQn— Pr) — v (Qn-1) — v (Qu1).

0<v(T) = V{P‘” : J = Vf(Pnfl P, -(xQ, -P, )2) — Vi (Qn-1Qni1) =

From (2.5.16) and (2.5.17) we get

0 < v(T) = v(Po-1) = v¢ (Qn-1)
Hence,

VH(Py-1) > v (Qu-1)

This means that v{P,_;) > 0. So f divides P,_;. Because P,_; and Q,_; are co prime, we
get that f does not divide Q .y, i.e.

Vi (Qn1) =0. (2.5.18)
From (2.5.17) and (2.5.18):
Vi (Qn-1Qn+1) = Vi (Qn1) + Vi (Que) = 0 + 2vi(xQy — Pp) = 2v(xQ, — Py).
This is a contradiction because we assumed, see (2.5.13),
2 v¢(xQn = Pn)> v¢(Qu-1 - Qnir).

Hence, we proved that (xQn — Pn)? | (Qui - Qn:1). This completes the proof of the
basic identity.
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Chapter 111

Algebraic Curves and Coding Theory

1. Elements of coding theory

Definition 3.1.1

(1) We call alphabet the finite set of symbols (which we usually call letters) we use
to form a message. Our alphabet, in this chapter, will be the finite field F,.

(i1) A k-message consists of a sequence of letters from our alphabet of length k i.e. it
is in the form a, a, ..., ay with a; € F.

(iii) The corresponding codeword x of a k-message is a sequence of length n. So, it
written in the form x = Xy, X5 ..., X, wWith X; € Fq and n > k. Hence we (mostly)
assume that x; = aj, X = ap, ..., Xx = a and the remaining n — k elements
(Xk+1, Xk42, -- -, Xp) are called check symbols or control symbols.

Notation 3.1.2 Codewords will be written in one of the forms x or x;, Xo, ..., X, Or
(X1, X2, -..,Xpn) OT XX2...Xp.

Definition 3.1.3 We shall call received vector (or received message) the vector y =
Y1, y2. ..., Yn We receive. The vector y is, in general, different from the vector x which
was sent. The vector e : =y — x = eje3...e, is called error vector (or just error).

Definition 3.1.4 An n-code C is a subset of F ;. More precisely the code will be called

(n, k)-code, where k is the length of the message we encode. If the code C is an Fg-
vector subspace of F; we will call it (n, k)-linear code. The elements of C are the

codewords.

Examples 3.1.5

(1) Let C = {000, 001, 010, 011} is a subset of F}. C consists of exactly all the

codewords which have 0 as their fist coordinate and easily we can see that C is
a linear 3-code.

(i1) Also, C= {00, 11, 22} is a linear 2-code ofF§ .

After receiving y, we have to determine which codeword was sent. We choose a
codeword from the set C that is closest to y that means it has the minimum Hamming
distance from y. This decoding method is called the “nearest neighbor decoding”.

Definition 3.1.6 The Hamming distance d(x, y) between two vectors x, y in F |, with

X=X1,X2 .., X and Y=V, Y2 ..., Yn,

is the number of coordinates in which x and y differ i.e.
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dx,y)=#fie N, 1<i<n | xizy; }

Definition 3.1.7 The Hamming weight w(x) of a vector x = xj, X; ..., X, in F;‘ is the

number of nonzero coordinates of x 1.e.
wx)=#{ieN,1<i<n | x#0}

Obviously, w(x) = d(x, 0), where 0 = 00...0.

Example 3.1.8 Let C < F;1 .

The Hamming weight of 1201 is w(1201) = 3.
The Hamming distance of 1201 and 2211 is d(1201, 2211) = 2.

Remark 3.1.9 The Hamming distance d(C) is a metric on F ; and the Hamming weight

wisanormonF;.

Definition 3.1.10 If C ¢ F; is an (n, k)-code, the minimum distance dmin(C) of the

code is

dmin(c) = l'l'lll’Cl d(u, V)

u#v

So, after receiving y, we have to search through all ¢ codewords and find one which
is closest to y. Obviously this procedure is impossible for large k and one of the aims
of coding theory is to find codes with faster decoding algorithms.

The next result will show that for every linear code we can calculate its minimum
distance from the Hamming weight of the codewords.

One of the most important properties of the linear codes is the following

Proposition 3.1.11 Let C be a linear (n, k)-code. The minimum distance of C is equal
to the least weight of all nonzero codewords.

