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Eisagwg 

H Gewmetrik  TopologÐa eÐnai o kl�doc twn majhmatik¸n pou melet�ei ta olik�
qarakthristik� q¸rwn kai apeikonÐsewn metaxÔ touc. Gia par�deigma, mÐa epif�neia
eÐnai ènac q¸roc pou topik� eÐnai Ðdioc me to epÐpedo. All� olik� mporeÐ na èqei
poll� diaforetik� sq mata.

Sq ma 1: Epif�neiec.

MÐa apeikìnish tou kÔklou ston tridi�stato q¸ro mporeÐ na eÐnai polÔ apl 

Sq ma 2: KÔkloc.

  polÔ mplegmènh.
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Sq ma 3: Kìmboc.

Ta probl mata thc Gewmetrik c TopologÐac anafèrontai

• Sto qarakthrismì tètoiwn q¸rwn. Gia par�deigma, poièc eÐnai oi el�qistec
upojèseic pou exasfalÐzoun oti ènac q¸roc èqei to sq ma mÐac sfaÐrac?

• Sthn taxinìmhsh kathgori¸n tètoiwn q¸rwn. Up�rqei ènac kat�logoc me ìla
ta diaforetik� sq mata pou mporeÐ na èqei mÐa epif�neia?

• Sth melèth apeikonÐsewn metaxÔ tètoiwn q¸rwn. EÐnai al jeia oti k�je e-
neikìnish tou kÔklou sto epÐpedo qwrÐzei to epÐpedo se dÔo mèrh? Up�rqei
apeikìnish apì to dÐsko ston eautì tou qwrÐc stajer� shmeÐa?

Se autì to m�jhma ja diamorf¸soume tic basikèc ènnoiec gia na mporèsoume na
diatup¸soume me saf neia erwt mata ìpwc ta parap�nw, ja anaptÔxoume di�fora
ergaleÐa apì th sunduastik , thn �lgebra, thn an�lush kai th gewmetrÐa, kai ja ta
qrhsimopoi soume sth melèth dÔo qarakthristik¸n kathgori¸n antikeimènwn thc Ge-
wmetrik c TopologÐac, twn epifanei¸n kai twn kìmbwn. Ja xekin soume me mÐa
diaisjhtik  prosèggish aut¸n twn antikeimènwn, kai ja anaptÔxoume ad hoc ergaleÐa
gia th melèth touc. Sth sunèqeia ja eisag�goume tic basikèc ènnoiec thc topolo-
gÐac gia na jèsoume se austhr  b�sh tic anazht seic mac. (H parousÐash ja eÐnai
autotel c kai den proôpojètei parakoloÔjhsh tou maj matoc M2313 TopologÐa.)
Ja kataskeu�soume to basikì algebrikì ergaleÐo, th jemeli¸dh om�da, kai ja to
qrhsimopoi soume gia thn peraitèrw melèth twn epifanei¸n kai twn kìmbwn.
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Epif�neiec

H pio apl  epif�neia pou mac èrqetai sto noÔ eÐnai h sfaÐra. GnwrÐzoume oti mporoÔme
na anaparast soume, se kartesianèc suntetagmènec, th sfaÐra me kèntro sthn arq 
twn axìnwn kai aktÐna R wc to sÔnolo twn shmeÐwn twn opoÐwn oi suntetagmènec
ikanopoioÔn thn exÐswsh

x2 + y2 + z2 = R2 .

Gia pollèc �llec epif�neiec mporoÔme na broÔme an�logec anaparast�seic, me
exis¸seic thc morf c F (x, y, z) = 0. Gia na eÐnai �leÐa� h epif�neia, apaitoÔme na
mhn up�rqoun krÐsima shmeÐa thc F p�nw sthn epif�neia. (To shmeÐo (x, y, z) eÐnai
krÐsimo e�n ∇F (x, y, z) = 0.)

Ta elleiyoeid  me exÐswsh

x2

a2
+

y2

b2
+

z2

c2
= 1

èqoun to Ðdio �sq ma� me th sfaÐra, all� diaforetik� gewmetrik� qarakthristik�.
H speÐra (  tìroc   samprèla) eÐnai h epif�neia pou lamb�noume e�n peristrèyoume

èna kÔklo gÔrw apì ènan �xona sto epÐpedo tou kÔklou, o opoÐoc den tèmnei ton
kÔklo. E�n peristrèyoume ton kÔklo me exÐswsh (x − 2)2 + z2 = 1, gÔrw apì ton
z-�xona, ja p�roume thn epif�neia me exÐswsh

(
√

x2 + y2 − 2)2 + z2 = 1 .

Sq ma 4: SpeÐra ek peristrof c.

MporoÔme na fantastoÔme pio polÔplokec epif�neiec, ìpwc h dipl  samprèla,
pou den eÐnai epif�neia ek peristrof c. MporoÔme na thn anaparast soume me mÐa
exÐswsh? Dokim�ste!

H anapar�stash mÐac epif�neiac me mÐa exÐswsh eÐnai arket� perioristik . Perièqei
perissìterec plhroforÐec apì ìsec qreiazìmaste gia na melet soume to �sq ma� thc
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Sq ma 5: Dipl  samprèla.

epif�neiac. 'Enac pio ousiastikìc lìgoc gia ton opoÐo jèloume �llouc trìpouc ana-
par�stashc epifanei¸n eÐnai oti h epif�neia pou orÐzetai apì mÐa exÐswsh thc morf c
F (x, y, z) = 0 kai den perièqei krÐsima shmeÐa thc F , prèpei na èqei dÔo pleurèc:
apì th mÐa pleur� h F eÐnai jetik  kai apì thn �llh arnhtik . Ja doÔme ìmwc oti
up�rqoun epif�neiec pou den èqoun dÔo pleurèc.

MporoÔme na kataskeu�soume ènan kÔlindro qrhsimopoi¸ntac èna fÔllo qartÐ kai
koll¸ntac tic dÔo apènanti pleurèc. To sq ma aut c thc epif�neiac eÐnai to Ðdio me
thn epif�neia me exÐswsh x2 + y2 = 1 gia z2 ≤ 1. Parathr ste oti aut  h epif�neia
èqei sÔnoro, en¸ h sfaÐra   h speÐra den èqoun.

Sq ma 6: KÔlindroc.

'Omwc mporoÔme na koll soume tic apènanti pleurèc tou qartioÔ me thn antÐjeth
kateÔjunsh. H epif�neia pou kataskeu�zoume tìte èqei sq ma diaforetikì apì ton
kÔlindro, kai k�poiec aprìsmenec idiìthtec: h tainÐa tou Möbius èqei mìno mÐa
pleur�, kai mporoÔme na thn kìyoume kat� m koc enìc kÔklou qwrÐc na th qwrÐsoume
se dÔo mèrh.

Epistrèfontac ston kÔlindro pou kataskeu�same koll¸ntac tic dÔo apènanti
pleurèc enìc fÔllou qartioÔ, mporoÔme na koll soume tic �llec dÔo pleurèc tou
qartioÔ (pou èqoun gÐnei dÔo kÔkloi) kai na p�roume mÐa �llh epif�neia. Autì den
mporoÔme na to k�noume sto q¸ro qwrÐc na tsalak¸soume to qartÐ, all� mporoÔme
na fantastoÔme thn epif�neia pou prokÔptei. 'Eqei to sq ma mÐac speÐrac. En¸ ì-
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Sq ma 7: TainÐa Möbius.

mwc sth speÐra ek peristrof c oi par�llhloi èqoun diaforetikì m koc, se aut  thn
speÐra ìloi oi par�llhloi antistoiqoÔn se orizìntiec eujeÐec sto qartÐ, kai èqoun
to Ðdio m koc. H epif�neia pou kataskeu�same eÐnai mÐa speÐra, all� èqei gewmetrÐa
diaforetik  apì aut n thc speÐrac ek peristrof c.

Sq ma 8: EpÐpedh speÐra.

Kìmboi

Oi kìmpoi eÐnai qr simoi sthn kajhmerin  zw , kai apant¸ntai sthn tèqnh poll¸n
politism¸n. Apì majhmatik  �poyh, ènac kìmboc eÐnai mia suneq c eneikìnish enìc
diast matoc ston R3,

K : [0, 1] −→ R3 .

E�n èqoume th dunatothta na koun soume ta �kra tou sqoinioÔ, tìte k�je kìmpoc
mporeÐ na lujeÐ. Sta majhmatik�, gia na èqoume kìmpouc pou den lÔnontai, qwrÐc na
qrei�zetai na b�zoume periorismoÔc sta �kra, en¸noume ta dÔo �kra tou diast matoc.
OrÐzoume ènan kìmbo na eÐnai mÐa suneq c eneikìnish tou kÔklou S1 = {(x, y) ∈
R2 : x2 + y2 = 1} sto R3,

K : S1 −→ R3 .

Genikìtera, ja jewr soume poll� kuklik� sqoini�, mplegmèna se èna sÔndesmo,
dhlad  thn apeikìnish poll¸n kÔklwn sto R3.
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Sq ma 9: Kìmboc.

Sq ma 10: Mh-Kìmboc, trifÔlli, oqt�ri.

Arqik� ja melet soume kìmbouc kai sundèsmouc mèsw twn diagramm�twn touc,
dhlad  twn probol¸n touc sto epÐpedo. Argìtera ja doÔme th sqèsh me tic apeiko-
nÐseic sto R3. Prin apì aut� ìmwc prèpei na genikeÔsoume thn ènnoia thc sunèqeiac,
¸ste na mporoÔme na mil�me gia suneqeÐc apeikonÐseic metaxÔ q¸rwn pio genik¸n a-
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Sq ma 11: SÔndesmoc Hopf, sÔndesmoc Borromeo.

pì ta uposÔnola tou Rn pou èqoume dei mèqri t¸ra. Ja orÐsoume topologikoÔc
q¸rouc kai suneqeÐc apeikonÐseic metaxÔ topologik¸n q¸rwn.



Kef�laio 1

TopologÐa, anoikt� sÔnola,
sunèqeia

Stìqoc mac eÐnai na epekteÐnoume thn ènnoia thc sunèqeiac apeikonÐsewn se peript¸-
seic pio genikèc apì touc q¸rouc Rn kai ta uposÔnol� touc. Xekin�me exet�zontac
enallaktikoÔc qarakthrismoÔc thc sunèqeiac sto Rn.

Sunèqeia kai anoikt� sÔnola sto Rn.

Gia k�je x = (x1, . . . , xn) ∈ Rn, orÐzoume ||x|| =
√

x2
1 + · · ·+ x2

n.
E�n f : Rn −→ Rm eÐnai mÐa apeikìnish kai x0 ∈ Rn, lème oti h f eÐnai suneq c

sto x0 e�n limx→x0 f(x) = f(x0). Autì shmaÐnei oti gia k�je ε > 0, up�rqei
δ > 0 tètoio ¸ste gia k�je x ∈ Rn pou apèqei ligìtero apì δ apì to x0, dhlad 
pou ikanopoieÐ ||x − x0|| < δ, to f(x) apèqei ligìtero apì ε apì to f(x0), dhlad 
||f(x)− f(x0)|| < ε.

E�n orÐsoume ta sÔnola Uδ = {x ∈ Rn : ||x − x0|| < δ} kai Vε = {y ∈ Rm :

||y − f(x0)|| < ε}, mporoÔme na anadiatup¸soume ton prohgoÔmeno orismì wc ex c:

H f eÐnai suneq c sto x0 ∈ Rn e�n gia k�je ε > 0 up�rqei δ > 0

tètoio ¸ste gia k�je x ∈ Uδ isqÔei f(x) ∈ Vε.

Qrhsimopoi¸ntac to sumbolismì thc antÐstrofhc eikìnac enìc sunìlou, autì gÐ-
netai:

H f eÐnai suneq c sto x0 ∈ Rn e�n gia k�je ε > 0 up�rqei δ > 0

tètoio ¸ste Uδ ⊆ f−1(Vε).

UpenjumÐzoume ton orismì twn anoikt¸n sunìlwn sto Rn. SumbolÐzoume D(x, ε)

ton anoiktì dÐsko sto Rn gÔrw apì to shmeÐo x: D(x, ε) = {u ∈ Rn : ||u−x|| < ε}.

1
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'Ena sÔnolo A ⊆ Rn lègetai anoiktì e�n gia k�je x ∈ A up�rqei ε > 0 tètoio
¸ste D(x, ε) ⊆ A.

'Askhsh 1.1 Qrhsimopoi ste thn anisìthta ||x − y|| ≤ ||x|| + ||y|| gia na deÐxete
oti gia k�je x0 ∈ Rn kai k�je δ > 0, to sÔnolo D(x0, δ) eÐnai anoiktì.

Exet�zoume th sqèsh metaxÔ sunèqeiac kai anoikt¸n sunìlwn. UpenjumÐzoume oti
h f lègetai suneq c sto Rn e�n h f eÐnai suneq c se k�je shmeÐo tou Rn.

Prìtash 1.1 E�n h f : Rn −→ Rm eÐnai suneq c sto Rn kai A eÐnai anoiktì
uposÔnolo tou Rm, tìte f−1(A) eÐnai anoiktì uposÔnolo tou Rm.

Apìdeixh. 'Estw x0 ∈ f−1(A). Prèpei na deÐxoume oti up�rqei δ > 0 tètoio ¸ste
D(x0, δ) ⊆ f−1(A). JewroÔme to shmeÐo y0 = f(x0) ∈ A. AfoÔ to A eÐnai anoiktì,
up�rqei ε > 0 tètoio ¸ste D(y0, ε) ⊆ A. 'Ara x0 ∈ f−1(D(y0, ε)). AfoÔ h f eÐnai
suneq c sto x0, up�rqei δ > 0 tètoio ¸ste D(x0, δ) ⊆ f−1(D(y0, ε)) ⊆ f−1(A).
Sunep¸c to A eÐnai anoiktì.

¤
Ja deÐxoume oti aut  h idiìthta qarakthrÐzei tic apeikonÐseic pou eÐnai suneqeÐc

sto Rn.

Prìtash 1.2 E�n gia kaje anoiktì sÔnolo A sto Rm, h antÐstrofh eikìna f−1(A)

eÐnai anoiktì sÔnolo sto Rn, tìte h f eÐnai suneq c sto Rn.

Apìdeixh. 'Estw x0 ∈ Rn kai ε > 0. Tìte o dÐskoc Vε = D(f(x0), ε) eÐnai
anoiktì uposÔnolo tou Rm. 'Ara h antÐstrofh eikìna f−1(Vε) eÐnai anoiktì sto Rn,
kai x0 ∈ f−1(Vε). Sunep¸c up�rqei δ > 0 tètoio ¸ste D(x0, δ) ⊆ f−1(Vε) kai h f

eÐnai suneq c sto x0. Autì isqÔei gia k�je x0 ∈ Rn, �ra h f eÐnai suneq c.
¤

'Eqoume apodeÐxei to akìloujo je¸rhma:

Je¸rhma 1.3 H apeikìnish f : Rn −→ Rm eÐnai suneq c sto Rn e�n kai mìnon
e�n gia k�je anoiktì uposÔnolo A tou Rm, h antÐstrofh eikìna f−1(A) eÐnai anoiktì
uposÔnolo tou Rn.

¤
MporoÔme loipìn na exakrib¸soume e�n mÐa apeikìnish eÐnai suneq c e�n gnwrÐ-

zoume ta anoikt� uposÔnola tou pedÐou tim¸n kai tou pedÐou orismoÔ. Poièc eÐnai oi
qarakthristikèc idiìthtec twn anoikt¸n uposunìlwn?

L mma 1.4 Ta anoikt� uposÔnola tou Rn èqoun tic akìloujec idiìthtec:
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1. H ènwsh mÐac oikogèneiac anoikt¸n uposunìlwn tou Rn eÐnai anoiktì uposÔnolo.