Proof Let w be the minimum Hamming weight of a non-zero codeword. Let x € C be
a codeword of Hamming weight w. It holds that d(x, 0) = w(x) = w. So, W > duin(C).
Let now u and v be a pair of codewords of C with distance such that d(u, v) = d pin(C).
C is a linear code so u — v is also a codeword. u — v has weight equal to dp,in(C). Then,
d min(C) =2 w. Thus, d nin(C) = w.

Definition 3.1.12 The set S¢(x) : = {y e Fl |dx,y)<r } is called the sphere of

radius r about x € Fg .

Example 3.1.13 Let C = F3 then the sphere of radius 1 about 100 is

$1(100) = {100,000,110,101}.
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Aim By taking spheres of some radius r about a codeword we want, if possible, their
union to cover the space F| in order to decode all messages we get and on the other

hand the radius r must be small enough so that two spheres so not intersect not even in
a single point in order to decode in a single point.

So r must be smaller than % dinin(C).

The importance of the minimum distance is given by the

Proposition 3.1.14 A linear code C with minimum distance dy,i,(C) = d. C can detect
up to d — 1 errors and correct e errors for every e such that 2e + 1 < d.

Proof We assume that we received a message y with distance f from the codeword x,
where f < d — 1. This means we have f errors during transmission. Because the
minimum distance of C is d we note that y can’t be a codeword. This means that the
code C can detect up to d — 1 errors.

If the message y has distance ¢ from the codeword x and 2e + 1 < d then there isn’t
any other codeword closer to y because if d(y, x;) < e for some codeword x; then we
would get that

d(x, x;)) <d(x,y) +d(y,x;)<et+e<d

which is a contradiction, because the minimum distance of the code C is d. So, there
a unique codeword that is closer to y and the code can correct e errors in this case.

One of the main problems of coding theory is not merely to minimize errors, but to do
: . . . k
so without reducing the information rate —.

n
The main problem of the Coding Theory is the following:

Given d, n natural numbers find the maximum number of vectors, let Ay(n, d), in the
vector space ¥ | which are at distances more or equal d. Of course, if it is possible,

find these vectors.
For g =2 we denote A(n, d) = Ax(n, d).
The following table gives some values of Ay(n, d) ford =3

N |3
Axn,3) | 2 |

6] 7181910
8 | 16 | 20 | 40 | unknown, between 72 and 79

This problem is known as the “discrete sphere packing problem” (Conway and Sloan,
1988)

Definition 3.1.15 A code that corrects t errors is called t-error-correcting, and a code
that detects e errors is called e-error-detecting.
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Let now C be a code over Fy of length n with M codewords. Suppose C is t-error

. of . .
correcting. There are (q — 1) [m) vectors of F of length n and weight m over Fq. If

c € C then within or on the sphere S¢(c) there are totally

n t n n
1+(q-1) | +...+(q-1) . vectors of F .

Theorem 3.1.16 (Hamming Bound) The parameters q, n, t, M of a t-error-correcting
code C defined over F of length n with M codewords satisfy the inequality

n n
M(l+(q—1)[1J+...+(q—1)t[tD <q".

If all the vectors of F are within or on spheres of radius t around codewords of a

linear (n, k) code then we obtain a special class of codes:

Definition 3.1.17 A t-error-correcting code over Fg is called perfect if equality holds
in theorem 3.1.16.

If C is a code as in theorem 3.1.16 with dpin(C) = d = 2t + 1, then deleting the last
d — 1 symbols still gives a code in which all words are different. Since this code has
lengthn—d + 1, we get

Theorem 3.1.18 (Singleton Bound) If a code C < Fg has minimum distance d, then
ICl<q" 4" liek<n—d+1.

Definition 3.1.19 A code is called maximum distance separable or briefly MDS
code if equality holds in theorem 3.1.18.

Example 3.1.20 We consider the code
C I{OOOOOO, 001011, 010101, 011110, 100110, 101101, 110011, 111000} c Fg

where din(C) = 3. We have M =8, q=2,n=6, d =3, t = 1. The Hamming bound

6
gives the inequality 8[1+(1D£ 2%, i.e. < 64. This means that only 64 — 56 = 8 6-

tuples of F? lie outside of spheres and cannot corrected properly (this is also clear

from the fact that we have eight nonintersecting spheres with seven elements each).
One example of these eight incoming words that cannot be corrected properly is
100100 which has a distance more or equal to 2 from all the codewords. The
Singleton bound yields 8 < 2* = 16, so this code is not MDS.
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Suppose now that the check symbols can be obtained from the k-message symbols in
such a way that the codewords x satisfy the system of linear equations

Hx' =0,

where H is a given (n — k) x n matrix with elements in the field F,. The standard
form for H is [A | I, —«] where A is an (n — k) x k matrix and I, the (n — k) x (n — k)
identity matrix.