2. H tom  k�je peperasmènhc oikogèneiac anoikt¸n uposunìlwn tou Rn eÐnai a-
noiktì uposÔnolo.

Apìdeixh.

1. JewroÔme thn oikogèneia anoikt¸n uposunìlwn Ai ⊆ Rn, i ∈ I. E�n x ∈⋃
i∈I Ai, tìte x ∈ Aj gia k�poio j ∈ I. AfoÔ to Aj eÐnai anoiktì, up�rqei

ε > 0 tètoio ¸ste D(x, ε) ⊆ Aj ⊆
⋃

i∈I Ai kai sunep¸c h ènwsh eÐnai anoiktì
uposÔnolo.

2. JewroÔme thn peperasmènh oikogèneia anoikt¸n uposunìlwn Ai ⊆ Rn, i =

1, . . . , k. E�n x ∈ ⋂k
i=1 Ai, tìte x ∈ Ai gia k�je i = 1, . . . , k. AfoÔ k�je

Ai eÐnai anoiktì, up�rqei εi > 0 tètoio ¸ste D(x, εi) ⊆ Ai. Jètoume ε =

min{εi : i = 1, . . . , k}. Tìte D(x, ε) ⊆ ⋂k
i=1 Ai kai sunep¸c h tom  eÐnai

anoiktì uposÔnolo.

¤
UpenjumÐzoume oti h tom  mÐac �peirhc oikogèneiac anoikt¸n sunìlwn mporeÐ na

mhn eÐnai anoiktì sÔnolo. Gia par�deigma,
⋂∞

n=1(−1/n, 1/n) = {0}.

TopologÐa.

QrhsimopoioÔme tic idiìthtec sto L mma 1.4 gia na orÐsoume anoikt� uposÔnola se
opoiod pote sÔnolo.

Orismìc. 'Estw X èna mh kenì sÔnolo. MÐa oikogèneia T apì uposÔnola tou X,
T ⊆ P(X), onom�zetai topologÐa sto X e�n

1. To kenì sÔnolo kai to X an koun sthn oikogèneia,

∅ ∈ T , X ∈ T .

2. H ènwsh k�je upooikogèneiac thc T an kei sthn oikogèneia T ,

A ⊆ T ⇒
⋃

A∈A
A ∈ T .

3. H tom  k�je peperasmènou uposunìlou thc T an kei sthn oikogèneia T ,

A = {Ai ∈ T : i = 1, . . . , k} ⇒
k⋂

i=1

Ai ∈ T .
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To zeÔgoc (X, T ) onom�zetai topologikìc q¸roc. Ta sÔnola A ∈ T onom�zon-
tai anoikt� uposÔnola tou topologikoÔ q¸rou (X, T ).

Orismìc. E�n (X, T ) kai (Y, U) eÐnai topologikoÐ q¸roi, mÐa apeikìnish f : X −→
Y lègetai suneq c e�n gia k�je anoiktì sÔnolo B sto Y , B ∈ U , h antÐstrofh
eikìna f−1(B) eÐnai anoiktì sÔnolo sto X, f−1(B) ∈ T .

ParathroÔme oti h sunèqeia mÐac apeikìnishc den exart�tai mìnon apì ta sÔnola
sta opoÐa orÐzetai h apeikìnish, all� kai apì thn topologÐa twn dÔo q¸rwn. H Ðdia
apeikìnish, mporeÐ na eÐnai suneq c me k�poiec topologÐec, kai mh suneq c me k�poiec
�llec. Se k�je perÐptwsh, h sÔnjesh suneq¸n sunart sewn eÐnai suneq c.

L mma 1.5 E�n (X, T ), (Y, U) kai (Z, W) eÐnai topologikoÐ q¸roi, kai oi apeiko-
nÐseic f : X −→ Y kai g : Y −→ Z eÐnai suneqeÐc, tìte h sÔnjesh g ◦ f : X −→ Z

eÐnai suneq c apeikìnish.

Apìdeixh. 'Estw A anoiktì uposÔnolo tou Z. UpenjumÐzoume oti (g ◦ f)−1(A) =

f−1(g−1(A)). AfoÔ g eÐnai suneq c, g−1(A) eÐnai anoiktì sto Y , kai afoÔ f eÐnai
suneq c, f−1(g−1(A)) eÐnai anoiktì sto X. 'Ara h g ◦ f eÐnai suneq c.

¤

Par�deigma 1.1 'Opwc eÐdame, to sÔnolo twn anoikt¸n uposunìlwn tou Rn ikano-
poieÐ tic idiìthtec mÐac topologÐac. Aut  thn topologÐa thn onom�zoume eukleÐdeia
topologÐa tou Rn. Oi apeikonÐseic f : Rn −→ Rm pou eÐnai suneqeÐc, me ton
analutikì orismì, se k�je shmeÐo tou Rn, eÐnai suneqeÐc apeikonÐseic metaxÔ twn
topologik¸n q¸rwn Rn kai Rm me thn eukleÐdeia topologÐa.

Par�deigma 1.2 Se opoiod pote mh kenì sÔnolo X, to sÔnolo ìlwn twn uposu-
nìlwn tou X apoteleÐ mÐa topologÐa sto X, D = P(X). EÐnai aplì na elègxoume
oti ikanopoioÔntai oi idiìthtec. Aut  h topologÐa onom�zetai diakrit  topologÐa
sto X. E�n o q¸roc X èqei th diakrit  topologÐa, tìte k�je apeikìnish apì ton
X se k�poio topologikì q¸ro Y eÐnai suneq c, afoÔ k�je uposÔnolo tou X eÐnai
anoiktì.

Par�deigma 1.3 Se opoiod pote mh kenì sÔnolo Y , to sÔnolo I = {∅, Y } apo-
teleÐ mÐa topologÐa sto Y . EÐnai aplì na elègxoume oti ikanopoioÔntai oi idiìthtec.
Aut  h topologÐa onom�zetai tetrimmènh topologÐa sto Y . E�n o q¸roc Y èqei
thn tetrimmènh topologÐa, tìte k�je apeikìnish apì k�poio topologikì q¸ro X ston
Y eÐnai suneq c, afoÔ h antÐstrofh eikìna tou Y eÐnai to X kai h antÐstrofh eikìna
tou ∅ ⊆ Y eÐnai to ∅ ⊆ X.
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Par�deigma 1.4 Pìsec diaforetikèc topologÐec orÐzontai se èna sÔnolo me dÔ-
o stoiqeÐa? 'Estw X = {0, 1}. To dunamosÔnolo tou X èqei tèssera stoiqeÐa,
P(X) = {∅, {0}, {1}, {0, 1}}. GnwrÐzoume thn tetrimmènh topologÐa I = {∅, {0, 1}},
kai th diakrit  topologÐa D = P(X). E�n up�rqei k�poia �llh topologÐa sto X,
aut  ja èqei trÐa anoikt� sÔnola. Elègxte oti to sÔnolo S = {∅, {0}, {0, 1}} ika-
nopoieÐ tic idiìthtec mÐac topologÐac. To sÔnolo X me aut  thn topologÐa onom�zetai
q¸roc Sierpinski kai ja to sumbolÐzoume 2S .

'Askhsh 1.2 Elègxte oti S = {∅, {0}, {0, 1}} ikanopoieÐ tic idiìthtec mÐac to-
pologÐac sto X = {0, 1}. To sÔnolo S ′ = {∅, {1}, {0, 1}} epÐshc ikanopoieÐ tic
idiìthtec mÐac topologÐac sto X. Elègxte se poièc apì tic akìloujec peript¸seic
eÐnai h tautotik  apeikìnish suneq c?

(X, I) −→ (X, D) , (X, S) −→ (X, I) , (X, I) −→ (X, S)

(X, S) −→ (X, D) , (X, D) −→ (X, S) , (X, S ′) −→ (X, S) .

Orismìc. 'Estw ènac topologikìc q¸roc (X, T ). 'Ena uposÔnolo F ⊆ X onom�-
zetai kleistì uposÔnolo tou topologikoÔ q¸rou (X, T ) e�n X\F eÐnai anoiktì,
X \ F ∈ T .

Prosoq ! �Kleistì� den eÐnai h �rnhsh tou �anoiktì�. 'Ena uposÔnolo enìc
topologikoÔ q¸rou mporeÐ na eÐnai tautìqrona anoiktì kai kleistì. Stouc pio sunh-
jismènouc q¸rouc, ta perissìtera uposÔnola den eÐnai oÔte to èna oÔte to �llo.

Prìtash 1.6 H oikogèneia twn kleist¸n sunìlwn enìc topologikoÔ q¸rou X, T ),
èqei tic akìloujec idiìthtec.

1. To kenì sÔnolo kai to sÔnolo X eÐnai kleist�.

2. H ènwsh k�je peperasmènhc oikogèneiac kleist¸n uposunìlwn tou X eÐnai
kleistì uposÔnolo tou X.

3. H tom  k�je oikogèneiac kleist¸n uposunìlwn tou X eÐnai kleistì uposÔnolo
tou X.

Apìdeixh. H apìdeixh basÐzetai stouc kanìnec De Morgan.

1. ∅ = X \X kai X = X \∅.
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2. E�n Fi, i = 1, . . . , k eÐnai kleist� uposÔnola tou X, tìte

X \
k⋃

i=1

Fi =
k⋂

i=1

(X \ Fi) ,

to opoÐo eÐnai anoiktì, wc peperasmènh tom  anoikt¸n uposunìlwn tou X.

3. E�n F eÐnai mÐa oikogèneia kleist¸n uposunìlwn tou X,

X \
⋂

F∈F
F =

⋃

f∈F
(X \ F ) ,

to opoÐo eÐnai anoiktì, wc ènwsh anoikt¸n uposunìlwn tou X.

¤

'Askhsh 1.3 DeÐxte oti h apeikìnish f : X −→ Y eÐnai suneq c e�n kai mìnon
e�n gia k�je kleistì uposÔnolo F ⊆ Y , h antÐstrofh eikìna f−1(F ) eÐnai kleistì
uposÔnolo tou X.

Par�deigma 1.5 Sto Rn mporoÔme na qarakthrÐsoume ta kleist� uposÔnola wc
ta uposÔnola pou perièqoun ta ìria ìlwn twn sugklinous¸n akolouji¸n touc. Pio
sugkekrimèna, e�n F eÐnai kleistì uposÔnolo tou topologikoÔ q¸rou Rn me thn
eukleÐdeia topologÐa, (ai) eÐnai mÐa sugklÐnousa akoloujÐa sto Rn kai ai ∈ F gia
k�je i ∈ N, tìte lim ai ∈ F . AntÐstrofa, e�n gia k�je sugklÐnousa akoloujÐa (ai)

sto Rn gia thn opoÐa ai ∈ F gia k�je i ∈ N, isqÔei lim ai ∈ F , tìte F eÐnai kleistì.
Sthn Prìtash 1.8 ja apodeÐxoume mÐa genÐkeush autoÔ tou apotelèsmatoc.

Metrik  topologÐa.

'Enac qr simoc trìpoc na orÐsoume mÐa topologÐa eÐnai na orÐsoume thn apìstash
metaxÔ twn shmeÐwn tou X qrhsimopoi¸ntac mÐa metrik .

Orismìc. MÐa sun�rthsh d : X ×X −→ R onom�zetai metrik  sto sÔnolo X,
e�n gia k�je x, y, z ∈ X,

1. d(x, y) = d(y, x).

2. d(x, y) ≥ 0, kai d(x, y) = 0 mìnon ìtan x = y.

3. Trigwnik  anisìthta: d(x, z) ≤ d(x, y) + d(y, z).



Kef�laio 1 TopologÐa, anoikt� sÔnola, sunèqeia 7

To zeÔgoc (X, d) onom�zetai metrikìc q¸roc.

Sto metrikì q¸ro (X, d), orÐzoume ton anoiktì dÐsko me kèntro x ∈ X kai
aktÐna r, na eÐnai to sÔnolo D(x, r) = {y ∈ X : d(y, x) < r}. ParathroÔme oti e�n
r > δ > 0, tìte D(x, δ) ⊆ D(x, r).

'Ena uposÔnolo A tou X lègetai anoiktì wc proc th metrik  d e�n gia k�je
x ∈ A up�rqei ε > 0 tètoio ¸ste D(x, ε) ⊆ A.

'Askhsh 1.4 DeÐxte oti o anoiktìc dÐskoc D(x, r) eÐnai anoiktì sÔnolo wc proc
th metrik  d.

L mma 1.7 To sÔnolo twn anoikt¸n sunìlwn sto X wc proc th metrik  d apoteleÐ
mÐa topologÐa sto X, th metrik  topologÐa Td.

Apìdeixh. H apìdeixh eÐnai an�logh thc apìdeixhc tou L mmatoc 1.4.
¤

Par�deigma 1.6 H sun�rthsh d : Rn×Rn −→ R, d(x, y) = ||x−y|| eÐnai metrik ,
h eukleÐdeia metrik  sto Rn. Oi dÔo pr¸tec idiìthtec eÐnai profaneÐc, en¸ h
trÐth prokÔptei apì thn anisìthta ||x− y|| ≤ ||x||+ ||y||. H topologÐa thc metrik c
d eÐnai h eukleÐdeia topologÐa tou Rn.

'Askhsh 1.5 DeÐxte oti se opoiod pote sÔnolo X, h sun�rthsh d : X ×X −→ R
h opoÐa orÐzetai

d(x, y) =

{
0 e�n x = y

1 e�n x 6= y

apoteleÐ metrik , kai oti h topologÐa thc metrik c d eÐnai h diakrit  topologÐa sto
X.

Se èna metrikì q¸ro mporoÔme na orÐsoume thn ènnoia thc sÔgklishc akolouji¸n.
H akoloujÐa (xi), xi ∈ X, sugklÐnei sto metrikì q¸ro (X, d), me ìrio lim xi = x,
e�n gia k�je ε > 0 up�rqei n0 tètoio ¸ste gia k�je n > n0 isqÔei d(xn, x) < ε.

'Askhsh 1.6 DeÐxte oti oi mìnec akoloujÐec pou sugklÐnoun wc proc th metrik 
thc 'Askhshc 1.5 eÐnai oi telik� stajerèc akoloujÐec.

Prìtash 1.8 'Estw metrikìc q¸roc (X, d). To uposÔnolo F ⊆ X eÐnai kleistì
wc proc th metrik  topologÐa e�n kai mìnon e�n gia k�je sugklÐnousa akoloujÐa (xn)

sto X, me xi ∈ F gia k�je i ∈ N, isqÔei lim xn ∈ F .

Apìdeixh. 'Estw F kleistì. JewroÔme sugklÐnousa akoloujÐa (xn) me xn ∈ F

gia k�je n ∈ N. Upojètoume oti lim xn = x 6∈ F . Tìte x ∈ X \ F , to opoÐo eÐnai
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anoiktì. 'Ara up�rqei ε > 0 tètoio ¸ste D(x, ε) ⊆ X \ F . All� tìte gia k�je
n ∈ N, d(xn, x) > ε, antÐfash. 'Ara lim xn ∈ F .

AntÐstrofa, upojètoume oti F den eÐnai kleistì. Tìte X \ F den eÐnai anoiktì,
kai up�rqei x0 ∈ X \ F tètoio ¸ste gia k�je k ∈ N, D(x0, 1/k) 6⊆ X \ F . Autì
shmaÐnei oti D(x0, 1/k) ∩ F 6= ∅. Epilègoume xk ∈ D(x0, 1/k) ∩ F . H akoloujÐa
(xk) sugklÐnei sto x0, afoÔ d(xk, x0) < 1/k.

¤

'Askhsh 1.7 DeÐxte oti e�n d eÐnai metrik  sto X kai Y eÐnai uposÔnolo tou X, o
periorismìc d|Y×Y : Y × Y −→ R orÐzei mÐa metrik  sto Y .

SumperaÐnoume oti k�je uposÔnolo tou Rn èqei mÐa topologÐa epagìmenh apì thn
eukleÐdeia metrik  sto Rn. Ja doÔme oti genikìtera, gia k�je topologikì q¸ro,
mporoÔme na orÐsoume mÐa kanonik  topologÐa se k�je uposÔnolo tou q¸rou.

Perioqèc kai sunèqeia se èna shmeÐo

E�n X eÐnai topologÐkìc q¸roc kai x eÐnai shmeÐo tou X, èna uposÔnolo U ⊆ X

onom�zetai perioq  tou shmeÐou x e�n up�rqei èna anoiktì uposÔnolo A tou X

tètoio ¸ste x ∈ A ⊆ U .

Par�deigma 1.7 'Ena anoiktì sÔnolo eÐnai perioq  ìlwn twn shmeÐwn tou. E�n U

eÐnai perioq  tou x kai U ⊆ V , tìte V eÐnai perioq  tou x.

Orismìc. 'Estw apeikìnish f : X −→ Y kai shmeÐo x tou X. Lème oti h apeikì-
nish f eÐnai suneq c sto shmeÐo x e�n gia k�je perioq  V tou f(x), up�rqei
perioq  U tou x, tètoia ¸ste f(U) ⊆ V .

Prìtash 1.9 H apeikìnish f : X −→ Y eÐnai suneq c e�n kai mìnon e�n h f eÐnai
suneq c se k�je shmeÐo tou X.

Apìdeixh. Upojètoume oti h apeikìnish f : X −→ Y eÐnai suneq c. E�n x ∈ X

kai V eÐnai perioq  tou f(x), up�rqei anoiktì uposÔnolo B tou Y , tètoio ¸ste
f(x) ∈ B ⊆ V . AfoÔ h f eÐnai suneq c, f−1(B) eÐnai anoiktì uposÔnolo tou
X. All� x ∈ f−1(B), kai sunep¸c U = f−1(B) eÐnai perioq  tou x tètoia ¸ste
f(U) ⊆ V .

Gia na apodeÐxoume to antÐstrofo, jewroÔme anoiktì uposÔnolo B tou Y . Gia
k�je x ∈ f−1(B), to sÔnolo B eÐnai perioq  tou f(x). 'Ara up�rqei perioq  Ux tou
x, tètoia ¸ste f(Ux) ⊆ B. Sunep¸c up�rqei anoiktì uposÔnolo Ax tou X, tètoio
¸ste Ax ⊆ Ux. All� tìte f−1(B) =

⋃
x∈f−1(B) Ax, �ra eÐnai anoiktì, kai h f eÐnai
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suneq c.
¤

Sqetik  TopologÐa.

Orismìc. E�n (X, T ) eÐnai topologikìc q¸roc kai Y eÐnai uposÔnolo tou X, to
sÔnolo twn tom¸n tou Y me anoikt� uposÔnola tou X apoteleÐ mÐa topologÐa sto
Y .

TY = {A ⊆ Y : A = B ∩ Y gia B ∈ T } .

H topologÐa TY onom�zetai sqetik  topologÐa sto Y wc uposÔnolo tou X, kai
o topologikìc q¸roc (Y, TY ) topologikìc upìqwroc tou (X, T ).

'Askhsh 1.8 JewroÔme to di�sthma [0, 1] me th sqetik  topologÐa wc uposÔnolo
tou R (me thn eukleÐdeia topologÐa). Poi� apì ta akìlouja sÔnola eÐnai anoikt�
uposÔnola tou [0, 1]?

[0, 1] , [0, 1/2) , (0, 1/2) , [1/3, 2/3) .

'Askhsh 1.9 JewroÔme to sÔnolo twn rht¸n Q me th sqetik  topologÐa wc u-
posÔnolo tou R (me thn eukleÐdeia topologÐa). Poi� apì ta akìlouja sÔnola eÐnai
anoikt� uposÔnola tou Q?

(0, 2) ∩Q , (0, 2] ∩Q , (0,
√

2) ∩Q , (0,
√

2] ∩Q .

'Askhsh 1.10 DeÐxte oti h apeikìnish σ : [0, 1] −→ 2S apì to kleistì di�sthma
(me th sqetik  topologÐa) sto q¸ro Sierpinski,

σ(x) =

{
0 e�n x < 1/2

1 e�n x ≥ 1/2

eÐnai suneq c.

Par�deigma 1.8 H apeikìnish tou uposunìlou Y sto X, ι : Y −→ X, ι(y) = y

onom�zetai ènjesh kai eÐnai suneq c wc apeikìnish apì to (Y, TY ) sto (X, T ).
Pr�gmati, h antÐstrofh eikìna enìc anoiktoÔ uposunìlou A ⊆ X eÐnai akrib¸c to
sÔnolo A ∩ Y , to opoÐo eÐnai anoiktì sth sqetik  topologÐa.



10 Gewmetrik  TopologÐa

Par�deigma 1.9 E�n f : X −→ Z eÐnai suneq c apeikìnish kai Y ⊆ X, o
periorismìc thc f sto Y , f |Y : Y −→ Z eÐnai suneq c apeikìnish wc proc th sqetik 
topologÐa tou Y . Pr�gmati, e�n A eÐnai anoiktì sto Z, f−1(A) eÐnai anoiktì sto X,
en¸ (f |Y )−1(A) = f−1(A) ∩ Y , to opoÐo eÐnai anoiktì sth sqetik  topologÐa.

Par�deigma 1.10 E�n X eÐnai ènac q¸roc me metrik  d, kai Y èna uposÔnolo tou
X, èqoume deÐ dÔo trìpouc na orÐsoume mÐa kanonik  topologÐa sto Y wc uposÔnolo
tou X:

1. Th metrik  topologÐa tou Y pou orÐzetai apì thn epagìmenh metrik  d|Y×Y

2. Th sqetik  topologÐa sto Y , (Td)Y .

Ja deÐxoume oti autèc oi dÔo topologÐec eÐnai Ðsec, sugkekrimèna oti:

'Ena uposÔnolo A tou Y eÐnai anoiktì wc proc th metrik  d|Y×Y e�n kai mìnon e�n
up�rqei anoiktì uposÔnolo B tou X tètoio ¸ste A = B ∩ Y .

'Estw A ∈ Td|Y×Y
. Autì shmaÐnei oti gia k�je x ∈ A up�rqei εx > 0 tètoio ¸ste o

anoiktìc dÐskoc DY (x, εx) = {y ∈ Y : d(x, y) < εx} perièqetai sto A. ParathroÔme
oti A =

⋃
x∈A DY (x, εx). JewroÔme ton anoiktì dÐsko sto X, DX(x, εx) = {y ∈

X : d(x, y) < εx}. Profan¸c DY (x, εx) = DX(x, εx) ∩ Y . To sÔnolo B =⋃
x∈A DX(x, εx) eÐnai anoiktì sto X, afoÔ eÐnai ènwsh anoikt¸n dÐskwn. Tìte

B ∩ Y =

(⋃
x∈A

DX(x, εx)

)
∩ Y

=
⋃
x∈A

(DX(x, εx) ∩ Y )

=
⋃
x∈A

DY (x, εx)

= A

Sunep¸c A ∈ (Td)Y .
'Estw t¸ra A ∈ (Td)Y . Autì shmaÐnei oti up�rqei B anoiktì sto X tètoio ¸ste

A = B ∩ Y . AfoÔ B eÐnai anoiktì sto X, gia k�je x ∈ A up�rqei εx > 0 tètoio
¸ste DX(x, εx) ⊆ B. O antÐstoiqoc anoiktìc dÐskoc sto Y eÐnai DY (x, εx) =

DX(x, εx) ∩ Y ⊆ B ∩ Y = A. Sunep¸c A ∈ Td|Y×Y
.
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OmoiomorfismoÐ, emfuteÔseic.

Orismìc. E�n X kai Y eÐnai topologikoÐ q¸roi, kai f : X −→ Y apeikìnish, h
f onom�zetai omoiomorfismìc e�n h f eÐnai amfimonos manth kai suneq c, kai h
antÐstrofh apeikìnish f−1 : Y −→ X eÐnai epÐshc suneq c. DÔo topologikoÐ q¸roi
X kai Y lègontai omoiomorfikoÐ e�n up�rqei omoiomorfismìc f : X −→ Y . To
sumbolÐzoume X ∼= Y .

Par�deigma 1.11 JewroÔme to di�sthma (−1, 1) me th sqetik  topologÐa wc
upìqwro tou R. H apeikìnish f : (−1, 1) −→ R, f(x) = x

1+|x| eÐnai omoiomorfismìc.
EÔkola elègqoume oti h antÐstrofh apeikìnish eÐnai suneq c. H apeikìnish g(x) =

tan(xπ
2

) eÐnai epÐshc omoiomorfismìc apì to (−1, 1) sto R.

Par�deigma 1.12 Sto sÔnolo X = {0, 1} èqoume dei tic topologÐec S = {∅, {0}, X}
kai S ′ = {∅, {1}, X}. H apeikìnish f(0) = 1, f(1) = 0 eÐnai omoiomorfismìc apì to
(X, S) sto X, S ′).

Par�deigma 1.13 DÔo q¸roi me th diakrit  topologÐa eÐnai omoiomorfikoÐ e�n kai
mìnon e�n èqoun to Ðdio pl joc stoiqeÐwn.

Par�deigma 1.14 Sto C orÐzoume th metrik  topologÐa apì th metrik  d(z, w) =

|z − w|. Me aut  thn topologÐa h apeikìnish (x, y) 7→ x + iy eÐnai omoiomorfismìc
apì to R2 sto C.

JewroÔme to di�sthma [0, 1) me th sqetik  topologÐa wc upìqwro tou R, kai ton
kÔklo S1 = {z ∈ C : |z| = 1} me th sqetik  topologÐa wc upìqwro tou C. H
apeikìnish f(t) = e2πit apì to [0, 1) sto S1 eÐnai suneq c kai amfimonos manth, all�
den eÐnai omoiomorfismìc. E�n g : S1 −→ [0, 1) eÐnai h antÐstrofh apeikìnish, h
antÐstrofh eikìna tou anoiktoÔ sunìlou [0, 1/2) eÐnai g−1([0, 1/2)) = {e2πit : 0 ≤
t < 1/2}, to opoÐo den eÐnai anoiktì sto S1.

E�n afairèsoume ta dÔstropa shmeÐa, èqoume omoiomorfismì f̃ : (0, 1) −→ S1 \
{1}.

'Enac omoiomorfismìc f : X −→ Y orÐzei mÐa amfimonos manth antistoiqÐa metaxÔ
twn anoikt¸n uposunìlwn tou X kai twn anoikt¸n uposunìlwn tou Y . Sunep¸c k�je
topologik  idiìthta � dhlad  k�je idiìthta pou mporeÐ na diatupwjeÐ me anafor� sta
anoikt� uposÔnola enìc q¸rou � pou isqÔei sto X isqÔei kai sto Y , kai antÐstrofa.
Apì topologik  �poyh, oi q¸roi X kai Y eÐnai isodÔnamoi. Ja jèlame na mporÔme
na diakrÐnoume pìte dÔo topologikoÐ q¸roi eÐnai omoiomorfikoÐ kai pìte ìqi. Den
eÐnai dunatìn na gÐnei autì algorijmik� gia ìlouc touc topologikoÔc q¸rouc. 'Omwc
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up�rqoun kathgorÐec topologik¸n q¸rwn gia tic opoÐec eÐnai dunatìn na dwjoÔn
apant seic, kai up�rqoun poll� ergaleÐa pou mac epitrèpoun na diakrÐnoume q¸rouc
pou den eÐnai omoiomorfikoÐ.

Orismìc. MÐa apeikìnish f : Y −→ X onom�zetai emfÔteush e�n h f eÐnai
suneq c eneikìnish, kai h amfimonos manth apeikìnish f : Y −→ f(Y ) eÐnai omoio-
morfismìc wc proc th sqetik  topologÐa tou f(Y ).

Par�deigma 1.15 K�je ènjesh enìc upìqwrou Y tou topologikoÔ q¸rou X eÐnai
emfÔteush. Se mÐa ènjesh, f(Y ) = Y me th sqetik  topologÐa wc upìqwroc tou X.

H apeikìnish f : R −→ R2, f(t) = (t, t2) eÐnai emfÔteush: h apeikìnish (t, t2) 7→ t

eÐnai suneq c, afoÔ eÐnai o periorismìc sto f(R) thc apeikìnishc (t, s) 7→ t apì to
R2 sto R.

H apeikìnish f : [0, 1) −→ C : t 7→ e2πit den eÐnai emfÔteush. 'Opwc eÐdame sto
Par�deigma 1.14, h eikìna thc f me th sqetik  topologÐa den eÐnai omoiomorfik  me
to di�sthma [0, 1).

Orismìc. 'Enac kìmboc eÐnai mÐa emfÔteush apì ton kÔklo S1 sto q¸ro R3.



Kef�laio 2

Diagr�mmata kìmbwn kai
sundèsmwn

OrÐsame ènan kìmbo na eÐnai mÐa emfÔteush apì ton kÔklo S1 sto q¸ro R3. 'Enac
sÔndesmoc me n sunist¸sec eÐnai mÐa emfÔteush apì thn xènh ènwsh n kÔklwn
sto q¸ro R3. Sun jwc den mac endiafèrei h sugkekrimènh paramètrhsh, kai jewroÔme
wc kìmbo   sÔndesmo to uposÔnolo tou R3 pou eÐnai omoiomorfikì me ton kÔklo  
thn xènh ènwsh n kÔklwn.

Se autì to kef�laio ja arqÐsoume th melèth twn kìmbwn mèsw twn diagramm�twn
touc sto epÐpedo. Diaisjhtik�, to di�gramma enìc kìmbou   enìc sundèsmou eÐnai h
probol  enìc kìmbou   sundèsmou sto epÐpedo, ètsi ¸ste k�je shmeÐo tou diagr�m-
matoc na antistoiqeÐ to polÔ se dÔo shmeÐa tou kìmbou, kai ta dipl� shmeÐa na eÐnai
peperasmèna.

MporoÔme na orÐsoume èna di�gramma sundèsmou wc èna sq ma sto epÐpedo
pou apoteleÐtai apì n korufèc kai 2n akmèc, ètsi ¸ste se k�je koruf  na sunant¸n-
tai akrib¸c 4 �kra akm¸n (autì pou sta Diakrit� Majhmatik� onom�zoume epÐpedo
tetrasjenèc gr�fhma) me thn akìloujh epiplèon dom , pou metatrèpei tic korufèc se
diastaur¸seic (crossings): se k�je koruf , to èna zeÔgoc twn apènanti �krwn
akm¸n eÐnai to p�nw pèrasma thc diastaÔrwshc (overpass) kai to �llo zeÔgoc
to k�tw pèrasma (underpass). Sto Sq ma 2.1 ta �kra pou apoteloÔn to p�nw
pèrasma eÐnai enwmèna, en¸ ta �kra pou apoteloÔn to k�tw pèrasma den en¸nontai.

Par�deigma 2.1 Sto Sq ma 2.2 èqoume èna gr�fhma me 4 korufèc kai 8 akmèc,
kai mÐa epilog  diastaur¸sewn, pou dÐdei èna di�gramma sundèsmou. Sthn koruf  A

oi akmèc 2 kai 5 apoteloÔn to p�nw pèrasma, en¸ oi akmèc 1 kai 6 to k�tw pèrasma.

Lème oti dÔo akmèc brÐskontai sto Ðdio tìxo tou diagr�mmatoc e�n ta �kra touc
apoteloÔn to p�nw pèrasma se mÐa diastaÔrwsh. Aut  h sqèsh eÐnai summetrik ,

13
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Sq ma 2.1: DiastaÔrwsh.