In general, we define

Definition 3.1.21 Let H be an (n — k) x n matrix of rank n — k with elements in F. The
set of all n-dimensional vectors x satisfying the equation Hx" = 0 over F q 1s called the
linear (block) matrix C over Fy of (block) length n. The matrix H is called the
parity-check matrix of the code. C is also called a linear (n, k)-code. If H is of the
form [A | I, _ ] then the first k symbols in the codeword x are the message symbols,
and the last n — k symbols on x are the check symbols. C is then also called
systematic linear (n, k)-code and H is said to be in standard form. If q = 2, then C
is a binary code.

Remark 3.1.22 The set C of solutions x of Hx" = 0 (i.e. the null space of H) forms a
subspace of F| of dimension k. Since the codewords form an additive group, C is

also called a group code.

Example 3.1.23 (Repetition Code) If each codeword of a code consists of only one
message symbol a, € F, and the n - 1 check symbols
Xy = ... = X, are all equal to a; (a; is repeated n — 1 times) then we obtain a binary
(n, 1)-code with parity-check matrix

1 1 0

1 0 1 0
H= .

1 00 1

There are only two codewords in this code, namely 00...0 and 11...1.

In repetition codes we can, of course, also consider codewords with more than one
message symbol. If we transmit a message of length k three times and we compare
corresponding “coordinates” X, X, ,;,X,,,; of the codeword

Xpoeoe Xjoew XXy oo Xpgieer X0 Xopag oo Xogai oo Xapo

1

then a “majority decision” decides which k-message has been sent, for example if
X; = X,,; #X,.,, then x; is more likely from x,,,, to have been transmitted. It is,

1
however, often impractically, impossible, or too expensive to send the original
message more than once.
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We have seen than in a systematic code, a message a = aj, ..., ax is encoded as

codeword X = Xy, ..., X, with X; = a;, X, = ap, ..., Xx = ax. The check equations
T .

[A | I,_]x =0 are given by

thus we obtain

We transpose and write this equation as
(Xla (ERE) Xn) = (ala [ERE) ak) [Ik | _AT]'

Definition 3.1.24 The matrix G = [l | —A"] is called (canonical) generator matrix
(or canonical basic matrix or encoding matrix) of a linear (n, k)-code with parity-
check matrix H=[A | I, _k] in standard form.

It holds GH™ = 0.

Examples 3.1.25

(1)LetG:[1 ° 1}.
011

The linear (2,3)-code C = F consists of all the combinations of the two lines:

000, 101, 011, 110

The codewords can be described as vectors of the form uG, where u = 00, 01, 10, 11.
Each codeword, other than the zero codeword, has weight equal to 2. This means that
the code detects up to 1 error and does not correct any of them.

100110
(2)LetG=[0 1 0 1 0 1]
001011

From the three lines of the matrix we obtain a (3, 6)-code C = F$ which consists of 8
codewords:

000000, 100110, 010101, 001011, 110011, 011110, 101101, 111000
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Like before each codeword x can be described as a vector of the form uG, where
u = ujuyus with u;in Fs.

There are four codewords of weight 3, three codewords of weight 4 and one codeword
of weight 0. The minimum distance of the code is 3, so it detects 2 errors and can
detect one.

10000001221
01 0000T10T1 2?2
00100021012
(3) Let G =
00010022101
0000107122710
000001 1 1 1 1 1

The code Cc F;z consists of codewords where each codeword x can be described as

a vector of the form x = uG, where u = u;uuzususug with u; in Fs.

The minimum distance of the code is less or equal to 5, because there is a line in the
matrix G of weight 5. It can be proven that the code has minimum distance exactly 5.
This code is called Golay code.

For more information about Golay codes the interested reader can see [MS],
chapter20.

Theorem 3.1.26 Let G be a generator matrix of a linear code C. Then the rows of G
form a basis of C.

Proof The k rows of the matrix G are linearly independent due to the definition of the
generator matrix of a linear code. If r is a row-vector of G it holds that rtH" = 0 i.e.
Hr' =0 for all r € C. dimC id the dimension of the null space of H and it is equal to
n —rank(H) = k. So, the k rows of G form a basis of C.

A code can have several parity-check matrices and generator matrices. Any k x n
matrix whose row space is equal to C can be taken as a generator matrix of C.

If the “generator matrix” H is not on the standard form we can perform row
operations in H to transform it in a matrix in the form [Iy | — A'] without changing the
null space of H, i.e. the code C. Then we permute the coordinates to get H finally into
standard from H'. The corresponding code C' is equivalent to C in the following
sense:

Definition 3.1.27 Two codes C and C’ of the same length n are called equivalent if
there is a permutation & of the set {1, 2, ..., n} such that

X1, ....xp) e Ce (xn(l),...,xn(n))e C’
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We form the generator matrix G’ of C' and then perform the inverse permutation
n~ ' of the coordinates.

We now state a definition that is useful in the next paragraph:

Definition 3.1.28 A linear code of length n, dimension k, and minimum distance d is
called an (n, k, d)-code.

Let,u=uy,...,u,and v=vy, ..., v, be two vectors in the vector space F; and let u-v
=uv] + ... + uyv, denote the dot product of u and v over F;‘ .Jfu-v=0thenuandv

are called orthogonal.

Definition 3.1.29 Let C be a linear (n, k)-code over the field F,. The dual (or
orthogonal) code C* of C is defined by

C*={u|uv=0forallveC}

Since C is a k-dimensional subspace of the n-dimensional vector space F; the

orthogonal complement is of dimension n — k and an (n, n — k) code. It can be shown
that if the code C has a generator matrix G and parity-check matrix H, then C" has
generator matrix H and parity-check matrix G. Orthogonality of the two codes can be
expressed by the relation GH' = HG" = 0. We now summarize some of the simple
properties of linear codes.

Remark 3.1.30 Let mld(H) be the minimal number of linearly dependent columns of
H. Since any rank(H) + 1 rows of H are linearly dependent it holds that
mld(H) < rank(H) + 1 for all matrices H.

Theorem 3.1.31 Let H be a parity-check matrix of an (n, k, d)-code C with n > k.
Then the following hold:

(1) dimC =k =n — rank(H)
(i)  d=mld(H)
(i) d<n-k+1.

Proof (i) is clear and (iii) occurs from (ii) and the previous remark. In order to see (ii)
suppose H has the columns sy, ..., sp. If c=(cy, ..., cy) € C of weight w then because

T
Hc =cysy+ ... cpSn

It holds that c;s; + ... cpsp = 0. We also have that c is non-zero in w coordinates so
some w and not less rows of H are linearly dependent. Thus, mld(H) = w. Applying
proposition 3.1.11 we have that the minimum distance d of the code is equal with the
weight of ¢ and we proved (ii).
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To verify the existence of linear (n, k)-codes with minimum distance d over Fj it

suffice to show that there exists an (n — k) x n matrix H with mld(H) = d, for given n,
k,d, q.

Theorem 3.1.32 (Gilbert — Varshamov Bound)

It
n-— & 1'1—1 i
q k>2[ , j(ql)
i=0

then we can construct a linear (n, k)-code over Fy, with minimum distance more or
equal than d. (See [LP], chapter 4, theorem 17.14, page 196).

Proof We construct an (n — k) x n matrix H for such a code. Let the first column of H
be any nonzero (n — k)-tuple over F,. The second column is any (n — k)-tuple over Fq
which is not a scalar multiple of the first column. Suppose j — 1 columns have been
chosen so that any d — 1 of them are linearly independent. There are at most

=2/ i _
Z(J . 1) (q — 1) vectors obtained by taking linear combinations of d — 2 or fewer of
i=0

these j — 1 columns. If the inequality of the theorem holds, it will be possible to
choose a j-th column which is linearly independent of any d — 2 of the first j — 1
columns. This construction can be carried out in such a way that H has rank n — k.
Because no d — 1 columns of H are linearly dependent the resulting code has
minimum distance more or equal to d.

Without proof we state the following

Theorem 3.1.33 (Plotkin Bound) If there is a linear code of lenth n with M codewords
and minimum distance d over Fg, then

d<qM@-D
M-1I)q

(See [LP], chapter 4, theorem 17.15, page 197).

In order to achieve better coding we can construct concatenated codes concatenating
two codes as following:

Let C; be an (ny, ky, di)-code and C; an (ny, ks, d;)-code. We assume that the message

we want to encode is the o = @, ..., a, where o; = B, ,B; ,....p; pe i € GF(2 k),
1 2
With the use of the code C;, we encode a to ¢ = c¢,, ..., c, ~Where

¢ € GF(2") is of the form ¢; = Yi,»Vi, 7 - Then we encode each c; with the use

of the code Cx toyi =y, ,y;, oY, - Thus, we have encoded the message o we want
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to send with the use C, which is the concatenation of code C; and C,, to the codeword
C= (Y1 Yo Y1, Mo Yo e Yo, )oY 5V, 5000 Y, )

The following holds

Proposition 3.1.34 The minimum distance of the code C that we described above is at
least d;-d».
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2. Codes defined using algebraic curves

In the following F is the algebraic closure of the field Fq. If X id an affined curve
defined over Fq, we denote with Fq[X] the coordinate ring of X and with Fq(X) the
function field of X, which is also the quotient field of F[X]. We assume that the curve
is absolutely irreducible, this means it remains irreducible as a curve over F. We
make similar assumptions for the projective curves. Note also that for all polynomials
F e Fy[X, Y] it holds F(xi, y1)? = F(x}, y}). This means that if (x;, yi) is a zero of F,

over the field Fy, then (x|, y}) is also a zero of F.