Sq ma 2.2: Apì to gr�fhma sto di�gramma sundèsmou.

kai epekteÐnetai se mÐa sqèsh isodunamÐac, h opoÐa orÐzei mÐa diamèrish twn akm¸n se
tìxa. Sto Par�deigma 2.1 oi akmèc 1 kai 7 apoteloÔn èna tìxo, oi akmèc 2, 3, 5 kai
8 apoteloÔn ìlec mazÐ èna tìxo, en¸ oi akm  4 eÐnai èna tìxo kai h akm  6 èna �llo
tìxo.

Lème oti dÔo akmèc brÐskontai sthn Ðdia sunist¸sa tou diagr�mmatoc e�n ta �kra
touc apoteloÔn eÐte to p�nw pèrasma eÐte to k�tw pèrasma se mÐa diastaÔrwsh. Aut 
h sqèsh eÐnai summetrik , kai epekteÐnetai se mÐa sqèsh isodunamÐac, h opoÐa orÐzei mÐa
diamèrish twn akm¸n se sunist¸sec. Parathr ste oti e�n dÔo akmèc brÐskontai
sto Ðdio tìxo, tìte upoqrewtik� eÐnai sthn Ðdia sunist¸sa. Sunep¸c èqoume diamèrish
twn tìxwn se sunist¸sec. Sto Par�deigma 2.1 oi akmèc 1, 7, 4 kai 6 apoteloÔn th
mÐa sunist¸sa tou diagr�mmatoc, en¸ oi akmèc 2, 8, 3 kai 5 thn �llh sunist¸sa. 'Ena
di�gramma me mÐa sunist¸sa eÐnai di�gramma kìmbou.

'Askhsh 2.1 All�xte mÐa apì tic diastaur¸seic sto Sq ma 2.2, kai breÐte ta p�nw
per�smata, ta tìxa kai tic sunist¸sec sto nèo di�gramma.

Parathr ste oti se èna gr�fhma me n korufèc èqoume 2n diaforetikoÔc trìpouc
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na epilèxoume tic diastaur¸seic, kai sunep¸c 2n diaforetik� diagr�mmata.

'Askhsh 2.2 Sto Sq ma 2.3 èqoume trÐa diaforetik� graf mata me 4 korufèc.
Epilègontac p�nw kai k�tw per�smata se k�je diastaÔrwsh paÐrnoume diaforetik�
diagr�mmata kìmbwn   sundèsmwn. Gia par�deigma, to gr�fhma gþ me thn epilog 
diastaur¸sewn tou Sq matoc, dÐdei èna di�gramma tou kìmbou pou onom�same oqt�ri.

1. Dokim�ste diaforetikèc epilogèc p�nw kai k�tw perasm�twn, kai prospaj ste
na apofasÐsete poiì kìmbo   sÔndesmo èqoume.

2. Pìsec sunist¸sec èqoun ta diagr�mmata pou prokÔptoun? MporeÐte na deÐxete
oti o arijmìc twn sunistws¸n kajorÐzetai apì to gr�fhma kai ìqi apì ta p�nw
kai k�tw per�smata?

3. MporeÐte na kataskeu�sete èna gr�fhma me 4 korufèc pou na dÐdei di�gramma
me 3 sunist¸sec?

Sq ma 2.3: 'Askhsh 2.2.

Se k�je sunist¸sa mporoÔme na epilèxoume ènan apì touc dÔo dunatoÔc prosa-
natolismoÔc, kai na èqoume èna prosanatolismèno di�gramma. Se èna pro-
sanatolismèno di�gramma èqoume dÔo diaforetik� eÐdh diastaur¸sewn, tic opoÐec o-
nom�zoume jetikèc kai arnhtikèc. Jetik  eÐnai mÐa diastaÔrwsh gia thn opoÐa
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ìtan h pal�mh tou dexioÔ qerioÔ brÐsketai k�tw apì th diastaÔrwsh kai deÐqnei sthn
kateÔjunsh tou k�tw per�smatoc, o antÐqeirac deÐqnei sthn kateÔjunsh tou p�nw
per�smatoc. Sthn antÐjeth perÐptwsh h diastaÔrwsh eÐnai arnhtik . Parathr ste
oti an antistrèyoume ton prosanatolismì ìlwn twn sunistws¸n, den all�zoun ta
prìshma twn diastaur¸sewn.

Sq ma 2.4: Prìshma diastaur¸sewn.

To �jroisma twn pros mwn ìlwn twn diastaur¸sewn se èna prosanatolismè-
no di�gramma D onom�zetai perièlixh (writhe) tou diagr�mmatoc, kai sumbolÐzetai
w(D). Apì thn prohgoÔmenh parat rhsh blèpoume oti h perièlixh enìc diagr�mmatoc
kìmbou, pou èqei mìno mÐa sunist¸sa, den exart�tai apì thn epilog  tou prosanatoli-
smoÔ. Antijètwc, h perièlixh enìc diagr�mmatoc me perissìterec apì mÐa sunist¸sec
exart�tai apì thn epilog  tou prosanatolismoÔ se k�je sunist¸sa.

E�n D eÐnai èna di�gramma me m sunist¸sec C1, . . . , Cm, orÐzoume ton arijmì
sÔndeshc `ij thc sunist¸sac Ci me th sunist¸sa Cj, gia i 6= j,

`ij =
1

2
(�jroisma twn pros mwn twn diastaur¸sewn metaxÔ Ci kai Cj) .

O arijmìc sÔndeshc (linking number) tou diagr�mmatoc D eÐnai to �jroisma

`(D) =
∑

1≤i<j≤m

`ij .

Par�deigma 2.2 To trifÔlli èqei perièlixh w(T ) = 3, anex�rthta apì thn epilog 
tou prosanatolismoÔ.

O sÔndesmoc Hopf èqei perièlixh w(H) = 2 e�n oi dÔo sunist¸sec èqoun antÐjeto
prosanatolismì, kai w(H) = −2 e�n èqoun ton Ðdio prosanatolismì. O arijmìc
sÔndeshc tou sundèsmou Hopf eÐnai `(H) = 1

2
(1 + 1) = 1 e�n oi dÔo sunist¸sec

èqoun antÐjeto prosanatolismì, kai `(H) = −1 e�n èqoun ton Ðdio prosanatolismì.
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O sÔndesmoc Borromeo èqei perièlixh w(B) = 0 kai arijmì sÔndeshc `(B) = 0,
me opoiod pote prosanatolismì stic treic sunist¸sec.

Sq ma 2.5: Perièlixh kai arijmìc sÔndeshc.

'Askhsh 2.3 Sta diagr�mmata pou kataskeu�sate sthn 'Askhsh 2.2 epilèxte pro-
sanatolismì se k�je sunist¸sa, kai upologÐste thn perièlixh kai (gia diagr�mmata
me perissìterec apì mÐa sunist¸sec) ton arijmì sÔndeshc.

'Askhsh 2.4 UpologÐste thn perièlixh twn kìmbwn me 5 diastaur¸seic sto Sq ma
2.20.

Kin seic Reidemeister

EÐnai profanèc oti diaforetik� diagr�mmata mporeÐ na parist�noun ton Ðdio kìmbo  
sÔndesmo. Ja orÐsoume mia sqèsh isodunamÐac sta diagr�mmata, ètsi ¸ste isodÔ-
nama diagr�mmata profan¸c perigr�foun isodÔnamouc kìmbouc   sundèsmouc. 'Ena
bajÔ je¸rhma tou Reidemeister exasfalÐzei oti isqÔei kai to antÐstrofo, gia thn
kat�llhlh sqèsh isodunamÐac metaxÔ kìmbwn   sundèsmwn, thn opoÐa ja orÐsoume
sth sunèqeia.

Xekin�me orÐzontac 4 eÐdh allag¸n R0, R1, R2, R3, pou mporoÔme na k�noume se
èna di�gramma.
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R0 DÔo diagr�mmata D kai F sundèontai me mÐa allag  tÔpou R0 e�n up�rqei mÐa
suneq c apeikìnish φ : R2 × [0, 1] −→ R2 tètoia ¸ste

(aþ) gia k�je t ∈ [0, 1] h apeikìnish φt : R2 −→ R2, φt(x, y) = φ(x, y, t) eÐnai
omoiomorfismìc,

(bþ) gia k�je (x, y) ∈ R2, φ(x, y, 0) = (x, y) kai

(gþ) gia k�je (x, y) ∈ D, φ(x, y, 1) ∈ F .

Lème oti φ eÐnai mÐa suneq c paramìrfwsh tou epipèdou pou apeikonÐzei
to di�gramma D sto F .

Sq ma 2.6: Allag  tÔpou R0.

R1 DÔo diagr�mmata D kai F sundèontai me mÐa kÐnhsh Reidemeister tÔpou R1

e�n ta diagr�mmata eÐnai Ðdia se ìlo to epÐpedo, ektìc apì to eswterikì enìc
dÐskou, ìpou to D perièqei to Sq ma 2.7.a kai to F perièqei to Sq ma 2.7.b.

R2 DÔo diagr�mmata D kai F sundèontai me mÐa kÐnhsh Reidemeister tÔpou R2

e�n ta diagr�mmata eÐnai Ðdia se ìlo to epÐpedo, ektìc apì to eswterikì enìc
dÐskou, ìpou to D perièqei to Sq ma 2.8.a kai to F perièqei to Sq ma 2.8.b.

R3 DÔo diagr�mmata D kai F sundèontai me mÐa kÐnhsh Reidemeister tÔpou R3

e�n ta diagr�mmata eÐnai Ðdia se ìlo to epÐpedo, ektìc apì to eswterikì enìc
dÐskou, ìpou to D perièqei to Sq ma 2.9.a kai to F perièqei to Sq ma 2.9.b.
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Sq ma 2.7: KÐnhsh Reidemeister tÔpou R1.

Sq ma 2.8: KÐnhsh Reidemeister tÔpou R2.

Sq ma 2.9: KÐnhsh Reidemeister tÔpou R3.

Orismìc. DÔo diagr�mmata kìmbwn   sundèsmwn D kai F eÐnai isotopik� e�n
up�rqei mÐa peperasmènh akoloujÐa apì diagr�mmata D1, . . . , Dk tètoia ¸ste D =

D1, F = Dk kai gia k�je i = 1, . . . , k− 1 ta diagr�mmata Di kai Di+1 sundèontai me
mÐa allag  tÔpou R0   me mÐa apì tic kin seic tÔpou R1, R2   R3.
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Prìtash 2.1 H isotopÐa eÐnai sqèsh isodunamÐac sto sÔnolo ìlwn twn diagramm�-
twn sundèsmwn.

Ja orÐsoume t¸ra th sqèsh isodunamÐac metaxÔ kìmbwn, h opoÐa epÐshc onom�zetai
isotopÐa.

Orismìc. DÔo kìmboi K : S1 −→ R3 kai M : S1 −→ R3 eÐnai isotopikoÐ e�n
up�rqei mÐa suneq c apeikìnish F : R3 × [0, 1] −→ R3, ìpou R3 × [0, 1] èqei thn
topologÐa tou upìqwrou tou R4, tètoia ¸ste

1. gia k�je t ∈ I, o periorismìc thc F sto R3 × {t} eÐnai omoiomorfismìc,

2. gia k�je x ∈ R3, F (x, 0) = x kai

3. gia k�je s ∈ S1, M(s) = F (K(s), 1).

H isotopÐa, paramorf¸nontac to q¸ro R3, metafèrei ton kìmbo K(x) = F (K(x), 0)

ston kìmbo M(x) = F (K(x), 1).

'Askhsh 2.5 DeÐxte oti h isotopÐa eÐnai sqèsh isodunamÐac sto sÔnolo twn kìmbwn.

OrÐsame ènan kìmbo na eÐnai opoiad pote emfÔteush tou kÔklou S1 sto q¸ro R3.
Autìc o orismìc eÐnai polÔ genikìc. Gia na mporèsoume na anaptÔxoume th jewrÐa
kìmbwn periorizìmaste stouc onomazìmenouc � merouc� kìmbouc.

Orismìc. 'Enac polugwnikìc kìmboc eÐnai ènac kìmboc K : S1 −→ R3 tou
opoÐou h eikìna eÐnai h ènwsh peperasmènou pl jouc eujugr�mmwn tmhm�twn sto R3.
'Enac kìmboc eÐnai  meroc, (tame), e�n eÐnai isotopikìc me ènan polugwnikì kìmbo.
Sthn antÐjeth perÐptwsh o kìmboc lègetai �grioc, (wild).

Je¸rhma 2.2 (Je¸rhma Reidemeister) DÔo kìmboi eÐnai isotopikoÐ e�n kai
mìnon e�n up�rqoun isotopik� diagr�mmata twn kìmbwn.

MporeÐte na breÐte mÐa apìdeixh tou jewr matoc Reidemeister sto biblÐo tou
K.Murasagi, Knot theory and its applications.

'Ena apì ta basik� probl mata pou jèloume na melet soume eÐnai na mporoÔme
na apofasÐsoume e�n dÔo diagr�mmata eÐnai isotopik�   ìqi. Gia apl� diagr�mmata,
mporoÔme na deÐxoume oti eÐnai isotopik� brÐskontac tic kin seic pou metatrèpoun to
èna sto �llo.

Par�deigma 2.3 Sto Sq ma 2.10 parousi�zontai oi kin seic Reidemeister pou
metatrèpoun to di�gramma (a) sto kanonikì di�gramma tou trifullioÔ.
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Sq ma 2.10: Isotopik� diagr�mmata.

'Askhsh 2.6 DeÐxte oti oi treic kin seic R1′ sto Sq ma 2.11, R3′ sto Sq ma 2.12
kai R3′′ sto Sq ma 2.13, oi opoÐec eÐnai diaforetikèc apì tic R1 kai R3, mporoÔn na
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ekfrastoÔn wc sÔnjesh kin sewn R1, R2 kai R3.

Sq ma 2.11: KÐnhsh R1′.

Sq ma 2.12: KÐnhsh R3′.
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Sq ma 2.13: KÐnhsh R3′′.

'Askhsh 2.7 BreÐte mÐa akoloujÐa kin sewn Reidemeister pou metatrèpei to di�-
gramma sto Sq ma 2.14 sto kanonikì di�gramma tou trifullioÔ.

Sq ma 2.14: 'Allo di�gramma gia to trifÔlli.

Isotopikèc analloÐwtec

Gia na deÐxoume oti dÔo diagr�mmata den eÐnai isotopik�, qrei�zetai na orÐsoume i-
sotopikèc analloÐwtec, dhlad  arijmoÔc   �lla majhmatik� antikeÐmena, pou
sundèontai me k�poio di�gramma kai den all�zoun ìtan efarmìzoume mÐa allag  tÔpou
R0   mÐa apì tic kin seic tÔpou R1, R2   R3. Tìte dÔo diagr�mmata pou diafèroun
se mÐa analloÐwth an koun upoqrewtik� se diaforetikèc kl�seic isotopÐac.

Par�deigma 2.4 O arijmìc sunistws¸n enìc diagr�mmatoc profan¸c den
all�zei apì thn R0 kai thn R1. EÔkola elègqoume oti den all�zei oÔte apì tic
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kin seic R2 kai R3: sthn kÐnhsh R2 ta tìxa mèsa sto dÐsko an koun se mÐa   se dÔo
sunist¸sec, kai autì den all�zei apì thn kÐnhsh, en¸ sthn kÐnhsh R3 ta tìxa mèsa
sto dÐsko an koun se mÐa, dÔo   treic sunist¸sec, kai autìc o arijmìc den all�zei
apì thn kÐnhsh. 'Ara èna di�gramma me m sunist¸sec den mporeÐ na eÐnai isotopikì me
èna di�gramma me n 6= m sunist¸sec. SumperaÐnoume oti to di�gramma tou sundèsmou
Hopf den eÐnai isotopikì me to di�gramma tou sundèsmou Borromeo, kai sunep¸c oi
dÔo sÔndesmoi den eÐnai isodÔnamoi.