If the curve X is defined over F, and P is a point on the curve then due to the last
remark the point Fr(P) is also on the curve X (see proposition 2.3.1).

Definition 3.2.1 A divisor D on a curve X is a formal sum of the form D = ZnPP
PeX

where n, € Z andn, =0 for all but a finite number of points P on X.

We define the sum on divisors, naturally, in coordinates.

Definition 3.2.2 The support of a divisor is the set of points with nonzero coefficient
n,. A divisor is called effective if all coefficients n, are nonnegative.

Definition 3.2.3 The degree deg(D) of a divisor D = Zn »P 1is called the, finite, sum

PeX

deg(D)= D n,.

PeX

Definition 3.2.4 A divisor D on a curve X is called rational if the coefficients of P
and Fr(P) are the same for all P on X.

Definition 3.2.5 Let D be a divisor on a curve X. We define the F-vector space of
finite dimension

LD):={feFX) |<f>+D>0}ulo}.

With < £ > we denote the principal divisor of a rational function f, which is defined as

<f>= ZnPP and the coefficient n, is non-zero to the points P in which f has a
PeX

zero with multiplicity n,, n, > 0 and to the points which f has pole of order —n,,
n,< 0 and in all other points the coefficient n, is equal to zero.

We state without proof the

Theorem 3.2.6 The degree of a principal divisor < f > of a rational function f is always
0. (For the proof see [Ho], theorem 2.32, page 885)

We can modify the definition 3.2.5 to define the F-vector space L(D),,. Of the rational
divisors on a curve X:
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Definition 3.2.7 Let D be a rational divisor on a curve X. We define the F-vector
space of finite dimension

L(D) i = f e FyX)" |<f>+D>0 }u{0}.

With these change all the stated theorems for L(D) over the field F remain true for
L(D)at. over the field F.

From now on we refer to L(D),,. as L(D).

Remark 3.2.8 Let D be a divisor with D = Z:niQi where n; € Z and f be a rational

function in L(D) then when n; < 0 f has zero at Q; of multiplicity at least |n;|, and
when n; > 0 f has pole at Q; with order at most n;.

Let X be an absolutely irreducible non-singular projective curve over the field F,.

Let Py, Py, ..., P, be rational points on X and D be the divisor D : =P; + P, + ... + P,.
Furthermore let G be some other divisor on X that has support disjoint from D and
also:

2g —2 <deg(G) <n.

Definition 3.2.9 The linear code C(D, G) of length n over the field F is the image of
the linear map

o:L(G) > F;

defined by a(f) = (f(P,),f(P,),...,f(P,)). Codes of this kind are called geometric
Reed-Solomon codes.

The following theorem holds

Theorem 3.2.10 The code C(D, G)has dimension « = deg(G) — g + 1, where g is the
genus of the curve X, and minimum distance

d > n—deg(G)

Proof f € L(G) implies that <>+ G > 0.
If f belongs to the kernel of a i.e.

a(f) = (f(Py), f(P2), ..., f(Pn)) = (0,0, ..., 0)

which means that f has zeros on the points Py, Py, ..., P, of multiplicity at least one.
Since D=P; +P, + ... + P, we get that— D =—P; — P, — ... — P,,. — D has poles on the
points Py, Py, ..., P, of order exactly one. So, < f> + G — D > 0. This implies that
fe L(G-D).
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The degree of —D is deg(—D) = — n and so the degree of the divisor G — D is
deg(G — D) = degG + deg(-D) <n —n = 0. Due to a known theorem of the algebraic
curves theory when the degree of a divisor A is less than zero, then the dimension of
the space L(A) is 1(A) = 0. (See [Ho], theorem 2.37, page 886). Thus, L(G — D) = {0},
SO

fekera=f=0
hence, we get that the map o is one-to-one.

From the assumption: 2g — 2 < deg(G) < n. It occurs from the Riemann — Roch
theorem (see [Ho], theorem 2.55, page 890) that if the degree of a divisor A, is
deg(A) > 2g — 2 then it is of dimension 1(A) = deg(A) — g + 1 (see [Ho], corollary 2.58,
page 890). Thus, k = 1(G) =deg(G) —g + 1.

We prove now that the minimum distance of the code is more or equal to n — deg(G).

If a(f), f € L(G), has weight d then it is non zero in exactly d points from
Py, P2, ..., Py So it is zero in exactly n — d points from P;, Py, ..., P,. Then
f(P,)=f(P, )=..=f(P, ) =0.If Eis the divisor E = P, +P, +..+P, we get

<f>+G-E>01ie. fe (G- E). Therefore, degG + deg< f > — degE > 0. Due to
theorem 3.2.6 we get deg< f> =0 so degG — degE > 01 degG — (n—d) > 0. Hence d
> n — degG and the proof is complete.

It is already cleat that we find some good codes. If we apply the theorem 3.2.10 for
curves of 0, we see that we get MDS codes. In fact, the theorem says that

d>n—-x+1

and from the Singleton bound we get k <n—-d + 1. So, k =n—d + 1 and we have an
MDS code.

More general, for curves of small genus we get codes close to the Singleton bound.
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3. Examples of algebraic geometry codes

We already know that to construct good codes, we must construct long codes. To use
the methods from algebraic geometry, it is necessary to consider algebraic curves with
many rational points. The number of these points is a bound on the length of the code.
A central problem in algebraic geometry is finding (upper) bounds for the number of
rational points on an algebraic curve or, more general, on a variety. So, it is very
useful the Hasse — Weil theorem (theorem 2.3.3). In the following examples we use
the following bound which is an improvement of the Hasse — Weil bound by Serre.

Theorem 3.3.1 (Serre Bound) Let X be a curve of genus g defined over the field Fy. If
Ny(X) denotes the number of its rational points, then

N -+ D <[2q] e

(For the proof see [St], chapter 3, theorem 3.1, page 180)

Let’s now state two examples of algebraic geometry codes.

Example 3.3.2 Let K3 be the Klein quartic over the field Fg
Ky XY +Y’Z+Z2°X =0

The curve is non-singular and has genus 3 (see definition 1.3.9). From the Serre
bound (theorem 3.3.1) we have that the curve can have at most \_2\/§ . 3J +@8+1)=
15 + 9 = 24 rational points.

We show that has exactly 24 rational points. The field Fg is a simple extension of
degree 3 of F, and it is of the form Fa(£) where & = & + 1. We will study the rational
points of the curve X over the fields F, and Fg. The rational points of the curve over
the field are [1, 0, 0], [0, 1, 0], [0, O, 1]. If we consider the curve over Fg a rational
point [x, y, z] has a coordinate zero if and only if it is one of the points over F,. If

xyz # 0, we can take z = 1. The multiplicative group F; is cyclic of order 7

generated from the element &. Because y # 0 we take y = ii (0 £1<6). We can write
that
x = &¥'1). Substitution in the equation K3 gives us

Pt gdin=0
Le.

En+1+n=0
1e.

n3+n+1=0
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Thus, 7 is a solution of the equation X> + X + 1 = 0. This means that 1 is one of the
elements &, &%, &,

So we find that K3 has totally 3 + 7-3 = 24 rational points.

Let Q =(0, 0, 1) and D is the sum of the remaining 23 rational points. Let G = 10Q.
From theorem 3.2.10 we get that the code C(D, G) we constructed is dimension equal
tok =deg(G)—g+ 1=10-3 + 1 =8 and minimum distance d > 23 — 10 = 13. Thus,
it is a (23, 8, 13)-code. We now concatenate this code with the (4, 3, 2)-single parity
check code as follows: The symbols in codewords of C(D, G) are elements of Fg
which we interpret as column vectors of length 3 over F, and then we adjoin the
parity check. The resulting code C is a binary (92, 24, d)-code with d >13-2 =26 (See
remark 3.1.34). The punctured code of C is a (91, 24, d — 1)-code. For d = 26 the
punctured (91, 24, d — 1)-code set a new world record for codes with n = 91 and
d =25. (See [Ho], chapter 10, paragraph 2.8, example 2.75).

Example 3.3.3 We consider the field F4 = {0 ,1,a, 5} where a>=a+1=12a anda’=1.

The field’s characteristic is chF4 = 2. We consider the curve X over F4 given by the
equation:

X: XY +aY’Z+azZ>X=0

The curve X is non-singular because if there exists a singular point P =[x, y, z] on the

0 0

curve we must have:iX = X =
0X

P=(x.y,2) oy Pty a_ZX|P:<x,y,z> = 0 ie

2xy+ @z’ =2ayz+x*=2az+ay'=0iec. az=x"=ay’=0ie.x=y=2z=0,
which is a contradiction.