DÔo prosanatolismèna diagr�mmata D kai F eÐnai isotopik� wc prosanato-
lismèna diagr�mmata e�n up�rqei mÐa isotopÐa twn upokeÐmenwn diagramm�twn
tètoia ¸ste o prosanatolismìc se k�je sunist¸sa tou D eÐnai o Ðdioc me ton prosa-
natolismì thc antÐstoiqhc sunist¸sac tou F .

Par�deigma 2.5 H perièlixh w(D) den eÐnai isotopik  analloÐwth enìc prosana-
tolismènou diagr�mmatoc: kin seic tÔpou R1 thn all�zoun.

Prìtash 2.3 O arijmìc sÔndeshc eÐnai isotopik  analloÐwth enìc prosanatoli-
smènou sundèsmou.

Apìdeixh. ArkeÐ na jewr soume touc arijmoÔc sÔndeshc `ij gia k�je zeÔgoc su-
nistws¸n. Oi allagèc tou tÔpou R0 den all�zoun ta prìshma twn diastaur¸sewn.
Oi kin seic tou tÔpou R1 ephre�zoun mìno mÐa sunist¸sa kai sunep¸c den all�zoun
touc arijmoÔc `ij. Oi kin seic tou tÔpou R2 afairoÔn   prosjètoun dÔo diastau-
r¸seic sto di�gramma, oi opoÐec èqoun p�nta antÐjeto prìshmo. 'Ara den all�zoun
to �jroisma `ij. Tèloc oi kin seic tou tÔpou R3 den all�zoun oÔte ton arijmì twn
diastaur¸sewn oÔte ta prìshm� touc, kai sunep¸c den all�zoun to `ij.

¤

'Askhsh 2.8 Elègxte touc isqurismoÔc sthn prohgoÔmenh apìdeixh gia tic kin seic
tÔpou R2 kai R3. Prèpei na elègxete ìlouc touc dunatoÔc prosanatolismoÔc twn
tìxwn pou perièqontai stouc dÐskouc.

SumperaÐnoume oti o sÔndesmoc Hopf den eÐnai isotopikìc me to mh-sÔndesmo me
dÔo sunist¸sec.
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Sq ma 2.15: Mh isotopikoÐ sÔndesmoi.

Ja doÔme k�poiec analloÐwtec gia kìmbouc (diagr�mmata me mÐa sunist¸sa).
Lème oti èna di�gramma kìmbou eÐnai triqrwmatikì e�n mporoÔme na orÐsoume

èna qr¸ma gia k�je tìxo, ètsi ¸ste na qrhsimopoi soume akrib¸c trÐa diaforetik�
qr¸mata, kai se k�je diastaÔrwsh eÐte ìla ta tìxa na èqoun to Ðdio qr¸ma, eÐte na
emfanÐzontai kai ta trÐa qr¸mata.

Par�deigma 2.6

Sq ma 2.16: Triqrwmatik� diagr�mmata.

Je¸rhma 2.4 H triqrwmatikìthta eÐnai isotopik  analloÐwth enìc kìmbou.

Apìdeixh. Oi allagèc tou tÔpou R0 den all�zoun tic diastaur¸seic, �ra den eph-
re�zoun thn triqrwmatikìthta. Se kin seic tÔpou R1 sth diastaÔrwsh sunant¸ntai
mìno dÔo diaforetik� tìxa, �ra èqoun upoqrewtik� to Ðdio qr¸ma.
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Sq ma 2.17: Triqrwmatikìthta sthn kÐnhsh R1.

Se kin seic tÔpou R2 kai R3 mporeÐ na qreiasteÐ na all�xoun ta qr¸mata k�poiwn
tìxwn gia na diathrhjeÐ h triqrwmatikìthta. Prèpei na elègxoume oti oi allagèc den
ephre�zoun ta qr¸mata sta tìxa pou bgaÐnoun apì to dÐsko, kai �ra den dhmiourgeÐtai
prìblhma sto upìloipo di�gramma.

Sq ma 2.18: Triqrwmatikìthta sthn kÐnhsh R2.

Se kin seic tÔpou R2 up�rqoun dÔo peript¸seic.

1. E�n ta tèssera tìxa èqoun to Ðdio qr¸ma, den qrei�zetai kammÐa allag .

2. E�n emfanÐzontai perissìtera apì èna qr¸mata, kat� thn kÐnhsh all�zei qr¸ma
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èna tìxo, all� den ephre�zontai ta qr¸mata twn tìxwn pou bgaÐnoun apì to
dÐsko.

Se kin seic tÔpou R3 up�rqoun pènte diaforetikèc peript¸seic.

1. E�n ìla ta tìxa èqoun to Ðdio qr¸ma, den qrei�zetai kammÐa allag .

2. Ta dÔo qiastÐ tìxa èqoun to Ðdio qr¸ma, kai to trÐto tìxo diaforetik� qr¸mata.

3. Ta dÔo qiastÐ tìxa èqoun diaforetik� qr¸mata, kai to tìxo sta arister� èqei
to Ðdio qr¸ma me to tìxo pou eÐnai p�nw pèrasma se ìlec tic diastaur¸seic.

4. Ta dÔo qiastÐ tìxa èqoun diaforetik� qr¸mata, kai to tìxo sta arister� èqei
to Ðdio qr¸ma me to tìxo p�nw dexi�.

5. Ta dÔo qiastÐ tìxa èqoun diaforetik� qr¸mata, kai to tìxo sta arister� èqei
to Ðdio qr¸ma me to tìxo k�tw arister�.

'Opwc faÐnetai sto Sq ma 2.19, se ìlec tic peript¸seic den all�zoun ta qr¸mata
sta tìxa pou bgaÐnoun apì to dÐsko. Prèpei na bebaiwjeÐte oti èqoume kalÔyei ìlec
tic dunatèc peript¸seic.

¤
O mh-kìmboc den eÐnai triqrwmatikìc: sto di�gramma qwrÐc diastaur¸seic den

mporoÔn na emfanÐzontai trÐa qr¸mata. 'Eqoume dei oti to trifÔlli eÐnai triqrwmatikì.
SumperaÐnoume oti up�rqoun mh tetrimmènoi kìmboi!

'Askhsh 2.9 DeÐxte oti to oqt�ri den eÐnai triqrwmatikì. (Dialèxte k�poia dia-
staÔrwsh kai upojèste oti sunant¸ntai trÐa qr¸mata. DeÐxte oti parabi�zetai h
triqrwmatikìthta se k�poia �llh diastaÔrwsh. Epanal�bete gia tic tèssereic dia-
staur¸seic.)

SumperaÐnoume oti to trifÔlli kai to oqt�ri den eÐnai isotopikoÐ kìmboi.
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Sq ma 2.19: Triqrwmatikìthta sthn kÐnhsh R3.

OrÐzoume ton arijmì diastaur¸sewn c(D) enìc kìmbou   enìc sundèsmou
na eÐnai o el�qistoc arijmìc diastaur¸sewn sta diagr�mmata thc kl�shc isotopÐac
tou D. O arijmìc diastaur¸sewn eÐnai ex orismoÔ isotopik  analloÐwth. Kìmboi me
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mikrì arijmì diastaur¸sewn èqoun taxinomhjeÐ kai up�rqoun pÐnakec ìpwc autìc sto
Sq ma 2.20.

Sq ma 2.20: Kìmboi me mèqri okt¸ diastaur¸seic.

MÐa allag  diastaÔrwshc (crossing change) antall�ssei to p�nw kai to
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k�tw pèrasma sth diastaÔrwsh. Ja doÔme oti k�nontac k�poiec allagèc diastaur¸-
sewn mporoÔme na �lÔsoume� k�je kìmbo.

Sq ma 2.21: Allag  diastaÔrwshc.

EÐnai arket� eÔkolo na peistoÔme diaisjhtik� oti alhjeÔei to akìloujo apotèle-
sma. Gia thn apìdeix  tou ja qreiastoÔme ergaleÐa pou ja anaptÔxoume argìtera.

L mma 2.5 E�n se èna di�gramma kìmbou mporoÔme na epilèxoume èna shmeÐo tètoio
¸ste diatrèqontac to di�gramma apì autì to shmeÐo, thn pr¸th for� pou sunant�me
k�je diastaÔrwsh briskìmaste sto k�tw pèrasma, tìte to di�gramma eÐnai isotopikì
me to mh-kìmbo.

Sq ma 2.22: Di�gramma pou �anebaÐnei�.

Prìtash 2.6 Se èna di�gramma kìmbou me n diastaur¸seic, qrei�zontai to polÔ n
2

allagèc diastaur¸sewn gia na to metatrèyoume se èna di�gramma tou mh-kìmbou.
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Apìdeixh. Dialègoume èna shmeÐo sto di�gramma, kai diatrèqoume to di�gramma
shmei¸nontac thn pr¸th for� pou sunantoÔme mÐa diastaÔrwsh e�n briskìmaste sto
p�nw pèrasma   sto k�tw pèrasma. 'Estw oti èqoume k p�nw per�smata kai n−k k�tw
per�smata. E�n k ≥ n

2
, all�zoume ìlec tic diastaur¸seic pou prwtosunant same

wc k�tw per�smata. Autèc eÐnai to polÔ n
2
. Apì to L mma 2.5, to di�gramma pou

paÐrnoume parist�nei to mh-kìmbo.
¤

OrÐzoume ton arijmì �xedesÐmatoc� (unknotting number) enìc kìmbou K na
eÐnai o el�qistoc arijmìc u(K) allag¸n se diastaur¸seic pou apaiteÐtai se k�poio
di�gramma thc kl�shc isotopÐac tou diagr�mmatoc tou kìmbou, gia na to metatrèyei
se di�gramma thc kl�shc isotopÐac tou mh-kìmbou.

Par� ìlo pou gnwrÐzoume oti u(K) ≤ 1
2
c(K), akìma kai gia sqetik� aploÔc kìm-

bouc den eÐnai gnwstìc autìc o arijmìc. To prìblhma eÐnai oti èna pio polÔploko
di�gramma mporeÐ na lÔnetai me ligìterec allagèc.

E�n D eÐnai èna di�gramma sundèsmou, o antikatoptrismìc tou D eÐnai to
di�gramma D sto opoÐo èqoume all�xei k�je diastaÔrwsh. To di�gramma D eÐnai
isotopikì me ton antikatoptrismì tou D wc proc k�poion �xona sto epÐpedo tou D.

Ja deÐxoume argìtera oti to trifÔlli den eÐnai isotopikì me ton antikatoptrismì
tou.

Sq ma 2.23: To trifÔlli kai o antikatoptrismìc tou.

'Askhsh 2.10 DeÐxte oti to oqt�ri eÐnai isotopikì me ton antikatoptrismì tou.
(Upìdeixh: K�nte to pr¸ta me èna komm�ti skoinÐ, kai met� dokim�ste na to perigr�-
yete me kin seic Reidemeister.) MporeÐte na to k�nete qwrÐc na qrhsimopoi sete thn
kÐnhsh R1?

E�n D eÐnai èna prosanatolismèno di�gramma sundèsmou, to antÐjeto tou D eÐnai
to di�gramma rD, to opoÐo èqei ton antÐjeto prosanatolismì se k�je sunist¸sa.



32 Gewmetrik  TopologÐa

To di�gramma to trifullioÔ kai to antÐjetì tou eÐnai isotopik�. EÔkola blèpou-
me oti prokÔptoun apì ton Ðdio prosanatolismèno kìmbo, me peristrof  gÔrw apì
ènan �xona sto R3. Apì to Je¸rhma Reidemeister, ta diagr�mmata prèpei na eÐnai
isotopik�.

Sq ma 2.24: To prosanatolismèno trifÔlli eÐnai isotopikì me to antÐjetì tou.

'Askhsh 2.11 BreÐte tic kin seic Reidemeister pou dÐdoun thn isotopÐa metaxÔ T

kai rT .

Mìlic to 1964 anakalÔfjhkan kìmboi gia touc opoÐouc rD 6' D.



Kef�laio 3

Polu¸numa kìmbwn kai
sundèsmwn

To polu¸numo 〈D〉.
Gia k�je di�gramma sundèsmou D ja orÐsoume èna polu¸numo Laurent mÐac meta-
blht c A, to opoÐo sumbolÐzoume 〈D〉. To polu¸numo autì qarakthrÐzetai apì tic
akìloujec idiìthtec.

BP1 E�n U eÐnai to tetrimmèno di�gramma me mÐa sunist¸sa kai kamÐa diastaÔrwsh,
tìte

〈U〉 = 1 .

BP2 E�n D t U sumbolÐzei to di�gramma D me mÐa epiplèon sunist¸sa, h opoÐa den
èqei kamÐa diastaÔrwsh, tìte

〈D t U〉 = −(A2 + A−2)〈D〉 .

BP3 E�n sto di�gramma D �anoÐxoume� mÐa diastaÔrwsh, sÔmfwna me ta Sq mata 3.1
kai 3.2, gia na p�roume ta diagr�mmata DL kai DR, tìte

〈D〉 = A〈DL〉+ A−1〈DR〉 .

'Otan lème oti �anoÐgoume� mÐa diastaÔrwsh ennooÔme oti kìboume ta skoini� pou
diastaur¸nontai, kai en¸noume k�je �kro tou p�nw per�smatoc me èna apì ta �kra
tou k�tw per�smatoc. E�n en¸soume k�je �kro tou p�nw per�smatoc me to �kro tou
k�tw per�smatoc pou brÐsketai sta arister�, sumbolÐzoume to nèo di�gramma DL,
en¸ e�n en¸soume k�je �kro tou p�nw per�smatoc me to �kro tou k�tw per�smatoc
pou brÐsketai sta dexi�, sumbolÐzoume to nèo di�gramma DR.

33
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Sq ma 3.1: �AnoÐgw� mÐa diastaÔrwsh proc ta arister�, (me jetik  kat�stash).

Sq ma 3.2: �AnoÐgw� mÐa diastaÔrwsh proc ta dexi�, (me arnhtik  kat�stash).

Oi parap�nw idiìthtec dÐdoun èna kal� orismèno polu¸numo e�n deÐxoume oti to
apotèlesma den exart�tai apì th di�taxh me thn opoÐa �anoÐgoume� tic diastaur¸seic.
Proc to parìn upojètoume oti autì isqÔei kai upologÐzoume k�poia polu¸numa. Ja
to apodeÐxoume se lÐgo.

Par�deigma 3.1 Qrhsimopoi¸ntac tic idiìthtec BP1 kai BP2 upologÐzoume oti to
di�gramma tou mh-sundèsmou me k sunist¸sec kai kamÐa diastaÔrwsh, Uk =

⊔k
i=1 U ,

èqei polu¸numo
〈Uk〉 = (−1)k−1(A2 + A−2)k−1 .

Par�deigma 3.2 Ja upologÐsoume to polu¸numo tou diagr�mmatoc H tou sundè-
smou Hopf, sto Sq ma 3.3, anoÐgontac pr¸ta th diastaÔrwsh α. Blèpoume oti tìso
to di�gramma HL ìso kai to di�gramma HR eÐnai diagr�mmata tou mh-kìmbou. 'Omwc
den mporoÔme na upojèsoume oti ta antÐstoiqa polu¸numa eÐnai ta Ðdia me tou U , afoÔ
den èqoume deÐxei oti to polu¸numo 〈D〉 eÐnai isotopik  analloÐwth: ja doÔme amèswc
oti den eÐnai!

AnoÐgontac th diastaÔrwsh sto HL, blèpoume oti

〈HL〉 = A〈U2〉+ A−1〈U〉
= −A(A2 + A−2) + A−1

= −A3 ,
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Sq ma 3.3: Upologismìc tou poluwnÔmou tou sundèsmou Hopf.

en¸ gia to HR èqoume

〈HR〉 = A〈U〉+ A−1〈U2〉
= A− A−1(A2 + A−2)

= −A−3 .

'Ara to polu¸numo tou diagr�mmatoc H eÐnai

〈H〉 = A〈HL〉+ A−1〈HR〉
= A(−A3) + A−1(−A−3)

= −(A4 + A−4) .

Par�deigma 3.3 Ja upologÐsoume to polu¸numo tou diagr�mmatoc T tou triful-
lioÔ. 'Opwc blèpoume sto Sq ma 3.4, e�n anoÐxoume th diastaÔrwsh α, to di�gramma
TR eÐnai o sÔndesmoc Hopf, en¸ to TL eÐnai di�gramma tou mh-kìmbou me dÔo diastau-
r¸seic. Ac doÔme pio analutik� ton upologismì gia to di�gramma K = TL.

〈K〉 = A〈KL〉+ A−1〈KR〉
= A(A〈(KL)L〉+ A−1〈(KL)R〉) + A−1(A〈(KR)L〉+ A−1〈(KR)R〉)
= A(A〈U3〉+ A−1〈U2〉) + A−1(A〈U2〉+ A−1〈U〉)
= A2〈U3〉+ A0〈U2〉+ A0〈U2〉+ A−2〈U〉 (3.1)
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= A2(A2 + A−2)2 − 2(A2 + A−2) + A−2

= A6 .

Sq ma 3.4: Upologismìc tou poluwnÔmou tou trifullioÔ.

Sunep¸c

〈T 〉 = A〈TL〉+ A−1〈TR〉
= AA6 − A−1(A4 + A−4)

= A7 − A3 − A−5 .

'Askhsh 3.1 DeÐxte oti o antikatoptrismìc tou trifullioÔ, T , èqei polu¸numo

〈T 〉 = A−7 − A−3 − A5 .

L mma 3.1 To polu¸numo 〈D〉 eÐnai analloÐwto apì allagèc tÔpou R0 kai kin seic
R2 kai R3.
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Apìdeixh. Oi allagèc tÔpou R0 den all�zoun tic diastaur¸seic, kai sunep¸c den
ephre�zoun to polu¸numo 〈D〉.

Sto Sq ma 3.5 parousi�zoume ton upologismì pou deÐqnei oti e�n all�xoume èna
di�gramma mìno sto eswterikì enìc dÐskou, mèsw thc kÐnhshc R2, to polu¸numo den
all�zei. Sto Sq ma deÐqnoume mìno to mèroc tou diagr�mmatoc pou perièqetai sto
dÐsko, en¸ to upìloipo di�gramma paramènei amet�blhto.

Sq ma 3.5: To polu¸numo 〈D〉 eÐnai analloÐwto apì kin seic R2.

Sto Sq ma 3.6 parousi�zoume ton upologismì pou deÐqnei oti e�n all�xoume èna
di�gramma mìno sto eswterikì enìc dÐskou, mèsw thc kÐnhshc R3, to polu¸numo den
all�zei.

¤

L mma 3.2 Kin seic tÔpou R1, pollaplasi�zoun to polu¸numo 〈D〉 epÐ −A−3  
−A3.

Apìdeixh. Sto Sq ma 3.7 parousi�zoume ton upologismì pou deÐqnei oti e�n al-
l�xoume èna di�gramma mìno sto eswterikì enìc dÐskou, mèsw thc kÐnhshc R1, to
polu¸numo all�zei kat� èna par�gonta −A3.
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Sq ma 3.6: To polu¸numo 〈D〉 eÐnai analloÐwto apì kin seic R3.

Sq ma 3.7: H metabol  sto polu¸numo 〈D〉 apì kin seic R1.

¤

'Askhsh 3.2 DeÐxte oti h kÐnhsh R1′, all�zei to polu¸numo kat� èna par�gonta
−A−3, dhlad  ìpwc sto Sq ma 3.8
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Sq ma 3.8: H metabol  sto polu¸numo 〈D〉 apì kin seic R1′.

'Askhsh 3.3 E�n H eÐnai o sÔndesmoc Hopf, T to trifÔlli kai E to oqt�ri, deÐxte
oti

〈E〉 = A〈T 〉 − A−4〈H〉 .

Epistrèfoume gia na deÐxoume oti to polu¸numo 〈D〉 exart�tai mìnon apì to di�-
gramma D kai ìqi apì th di�taxh twn diastaur¸sewn pou epilègoume gia na to upo-
logÐsoume. MÐa kat�stash gia to di�gramma D eÐnai mÐa apeikìnish apì to sÔnolo
twn diastaur¸sewn tou D sto sÔnolo {−1, +1}. Up�rqoun 2n katast�seic se èna
di�gramma me n diastaur¸seic. MÐa kat�stash prosdiorÐzei ton trìpo me ton opoÐ-
o anoÐgoume k�je diastaÔrwsh sto D: E�n h diastaÔrwsh apeikonÐzetai sto +1,
anoÐgoume th diastaÔrwsh proc ta arister�, ìpwc sto Sq ma 3.1. Sthn antÐjeth
perÐptwsh, anoÐgoume th diastaÔrwsh proc ta dexi�, ìpwc sto Sq ma 3.2. 'Otan a-
noÐxoume kai tic n diastaur¸seic, èqoume èna di�gramma qwrÐc diastaur¸seic, dhlad 
to di�gramma apoteleÐtai apì k xènouc kÔklouc, ìpou o arijmìc twn sunistws¸n k

exart�tai apì to arqikì di�gramma D kai thn kat�stash. Dhlad  k�je kat�stash
prosdiorÐzei ènan trìpo na efarmìsoume epaneilhmmèna ton kanìna BP3, kai kata-
l gei se ènan ìro thc morf c Am〈Uk〉, ìpwc eÐdame ston upologismì tou 3.1. To
�jroisma gia tic 2n katast�seic dÐdei mÐa èkfrash gia to polu¸numo 〈D〉. All�
autì to �jroisma exart�tai mìnon apì to di�gramma D, kai ìqi apì th di�taxh twn
diastaur¸sewn.

'Eqoume deÐxei oti to polu¸numo 〈D〉 orÐzetai me monadikì trìpo apì tic idiìth-
tec BP1, BP2 kai BP3, kai oti eÐnai analloÐwto apì tic kin seic R0, R2 kai R3.
T¸ra mporoÔme na orÐsoume to polu¸numo Kauffman gia prosanatolismènouc sun-
dèsmouc, to opoÐo eÐnai isotopik  analloÐwth. UpenjumÐzoume thn perièlixh w(D)

enìc prosanatolismènou diagr�mmatoc, dhlad  to �jroisma twn pros mwn ìlwn twn
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diastaur¸sewn.

Orismìc. Gia k�je prosanatolismèno di�gramma sundèsmou D, onom�zoume po-
lu¸numo Kauffman to akìloujo polu¸numo se mÐa metablht  A,

f [D] = (−A)−3w(D)〈D〉 .

Je¸rhma 3.3 To polu¸numo Kauffman eÐnai isotopik  analloÐwth prosanatoli-
smènwn sundèsmwn.

Apìdeixh. Tìso h perièlixh w(D) ìso kai to polu¸numo 〈D〉 eÐnai analloÐwta
apì kin seic R0, R2 kai R3. ArkeÐ na elègxoume ti gÐnetai gia thn kÐnhsh R1.

JewroÔme to prosanatolismèno di�gramma D, kai èstw D′ to prosanatolismèno
di�gramma me mÐa epiplèon diastaÔrwsh, pou prokÔptei apì to D me mÐa kÐnhsh R1.
Tìte w(D′) = w(D)− 1 kai 〈D′〉 = −A−3〈D〉. 'Ara

f [D′] = (−A)−3w(D′)〈D′〉
= (−A)−3(w(D)−1)((−A)−3〈D〉)
= (−A)−3w(D)(−A)3(−A)−3〈D〉
= f [D] .

¤

Sq ma 3.9: To polu¸numo Kauffman eÐnai analloÐwto apì kin seic R1.

Par�deigma 3.4 Gia to sÔndesmo Hopf èqoume 〈H〉 = −(A4 + A−1), kai e�n
d¸soume antÐjeto prosanatolismì stic dÔo sunist¸sec, h perièlixh eÐnai w(H−) =
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−2. 'Ara

f [H−] = (−A)−3(−2)(−(A4 + A−4))

= −A−6(A4 + A−4)

= −(A10 + A2)

Par�deigma 3.5 Ja upologÐsoume to polu¸numo Kauffman gia to trifÔlli T kai
ton antikatoptrismì tou T . GnwrÐzoume oti gia kìmbouc, h perièlixh den exart�tai
apo thn epilog  prosanatolismoÔ, kai eÐnai w(T ) = −3, w(T ) = 3. 'Ara èqoume

f [T ] = (−A)9(A7 − A3 − A−5) kai f [T ] = (−A)−9(A−7 − A−3 − A5) .

SumperaÐnoume oti oi dÔo kìmboi den eÐnai isotopikoÐ.

Pìrisma 3.4 To trifÔlli den eÐnai isotopikì me ton antikatoptrismì tou,

T 6' T .

'Askhsh 3.4 UpologÐste to polu¸numo Kauffman gia to oqt�ri.

Prìtash 3.5 E�n D eÐnai èna di�gramma sundèsmou, kai D o antikatoptrismìc
tou, tìte

f [D](A) = f [D](A−1) ,

dhlad  to polu¸numo f [D] prokÔptei apì to f [D] e�n antikatast soume to A me to
A−1.

Apìdeixh. GnwrÐzoume oti to di�gramma D eÐnai isotopikì me to D sto opoÐo
èqoume all�xei ìlec tic diastaur¸seic. ParathroÔme oti h allag  stic diastaur¸seic
all�zei to prìshmo thc perièlixhc, kai enall�ssei to A me to A−1 sto polu¸numo
〈D〉, ètsi ¸ste 〈D〉(A) = 〈D〉(A−1). 'Ara

f [D](A) = (−A)−3w(D)〈D〉(A)

= (−A)−3(−w(D))〈D〉(A−1)

= (−A−1)−3w(D)〈D〉(A−1)

= f [D](A−1) .

¤
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Pìrisma 3.6 E�n D ' D, tìte f [D] eÐnai summetrikì:

f [D](A) = f [D](A−1) .

Orismìc. To polu¸numo Jones enìc prosanatolismènou diagr�mmatoc sundèsmou
D eÐnai to polu¸numo Laurent

VD(t) = f [D](t1/4) .

To polu¸numo Jones anakalÔfjhke to 1985, kai prok�lese shmantikèc exelÐxeic
sth jewrÐa kìmbwn. Mèsa se lÐgouc m nec anakalÔfjhkan �peira nèa polu¸numa,
pou dÐdoun shmantikèc plhroforÐec gia sundèsmouc kai kìmbouc. Wc èna par�deigma
aut¸n twn apotelesm�twn, ja d¸soume mÐa sqèsh metaxÔ tou poluwnÔmou kai tou
arijmoÔ twn diastaur¸sewn se èna di�gramma.

'Ena di�gramma sundèsmou lègetai sunektikì e�n prokÔptei apì èna sunektikì
gr�fhma sto epÐpedo. 'Ena di�gramma lègetai aplopoihmèno e�n den qwrÐzetai se
dÔo tm mata ta opoÐa sundèontai me mÐa diastaÔrwsh, ìpwc sto Sq ma 3.10. 'Ena
di�gramma sundèsmou lègetai enallassìmeno e�n diatrèqontac k�je sunist¸sa,
sunant�me enall�x p�nw kai k�tw per�smata.

Sq ma 3.10: Mh aplopoihmèno di�gramma.

Je¸rhma 3.7 'Estw D sunektikì di�gramma sundèsmou, me n diastaur¸seic kai
polu¸numo Jones VD(t). SumbolÐzoume M ton mègisto ekjèth tou t sto VD, kai m

ton el�qisto ekjèth tou t sto VD. Tìte

M −m ≤ n .

E�n to di�gramma D eÐnai enallassìmeno kai aplopoihmèno, tìte M −m = n.

Pìrisma 3.8 E�n ènac sÔndesmoc èqei èna sunektikì, aplopoihmèno, enallassìme-
no di�gramma me n diastaur¸seic, tìte den èqei di�gramma me ligìterec diastaur¸seic.
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Nèoi topologikoÐ q¸roi

MÐa topologÐa sto X eÐnai èna uposÔnolo tou dunamosunìlou tou X, T ⊆ P(X). H
merik  di�taxh tou egkleismoÔ, h opoÐa orÐzetai metaxÔ twn uposunìlwn tou P(X),
orÐzei mÐa sqèsh di�taxhc sto sÔnolo ìlwn twn topologi¸n sto X. MÐa topologÐa
T eÐnai mikrìterh apì thn topologÐa U e�n T ⊆ U , kai antÐstoiqa h U eÐnai
megalÔterh apì thn T . Aut  h di�taxh twn topologi¸n mac dieukolÔnei na orÐsoume
topologÐec me sugkekrimènec idiìthtec.

Je¸rhma 4.1 'Estw mh kenì sÔnolo X, kai oikogèneia uposunìlwn tou X, C ⊆
P(X). Tìte up�rqei monadik  el�qisth topologÐa TC sto X gia thn opoÐa k�je sÔnolo
sth C eÐnai anoiktì, C ⊆ TC. H topologÐa TC apoteleÐtai apì en¸seic peperasmènwn
tom¸n sunìlwn thc C.

Apìdeixh. 'Estw A h oikogèneia twn en¸sewn peperasmènwn tom¸n sunìlwn thc
oikogèneiac C. Pio sugkekrimèna, e�n A ∈ A, tìte A =

⋃
j∈J Aj, ìpou gia k�je

j ∈ J up�rqei kj ∈ N kai Aj,1, . . . , Aj,kj
sÔnola sthn oikogèneia C, tètoia ¸ste

Aj =
⋂kj

i=1 Aj,i.
E�n U eÐnai topologÐa sto X kai C ⊆ U , eÐnai profanèc oti A ⊆ U . Sunep¸c h

oikogèneia A perièqetai se k�je topologÐa pou perièqei to C. E�n deÐxoume oti A
eÐnai topologÐa, aut  eÐnai h el�qisth topologÐa sto X pou perièqei to C, dhlad 
TC = A.

Elègqoume oti A eÐnai topologÐa sto X. To sÔnolo X eÐnai h tom  thc ken c
oikogèneiac uposunìlwn tou X sthn A, en¸ to kenì sÔnolo ∅ ⊆ X eÐnai h ènwsh
thc ken c oikogèneiac uposunìlwn tou X sthn A.

EÐnai profanèc oti en¸seic sunìlwn sthn A an koun sthn A. Prèpei na deÐxoume
oti oi peperasmènec tomèc sunìlwn sthn A anhkoun sthn A. ArkeÐ na to deÐxoume gia
thn tom  dÔo sunìlwn, afoÔ mporoÔme na epekteÐnoume, me epagwg , se peperasmènec
oikogèneiec. JewroÔme sÔnola A kai B sto A, dhlad  A =

⋃
j∈J Aj, ìpou Aj =

43
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⋂kj

i=1 Aj,i, gia kj ∈ N kai Aj,i ∈ C, kai B =
⋃

s∈S Bs, ìpou Bs =
⋂ms

t=1 Bs,t, gia ms ∈ N
kai Bs,t ∈ C, kai upologÐzoume thn tom  touc

A ∩B =

(⋃
j∈J

Aj

)
∩

(⋃
s∈S

Bs

)

=
⋃
j∈J

⋃
s∈S

(Aj ∩Bs)

=
⋃

(j,s)∈J×S




kj⋂
i=1

Aj,i ∩
ms⋂
t=1

Bs,t




h opoÐa eÐnai ènwsh peperasmènwn tom¸n sunìlwn tou C. Sunep¸c A∩B an kei sthn
A.

SumperaÐnoume oti TC = A eÐnai h monadik  el�qisth topologÐa sto X pou perièqei
thn oikogèneia C.

¤
E�n T eÐnai h el�qisth topologÐa sto X pou perièqei thn oikogèneia C, lème oti C

eÐnai upob�sh thc topologÐac T . DeÐxame oti k�je anoiktì sÔnolo sthn topologÐa
T eÐnai ènwsh peperasmènwn tom¸n sunìlwn thc upob�shc C.