Thus, X is of genus 1 and the Serre bound implies that Ny(X) < (4+ 1)+ 1[2 V4 1=09.
So the curve has at most 9 rational.

As we can see from the following table the curve has exactly 9 rational points:

P 1 P2 P3 P4 PS P6 Ql Q2 Q3
X 1 0 0 1 1 1 a 1 1
y 0 1 0 A a 1 1 A 1
z 0 0 1 a a 1 1 1 a

LetD=P;+P,+... + Pcand G =2Q; + Q..
The degree of the divisor G is deg(G) =2+ 1>2g—-2=2-1 —2=0. So, it is an
immediate corollary form the Riemann — Roch theorem (see [Ho], theorem 2.55, page
890) that

I(G) :=dimL(G) =deg(G)—g+1=3-1+1=3

We claim that the rational functions
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fl(X,Y,Z)::—X —,
X+Y+az
fz(X,Y,Z)::—Y —,
X+Y+aZ
£(X.Y.2) =
X+Y+azZ

form a basis of L(G).

Due to remark 3.2.8, in order to prove that f,(X,Y,Z2),f,(X,Y,2),f,(X,Y,Z) € L(G)

we just have to prove that in the points Q; and Q, have poles of order at most 2 and 1
respectively. We can easily check that the points Q; and Q, are poles of f|,f,,f,. We

just note that for these functions the numerator, in these points, is not zero and for the
denominator are each of f,,f,,f; it holds:

(X+Y+aZ) g oy =a+l+a =a’+a+1=0

(X+Y +az) =l++a+a=a’+a+1=0

Qy=(La,1)

The points Q; and Q; are intersection points of the line ¢ : X + Y + aZ = 0 and the
cubic curve X because ¢ intersects X in Q, and the tangent of the curve X is

0

X+iX|Q:(a”)Y+—X Z=0.
oy 1T oz

0
X| Q=(a.LD) Q=(a.LD)
o0X

Thus,a’ X +a’Y+aZ=0fa’X+a’Y+a’Z=0X+Y+aZ=0

By the Bezout’s theorem (theorem 1.3.19) the intersection point of the line € and the
curve X are three and the intersection multiplicity is exactly 2 in Q; and 1 in Q..

So we conclude that f,(X,Y,Z),f,(X,Y,Z2),f,(X,Y,Z) e L(G). Because they are
linearly independent they are a basis of L(G).

By the theorem 3.2.10 we have that the code C(D, G) of length 6 has minimum
distance d > 6 — 3 = 3. The inequality Kk < n — d + 1 from the Singleton bound
(theorem 3.1.18) implies that 3 < 6 —d + 1 11 d < 4. The code is equivalent to the
namely Hexacode, they have the same generator matrix. By using methods from the
finite geometry it has been proven that the minimum distance of the Hexacode is
d =4. So, C(D, G) has also minimum distance d = 4 i.e. kK = n —d + 4, which implies
that C(D, G) is an MDS code. (For the Hexacode see [Pe]).



78

Chapter III: Algebraic Curves and Coding Theory




Bibliography 79

Bibliography
[A1] J. A. Antoniadis, Elliptic curves (Mordell's theorem), “Prometheus” (EPEAEK

program), Heraklio 1999

[A2] J. A. Antoniadis, Applied Algebra, “Prometheus” (EPEAEK program), Heraklio
2000

[Ch1] J. S. Chahal, Manin’s Proof of the Hasse Inequality Revisited, Nieuw Archief
voor Wiskunde, pp. 219 — 232, Vierde serie Deel 13 No 2, juli 1995

[Ch2] J. S. Chahal, Topics in Number Theory, Plenum Press, New York 1988
[La] K. Lakki, Algebra, Thessaloniki 1993

[MS] F. J. MacWilliams, N. J. A. Sloane, The Theory of Error-Correcting Code,
North-Holland Mathematical Library, Sixth printing: 1988

[Ho] Tom Hoholdt, J. H. van Lint, Ruud Pellikaan (authors), V. S. Pless, W. C.
Huffman and R. A. Brualdi (editors), Handbook of Coding Theory, pp. 871-961,

Elsevier Science, Amsterdam, 1998

[Le] Franz Lemmermeyer, Elliptishe Kurven I, available on the web:
http://www.rzuser.uni-heidelberg.de/~hb3/ellc.html

[LP] Rudolf Lidl - Gunter Pilz, Applied Abstract Algebra, Springer-Verlag 1998

[Pe] Mario De Boer, Rund Pellikaan, Grobner bases for error-correcting codes and
their decoding, Some tapas of computer algebra, Springer, Berlin 1999