E�n B eÐnai oikogèneia uposunìlwn tou X, kai k�je anoiktì sÔnolo sthn topo-
logÐa T eÐnai ènwsh sunìlwn thc B, lème oti B eÐnai b�sh thc topologÐac T .

Par�deigma 4.1 Oi anoiktèc hmieujeÐec apoteloÔn upob�sh thc topologÐac tou
R,

C = {(−∞, b) ⊆ R, (a, ∞) ⊆ R : a, b ∈ R} ,

en¸ ta anoikt� diast mata apoteloÔn b�sh thc topologÐa tou R. Pr�gmati, k�je
anoiktì uposÔnolo tou R eÐnai ènwsh diasthm�twn, kai k�je di�sthma eÐnai h tom 
dÔo hmieujei¸n: (a, b) = (−∞, b) ∩ (a, ∞).

Par�deigma 4.2 Oi anoiktoÐ dÐskoi eÐnai b�sh thc topologÐac enìc metrikoÔ q¸rou.

H apìdeixh tou akìloujou L mmatoc eÐnai apl  efarmog  twn idiot twn thc antÐ-
strofhc eikìnac.

L mma 4.2 E�n C eÐnai upob�sh thc topologÐac tou Y h apeikìnish f : X −→ Y

eÐnai suneq c e�n f−1(B) eÐnai anoiktì gia k�je B ∈ C.

Genikìtera, jewroÔme mÐa apeikìnish f : X −→ Y metaxÔ twn sunìlwn X kai Y .
E�n U eÐnai mÐa topologÐa sto Y , gia na eÐnai h f suneq c, prèpei gia k�je anoiktì

B sto Y , h antÐstrofh eikìna f−1(B) na eÐnai anoiktì uposÔnolo tou X. 'Ara h
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mikrìterh topologÐa sto X me thn opoÐa h f eÐnai suneq c èqei wc upob�sh ta sÔnola
{f−1(B) : B ∈ U}. Th sumbolÐzoume Uf .

E�n T eÐnai mÐa topologÐa sto X, gia na eÐnai h f suneq c, prèpei èna sÔnolo B

sto Y na eÐnai anoiktì mìnon ìtan h antÐstrofh eikìna f−1(B) eÐnai anoiktì sto X.
'Ara h megalÔterh topologÐa sto Y me thn opoÐa h f eÐnai suneq c èqei wc upob�sh
ta sÔnola {B ⊆ Y : f−1(B) ∈ T }. Th sumbolÐzoume Tf .

'Eqoume  dh sunant sei èna par�deigma topologÐac pou orÐzetai me autì ton trìpo.
H sqetik  topologÐa enìc upoq¸rou Y enìc topologikoÔ q¸rou X, eÐnai h mikrìterh
topologÐa me thn opoÐa h ènjesh ι : Y −→ X eÐnai suneq c. 'Ena uposÔnolo A ⊆ Y

eÐnai anoiktì akrib¸c ìtan up�rqei uposÔnolo B ⊆ X, tètoio ¸ste A = ι−1(B) =

B ∩ Y .

Topologikì ginìmeno

Sto kartesianì ginìmeno dÔo sunìlwn orÐzontai oi probolèc, dhlad  oi apeikonÐseic

π1 : X × Y −→ X kai π2 : X × Y −→ Y ,

gia tic opoÐec π1(x, y) = x kai π2(x, y) = y. E�n X kai Y eÐnai topologikoÐ q¸roi,
h topologÐa ginìmeno sto sÔnolo X × Y eÐnai h mikrìterh topologÐa wc proc
thn opoÐa oi probolèc π1 kai π2 eÐnai suneqeÐc.

H antÐstrofh eikìna tou A ⊆ X mèsw thc probol c π1 eÐnai π−1
1 (A) = A×Y , kai

antÐstoiqa, gia B ⊆ Y , π−1(B) = X ×B. Sunep¸c ta sÔnola thc morf c A×Y kai
X ×B, gia k�je A anoiktì uposÔnolo tou X kai k�je B anoiktì uposÔnolo tou Y ,
apoteloÔn mÐa upob�sh thc topologÐac ginìmeno sto X × Y .

L mma 4.3 K�je anoiktì sÔnolo thc topologÐac ginìmeno ekfr�zetai wc ènwsh
sunìlwn thc morf c A×B, ìpou A eÐnai anoiktì sto X kai B eÐnai anoiktì sto Y .

Apìdeixh. Apì ton orismì thc topologÐac ginìmeno, èna anoiktì sÔnolo eÐnai
ènwsh peperasmènwn tom¸n sunìlwn thc morf c Ai × Y kai X × Bj. Lamb�nontac
up� ìyin thn antimetajetikìthta kai prosetairistikìthta thc tom c, k�je anoiktì
sÔnolo ekfr�zetai wc ènwsh sunìlwn thc morf c (

⋂k
i=1 Ai × Y ) ∩ (

⋂`
j=1 X × Bj).

All�
(

k⋂
i=1

Ai × Y

)
∩

(⋂̀
j=1

X ×Bj

)
=

[(
k⋂

i=1

Ai

)
× Y

]
∩

[
X ×

(⋂̀
j=1

Bj

)]

=

[(
k⋂

i=1

Ai

)
∩X

]
×

[
Y ∩

(⋂̀
j=1

Bj

)]
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=

(
k⋂

i=1

Ai

)
×

(⋂̀
j=1

Bj

)

= A×B ,

ìpou A =
⋂k

i=1 Ai kai B =
⋂`

j=1 Bj.
¤

Par�deigma 4.3 H topologÐa ginìmeno sto sÔnolo R×R = R2 eÐnai h Ðdia me th
metrik  topologÐa. EÐnai profanèc oti sÔnola thc morf c A × R   R × A, ìpou A

eÐnai anoiktì uposÔnolo tou R, eÐnai anoikt� sth metrik  topologÐa.
AntÐstrofa, arkeÐ na deÐxoume oti ta stoiqeÐa mÐac b�shc thc metrik c topolo-

gÐac eÐnai anoikt� sthn topologÐa ginìmeno. JewroÔme th b�sh pou apoteleÐtai a-
pì anoiktoÔc dÐskouc, D(a, r), gia a ∈ R2 kai r > 0. Ja deÐxoume oti o dÐskoc
D(a, r) ekfr�zetai wc ènwsh anoikt¸n uposunìlwn sthn topologÐa ginìmeno. 'Estw
x = (s, t) ∈ D(a, r) kai ρ = ||x−a|| < r, ε = (r−ρ)

2
. Tìte (s−ε, s+ε)× (t−ε, t+ε)

eÐnai anoiktì sto R× R, kai perièqetai sto D(x,
√

2ε) ⊆ D(a, r).

Par�deigma 4.4 Gia k�je topologikì q¸ro X, ja qrhsimopoi soume se pollèc
peript¸seic to topologikì ginìmeno X × I, ìpou I = [0, 1] ⊆ R. K�je anoiktì
uposÔnolo tou X × I, eÐnai ènwsh sunìlwn thc morf c A×B, ìpou A eÐnai anoiktì
uposÔnolo tou X, kai B = I ∩ (a, b) gia k�poio anoiktì di�sthma (a, b) ⊆ R. MÐa
shmantik  idiìthta tou X×I eÐnai oti gia k�je t ∈ [0, 1], o upìqwroc X×{t} ⊆ X×I

eÐnai omoiomorfikìc me ton topologikì q¸ro X. Dhlad  gia k�je t ∈ I èqoume mÐa
fèta tou X × I omoiomorfik  me to X.

Genikìtera, gia k�je y ∈ Y o upìqwroc X × {y} ⊆ X × Y eÐnai omoiomorfikìc
proc ton X, kai gia k�je x ∈ X o upìqwroc {x} × Y ⊆ X × Y eÐnai omoiomorfikìc
me ton Y . H apeikìnish f : X × {y} −→ X, ìpou f(x, y) = x, eÐnai o periorismìc
thc probol c, kai sunep¸c eÐnai suneq c. H sunèqeia thc antÐstrofhc apeikìnishc
x 7→ (x, y) eÐnai sunèpeia thc akìloujhc Prìtashc.

Prìtash 4.4 E�n X × Y eÐnai topologikì ginìmeno kai Z topologikìc q¸roc, mÐa
apeikìnish f : Z −→ X × Y eÐnai suneq c e�n kai mìnon e�n oi sunjèseic me tic
probolèc π1 ◦ f : Z −→ X kai π2 ◦ f : Z −→ Y eÐnai suneqeÐc.

Apìdeixh. EÐnai profanèc oti e�n f eÐnai suneq c tìte oi sÔnjetec apeikonÐseic
π1 ◦ f kai π2 ◦ f eÐnai suneqeÐc.

Gia na deÐxoume to antÐstrofo, upenjumÐzoume oti h f eÐnai suneq c e�n gia k�je
sÔnolo U mÐac upob�shc thc topologÐac ginìmeno, h antÐstrofh eikìna f−1(U) eÐnai
anoiktì uposÔnolo tou Z. MÐa upob�sh thc topologÐac ginìmeno eÐnai ta sÔnola
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A×Y kai X×B, ìpou A eÐnai anoiktì sto X kai B eÐnai anoiktì sto Y . ParathroÔme
oti f−1(A×Y ) = f−1(π−1

2 (A)) = (π2◦f)−1(A). E�n h apeikìnish π2◦f eÐnai suneq c,
autì to sÔnolo eÐnai anoiktì. Parìmoia, f−1(X × B) eÐnai anoiktì. Sunep¸c h f

eÐnai suneq c.
¤

Par�deigma 4.5 Ja deÐxoume oti to topologikì ginìmeno dÔo kÔklwn eÐnai o-
moiomorfikì me th speÐra ek peristrof c. O kÔkloc eÐnai to sÔnolo S1 = {v ∈
C : |v| = 1} me th sqetik  topologÐa wc upìqwroc tou epipèdou C ∼= R2, kai
S1 × S1 = {(v, w) : v, w ∈ S1}. H speÐra ek peristrof c eÐnai o upìqwroc tou R3

T = {(x, y, z) ∈ R3 : (
√

x2 + y2 − 2)2 + z2 = 1} .

E�n v = e2πis = cos s + i sin s kai w = e2πit = cos t + i sin t, orÐzoume thn apeikìnish
f : S1× S1 −→ T me f(v, w) = ((2 + cos s) cos t, (2 + cos s) sin t, sin s). Elègqoume
oti pr�gmati f(v, w) ∈ T kai oti h f eÐnai amfimonos manth kai suneq c.

Gia na deÐxoume oti h f−1 : T −→ S1 × S1 eÐnai suneq c, parathroÔme oti e�n
(x, y, z) ∈ T , tìte f−1(x, y, z) = (cos s + i sin s, cos t + i sin t), ìpou

sin s = z , cos s =
√

x2 + y2 − 2 , sin t =
y√

x2 + y2
, cos t =

x√
x2 + y2

.

Dhlad  oi sunjèseic π1 ◦ f−1 kai π2 ◦ f−1 eÐnai suneqeÐc, kai sunep¸c f−1 eÐnai
suneq c.

T¸ra mporoÔme na genikeÔsoume thn ènnoia thc isotopÐac, thc suneqoÔc paramìr-
fwshc tou q¸rou, pou qrhsimopoi same sthn taxinìmhsh twn kìmbwn.

Orismìc. IsotopÐa onom�zetai mÐa suneq c apeikìnish F : X × I −→ X h opoÐa
ikanopoieÐ tic akìloujec sunj kec:

1. Gia k�je x ∈ X, F (x, 0) = x.

2. Gia k�je t ∈ I, o periorismìc F |X×{t} : X × {t} −→ X eÐnai omoiomorfismìc.

Par�deigma 4.6 H apeikìnish F ((x, y), t) =

[
1 t

0 1

][
x

y

]
eÐnai mÐa isotopÐa

tou epipèdou.

Epeid  h topologÐa tou R3×[0, 1] wc upìqwroc tou R4 tautÐzetai me thn topologÐa
ginìmeno sto R3 × I, dÔo kìmboi K : S1 −→ R3 kai M : S1 −→ R3 eÐnai isotopikoÐ
(me ton orismì 2) e�n up�rqei isotopÐa tou R3, F : R3 × I −→ R3 tètoia ¸ste
M(x) = F (K(x), 1). H isotopÐa, paramorf¸nontac to q¸ro R3, metafèrei ton kìmbo
K(x) = F (K(x), 0) ston kìmbo M(x) = F (K(x), 1).
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OrÐsame to topologikì ginìmeno dÔo topologik¸n q¸rwn. O an�logoc orismìc
isqÔei gia to kartesianì ginìmeno opoioud pote peperasmènou pl jouc topologik¸n
q¸rwn X =

∏k
i=1 Xi. H topologÐa ginìmeno eÐnai h mikrìterh topologÐa h opoÐa

k�nei ìlec tic probolèc πi : X −→ Xi suneqeÐc. MÐa upob�sh thc topologÐac
ginìmeno apoteleÐtai apì ìlec tic antÐstrofec eikìnec π−1

i (Ai), ìpou Ai eÐnai anoiktì
uposÔnolo tou Xi kai i = 1, . . . , k. MÐa b�sh thc topologÐac ginìmeno apoteleÐtai
apì ìla ta uposÔnola thc morf c

∏k
i=1 Ai ìpou Ai eÐnai anoiktì uposÔnolo tou Xi.

'Otan èqoume kartesianì ginìmeno apeÐrou pl jouc topologik¸n q¸rwn, o orismìc
eÐnai an�logoc, all� qrei�zetai k�poia prosoq  sthn perigraf  thc b�shc. E�n
Xj, j ∈ J eÐnai mÐa �peirh oikogèneia topologik¸n q¸rwn, kai X =

∏
j∈J Xj, h

topologÐa ginìmeno sto X eÐnai h mikrìterh topologÐa pou k�nei ìlec tic probolèc
πj : X −→ Xj suneqeÐc. MÐa upob�sh thc topologÐac ginìmeno apoteleÐtai apì ìlec
tic antÐstrofec eikìnec π−1

j (Aj), ìpou Aj eÐnai anoiktì uposÔnolo tou Xj kai j ∈ J .
All� mÐa b�sh thc topologÐac ginìmeno apoteleÐtai apì ìlec tic peperasmènec tomèc
twn sunìlwn thc upob�shc, dhlad  apì sÔnola thc morf c

∏
j∈J Aj, ìpou Aj eÐnai

anoiktì, gn sio uposÔnolo tou Xj gia peperasmèno pl joc j ∈ {j1, . . . , jk} kai
Aj = Xj gia j ∈ J \ {j1, . . . , jk}.
'Askhsh 4.1 Elègxte oti to sÔnolo

⋂k
i=1 π−1

ji
(Aji

) eÐnai pr�gmati thc morf c pou
perigr�fetai pio p�nw.

Topologikì �jroisma,   xènh ènwsh

H xènh ènwsh dÔo sunìlwn eÐnai h ènwsh twn sunìlwn, shmademènwn me deÐktec,
¸ste na èqoun ken  tom . Gia par�deigma, h xènh ènwsh dÔo kÔklwn eÐnai to sÔnolo
S1 t S1 = {((z, 1) : z ∈ S1} ∪ {((w, 2) : w ∈ S1}.

Genikìtera, e�n Yj, j ∈ J eÐnai mÐa oikogèneia sunìlwn, h xènh ènwsh thc
oikogèneiac eÐnai to sÔnolo

⊔
j∈J

Yj =
⋃
j∈J

Yj × {j} .