[S1] Joseph H. Silverman, John Tate, Rational Points on Elliptic Curves, Springer-
Verlag 1992

[S2] Joseph H. Silverman, The Arithmetic of Elliptic Curves, Springer-Verlag 1986
[St] Henning Stichtenoth, Algebraic Function Field and Codes, Springer-Verlag 1993

[W] R. J. Walker, Algebraic Curves, Dover, New York 1962



80




Index

81

Index

Addition of points
co-linear over an elliptic curve, 20
Addition formulas for elliptic curves over Q, 20
Addition formulas for elliptic curves over Fy, 23
Addition formulas for elliptic curves over Fy[x], 42, 54, 55

Alphabet, 61
Information rate, 63

Distance
minimum, 62
Hamming, 61

Decoding
nearest neighbor, 61

Affine plane, 5

Affine curve, 7, 71
See also Curve

Degree
of an algebraic curve, 7
of a divisor, 71
of a principle divisor of a rational function, 72
of a homogeneous polynomial, 7
of a point’s multiplicity, 11, 71, 72

Basis of a vector space, 77
Basic identity, 44, 48, 51, 53
Hamming weight, 62
Genus of a non-singular curve, 12, 38, 39
Vector
error, 61
received, 61
Divisor of a curve, 71
principle, 71
rational, 71

effective, 71

Vector space
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of a divisor, 71
finite dimensional, 71, 72
of a rational divisor, 72

Artin’s conjecture, 38

Riemann hypothesis, 39
for algebraic function fields of one variable with coefficients from F,, 38
for elliptic curves, 39

Frobenius endomorphism, 37

Elliptic curve, 20, 27
See also Cubic Curve

Line
at infinity, 5, 6, 9
tangent, 10
defined by two points, 9
rational, 19
in the projective plane, 6, 10

Theorem
Reduction modulo p, 30
Bezout, 13, 77
Gauss, 38
Hasse, 39, 40, 41, 46
Lutz-Nagell, 20, 31, 33
Mazur, 35
Mordell, 20
Riemann-Roch, 73, 76
Weil (Hasse-Weil), 38
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group, 30
elliptic curve, 41, 42

Curve
See also Cubic curve, Elliptic curve
affine, 7, 71
irreducible plane algebraic, 7
absolutely irreducible, 71
genus of, 12
plane algebraic, 7, 12, 13
singular, 11
cubic, 8
non-singular, 11
over a field K, 24
over Fy, 76
over Fg, 75
coefficient, 8



Index

&3

order, 10
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yvevikevpuévn popen Weierstrass, 17
descriminant of, 18, 23, 27, 61
singular point, 13
singular, 15, 16
normal form, 17
Weierstrass form, 18

Code, 61
error-detecting, 63, 64
binary, 76
dual, 68
geometric Reed-Solomon, 72
linear, 61, 66, 67
maximum distance separable, 64
error-correcting, 63, 64
repetetion, 65
equivalent, 68
group, 65
opBoymviog, 68
punctured, 76
systematic linear, 65
perfect, 64
Golay, 67
MDS, 64, 73

Codeword, 61

Conic, 8, 13
irreducible, 15, 16
singular point, 13

Error (or error vector), 61
Null space, 65

Message,
received, 61
k-message, 61

Group
abelian, 19
cyclic, 25, 75
of rational points of an elliptic curve, 20, 24, 42
of rational points of finite order on an elliptic, 28
finite generated, 20
finite, 25
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of points of an elliptic curve over Fs, 31

of points of an elliptic curve over Fs, 24, 30, 32, 34
of points of an elliptic curve over F7, 30, 32, 34

of points of an elliptic curve over Fy, 32

Group homomorphism, 28

Matrix
generator, 66
parity-check, 65
canonical basic, 66
encoding, 66

Projective plane, 5

IIp6cBeon onueiwv, 19
See also Addition of points

Yepd Taylor, 10

Point
See also TIpocbeon onueiov, ABpoicpa onueiov
Single, double, etc. 11
at infinity, 5
non-singular, 11, 16, 18
singular, 11, 12
101a{ov KuPikng KapmoAng, 13
10160V KoViKng Topng, 13
xounng, 15, 16
Kapmoing, 10, 19, 23, 75, 76
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rational over Q, 19
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Frobenius, 71
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of a curve, 10
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of apole, 71, 72
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of a rational point on an elliptic curve, 20
Intersection
See also conic
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disjoint, 72
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Hamming, 64
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Plotkin, 69
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Singleton, 64, 73, 76
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concatened codes, 69
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Manin, 39
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