E�n Yj, j ∈ J eÐnai mÐa oikogèneia topologik¸n q¸rwn, to topologikì �jroi-
sma (  h xènh ènwsh) thc oikogèneiac eÐnai to sÔnolo Y =

⊔
j∈J Yj me th megalÔterh

topologÐa pou k�nei suneqeÐc ìlec tic enjèseic ιj : Yj −→ Y , ιj(y) = (y, j). 'Ena
uposÔnolo B eÐnai anoiktì sto Y e�n kai mìnon e�n B ∩ (Yj × {j} = A × {j} gia
k�poio anoiktì uposÔnolo A tou Yj.

Prìtash 4.5 E�n Y eÐnai to topologikì �jroisma mÐac oikogèneiac topologik¸n
q¸rwn Yj, j ∈ J , mÐa apeikìnish f : Y −→ X eÐnai suneq c e�n kai mìnon e�n, gia
k�je j ∈ J h sÔnjesh f ◦ ιj : Y −→ X eÐnai suneq c.
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'Askhsh 4.2 ApodeÐxte thn pio p�nw Prìtash.

Par�deigma 4.7 'Enac sÔndesmoc me k sunist¸sec eÐnai mÐa emfÔteush

L :
k⊔

i=1

S1 −→ R3 .

Q¸roc phlÐko

'Estw topologikìc q¸roc X kai epeikìnish tou X epÐ tou sunìlou Y , p : X −→ Y .
H topologÐa phlÐko sto Y (apì thn apeikìnish p) eÐnai h megalÔterh topologÐa
me thn opoÐa h apeikìnish p eÐnai suneq c. 'Ena uposÔnolo B ⊆ Y eÐnai anoiktì sthn
topologÐa phlÐko e�n kai mìnon e�n p−1(B) eÐnai anoiktì uposÔnolo tou X.

MÐa epeikìnish p : X −→ Y orÐzei mÐa sqèsh isodunamÐac sto X: x1 ∼ x2 e�n
p(x1) = p(x2). AntÐstrofa, k�je sqèsh isodunamÐac ∼ sto X, orÐzei mÐa epeikìnish,
thn probol  sto sÔnolo�phlÐko, p : X −→ X/ ∼. E�n X eÐnai topologikìc q¸roc,
to sÔnolo X/ ∼ me thn topologÐa phlÐko apì thn apeikìnish p : X −→ X/ ∼
onom�zetai q¸roc phlÐko tou X wc proc th sqèsh isodunamÐac ∼.

Par�deigma 4.8 Sto di�sthma I = [0, 1] jewroÔme th sqèsh isodunamÐac pou
par�getai apì 0 ∼ 1. Oi kl�seic isodunamÐac eÐnai ta monosÔnola {t} gia 0 < t < 1,
kai to sÔnolo {0, 1}. Diaisjhtik�, tautÐzoume ta dÔo �kra tou diast matoc. O
q¸roc phlÐko I/ ∼ eÐnai omoiomorfikìc me ton kÔklo S1. JewroÔme thn apeikìnish
g : I/ ∼−→ S1 h opoÐa apeikonÐzei thn kl�sh tou t sto e2πit. H g eÐnai kal� orismènh,
afoÔ e�n s ∼ t tìte e2πit = e2πis. H g eÐnai amfimonos manth, afoÔ, gia s, t ∈ I,
isqÔei e2πit = e2πis mìnon e�n s = t   |s− t| = 1. Ja deÐxoume oti h g kai h g−1 eÐnai
suneqeÐc.

Ac doÔme pr¸ta thn antÐstrofh apeikìnish, h = g−1 : S1 −→ I/ ∼. 'Estw
oti A eÐnai èna anoiktì uposÔnolo tou I. Jèloume na deÐxoume oti h−1(A) eÐnai
anoiktì, dhlad  oti g(A) eÐnai anoiktì uposÔnolo tou S1. 'Estw èna shmeÐo z ∈
g(A). Tìte z = e2πit, gia k�poio [t] ∈ I/ ∼. AfoÔ A eÐnai anoiktì, p−1(A) eÐnai
anoiktì uposÔnolo tou I. Dhlad , gia k�je s ∼ t, up�rqei ε > 0 tètoio ¸ste
(s − ε, s + ε) ∩ I ⊆ p−1(A). Pio sugkekrimèna, e�n t 6∼ 0, tìte up�rqei ε > 0

tètoio ¸ste (t − ε, t + ε) ⊆ p−1(A), en¸ e�n t ∼ 0 up�rqei ε > 0 tètoio ¸ste
[0, ε) ∪ (1 − ε, 1] ⊆ p−1(A). Se k�je perÐptwsh to tìxo {e2πis : s ∈ (t − ε, t + ε)}
  to tìxo {e2πis : s ∈ [0, ε) ∪ (1 − ε), 1]} an koun sto g(A) ⊆ S1. Sunep¸c g(A)

eÐnai anoiktì uposÔnolo tou S−1.
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Gia na deÐxoume oti h g eÐnai suneq c ja basistoÔme sthn akìloujh Prìtash.

Prìtash 4.6 JewroÔme topologikì q¸ro X, sqèsh isodunamÐac ∼ sto X kai thn
probol  sto q¸ro phlÐko p : X −→ X/ ∼, kaj¸c kai topologikì q¸ro Z. MÐa
apeikìnish g : X/ ∼−→ Z eÐnai suneq c e�n kai monon e�n h g ◦ p : X −→ Z eÐnai
suneq c.

Apìdeixh. Ef� ìson h probol  p eÐnai suneq c, e�n g eÐnai suneq c, h sÔnjesh
g ◦ p eÐnai suneq c.

Gia to antÐstrofo, e�n h g ◦ p eÐnai suneq c, gia k�je anoiktì uposÔnolo A tou
Z, to (g ◦p)−1(A) eÐnai anoiktì uposÔnolo tou X. All� (g ◦p)−1(A) = p−1(g−1(A)),
kai sunep¸c g−1(A) eÐnai anoiktì sthn topologÐa phlÐko.

¤
ParathroÔme oti oi eikìnec anoikt¸n   kleist¸n sunìlwn mèsw suneq¸n apeiko-

nÐsewn den eÐnai anoikt�   kleist� sÔnola. Gia par�deigma, h apeikìnish f : I −→
S1 : t 7→ e2πit eÐnai suneq c, to [0, 1

2
) eÐnai anoiktì sto I, all� h eikìna tou eÐnai to

tìxo {eiθ : 0 ≤ θ < 1
2
}, to opoÐo den eÐnai anoiktì uposÔnolo tou S1.

Orismìc. H apeikìnish f : X −→ Y lègetai anoikt  e�n gia k�je anoiktì
uposÔnolo A tou X, h eikìna f(A) eÐnai anoiktì uposÔnolo tou Y .

H apeikìnish f : X −→ Y lègetai kleist  e�n gia k�je kleistì uposÔnolo A

tou X, h eikìna f(A) eÐnai kleistì uposÔnolo tou Y .

Par�deigma 4.9 H apeikìnish f : I −→ S1 : t 7→ e2πit eÐnai suneq c kai kleist ,
all� den eÐnai anoikt . H antÐstrofh apeikìnish, f−1 : S1 −→ I, eÐnai anoikt  kai
kleist , all� den eÐnai suneq c.

H suneq c apeikìnish R2 −→ R : (x, y) 7→ x eÐnai anoikt , all� den eÐnai kleist :
to uposÔnolo {(x, 1

x
) : x 6= 0} eÐnai kleistì sto R2, all� h eikìna tou eÐnai to

sÔnolo R \ {0}, to opoÐo den eÐnai kleistì sto R.

E�n mÐa suneq c apeikìnish eÐnai anoikt    kleist , tìte h eikìna thc èqei thn
topologÐa phlÐko.

Prìtash 4.7 E�n X kai Y eÐnai topologikoÐ q¸roi, kai h apeikìnish f : X −→ Y

eÐnai suneq c, epeikonik  kai eÐnai eÐte anoikt  eÐte kleist , tìte o q¸roc Y èqei thn
topologÐa phlÐko thc f .

Apìdeixh. Prèpei na deÐxoume oti A eÐnai anoiktì sto Y e�n kai mìnon e�n f−1(A)

eÐnai anoiktì sto X. E�n A eÐnai anoiktì sto Y , f−1(A) eÐnai anoiktì sto X afoÔ
h f eÐnai suneq c.
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Gia to antÐstrofo, upojètoume oti A ⊆ Y kai f−1(A) eÐnai anoiktì sto X. E�n h
f eÐnai anoikt  apeikìnish, tìte A = f(f−1(A)) eÐnai anoiktì. E�n h f eÐnai kleist 
apeikìnish, apeikonÐzei to kleistì sÔnolo X \ f−1(A) se kleistì uposÔnolo tou Y .
Sunep¸c f(X \ f−1(A)) eÐnai kleistì

¤

'Askhsh 4.3 Sto R orÐzoume th sqèsh isodunamÐac x ∼ x′ e�n x− x′ ∈ Z. DeÐxte
oti R/ ∼ eÐnai omoiomorfikì me ton kÔklo, kai oti h probol  eÐnai anoikt  apeikìnish.

Par�deigma 4.10 Sto sÔnolo X = R3 \ {0}, orÐzoume th sqèsh isodunamÐac
x ∼1 y e�n up�rqei λ > 0 tètoio ¸ste y = λx. Ja deÐxoume oti o q¸roc phlÐko
eÐnai omoiomorfikìc me th sfaÐra, X/ ∼1

∼= S2. SÔmfwna me thn Prìtash 4.7, arkeÐ
na deÐxoume oti h apeikìnish p1 : R3 \ {0} −→ S2 : x 7→ x

||x|| eÐnai anoikt . 'Estw
x ∈ R3 \ {0}, kai ε tètoio ¸ste 0 < ε < 1

2
||x||. Tìte oi dÐskoi D(x, ε) apoteloÔn

b�sh thc topologÐac tou R3 \ {0}. H eikìna p1(D(x, ε)) eÐnai h tom  thc sfaÐrac S2

me ènan anoiktì k¸no sto R3, kai sunep¸c eÐnai anoiktì sth sqetik  topologÐa thc
sfaÐrac. 'Ara h p1 eÐnai anoikt  apeikìnish, kai X/ ∼1

∼= S2.

Par�deigma 4.11 Sth sfaÐra S2 orÐzoume th sqèsh isodunamÐac x ∼2 −x, h
opoÐa tautÐzei ta antipodik� shmeÐa x kai −x. O q¸roc phlÐko S2/ ∼2 onom�zetai
probolikì epÐpedo, kai sumbolÐzetai RP2.

Sto sÔnolo X = R3 \ {0}, orÐzoume mÐa �llh sqèsh isodunamÐac x ∼3 y e�n
up�rqei λ ∈ R tètoio ¸ste y = λx. Ja deÐxoume oti o q¸roc phlÐko X/ ∼3 eÐnai
omoiomorfikìc me to probolikì epÐpedo.

JewroÔme tic probolèc p2 : S2 −→ RP2 kai p3 : X −→ X/ ∼3, kaj¸c kai
thn apeikìnish f : X/ ∼3−→ RP2 h opoÐa apeikonÐzei thn kl�sh [x], gia x ∈ X,
sthn kl�sh

[
x
||x||

]
∈ RP2. H f eÐnai kal� orismènh: e�n x = λy gia λ ∈ R, tìte

x
||x|| = ± y

||y|| . H f eÐnai amfimonos manth: e�n x
||x|| = ± y

||y|| , tìte x = λy gia λ ∈ R.
Gia na deÐxoume oti h f eÐnai suneq c, parathroÔme oti h f ◦p3 eÐnai suneq c, afoÔ

f ◦ p3 = p2 ◦ p1. Sunep¸c, apì thn Prìtash 4.6, h f eÐnai suneq c.
Gia na deÐxoume oti h f−1 eÐnai suneq c, parathroÔme oti, e�n ι : S2 −→ X eÐnai h

ènjesh, f−1 ◦ p2 = p3 ◦ ι h opoÐa eÐnai suneq c, kai sunep¸c h f−1 eÐnai suneq c apì
thn Prìtash 4.6.

Par�deigma 4.12 JewroÔme èna tetr�gwno sto opoÐo koll�me thn k�tw pleur�
me thn p�nw, kai thn arister  me th dexi�, me thn Ðdia kateÔjunsh. Sugkekrimèna, sto
sÔnolo I2 = I × I = {(s, t) : 0 ≤ s ≤ 1, 0 ≤ t ≤ 1} orÐzoume th sqèsh isodunamÐac
pou par�getai apì tic
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1. gia k�je s, (s, 0) ∼ (s, 1) kai

2. gia k�je t, (0, t) ∼ (1, t).

To sÔnolo phlÐko apoteleÐtai apì tess�rwn eid¸n kl�seic:

1. e�n 0 < s < 1 kai 0 < t < 1, tìte [(s, t)] = {(s, t)}

2. e�n 0 < s < 1, tìte [s, 0] = [s, 1] = {(s, 0), (s, 1)}

3. e�n 0 < t < 1, tìte [0, t] = [1, t] = {(0, t), (1, t)} kai

4. [0, 0] = [0, 1] = [1, 0] = [1, 1] = {(0, 0), (0, 1), (1, 0), (1, 1)}.
Ja deÐxoume oti o q¸roc phlÐko I2/ ∼ eÐnai omoiomorfikìc me th speÐra S1 × S1.

JewroÔme thn probol  p : I2 −→ I2/ ∼ kai orÐzoume tic apeikonÐseic f : I1 −→
S1 × S1 : (s, t) 7→ (e2πis, e2πit) kai g : I2/ ∼−→ S1 × S1, [(s, t)] 7→ (e2πis, e2πit).
ParathroÔme oti h g eÐnai kal� orismènh kai amfimonos manth, afoÔ gia s 6= s′ ∈ I,
e2πis = e2πis′ akrib¸c ìtan ta s kai s′ eÐnai 0   1. H g eÐnai suneq c, afoÔ h f = g ◦ p

eÐnai suneq c.
'Estw h h antÐstrofh apeikìnish, h = g−1 : S1×S1 −→ I2/ ∼. Gia na deÐxoume oti

h h eÐnai suneq c, exet�zoume ta shmeÐa tou S1×S1 pou apeikonÐzontai se diaforetik�
eÐdh shmeÐwn tou I2/ ∼.

E�n (u, /, v) ∈ S1×S1 kai u 6= 1, v 6= 1, tìte (u, v) = (e2πis, e2πit) gia monadik� s

kai t tètoia ¸ste 0 < s < 1 kai 0 < t < 1. H apeikìnish h(u, v) = ( 1
2π

arg u, 1
2π

arg v)

eÐnai suneq c sto (u, v).
E�n (u, v) = (1, e2πit) gia 0 < t < 1, tìte h(u, v) = [(0, t)] = {(0, t), (1, t)}.

JewroÔme mÐa perioq  V tou [(0, t)] ∈ I2/ ∼. H probol  p : I2 −→ I2/ ∼ eÐnai
suneq c, �ra p−1(V ) perièqei èna anoiktì sÔnolo A ⊆ I2, tètoio ¸ste (0, t) ∈ A kai
(1, t) ∈ A. 'Ara up�rqoun ε > 0 kai δ > 0 tètoia ¸ste to sÔnolo D = [0, δ)× (t−
ε, t + ε) ∪ (1− δ, 1]× (t− ε, t + ε) ⊆ A. T¸ra f(D) = {(e2πis, e2πir) : (s, r) ∈ D}
eÐnai anoiktì uposÔnolo tou S1×S1, pou perièqei to shmeÐo (1, e2πit), kai h(f(D)) =

p(D) ⊆ V . Dhlad  h h eÐani suneq c sto (1, e2πit).
Parìmoia deÐqnoume oti h h eÐnai suneq c sta shmeÐa (e2πis, 1), gia 0 < s < 1, kai

sto shmeÐo (1, 1). Katal goume oti h h eÐnai suneq c apeikìnish, kai oti h g eÐnai
omoiomorfismìc.

'Askhsh 4.4 Sto R2 orÐzoume th sqèsh isodunamÐac

(x, y) ∼ (x′, y′) e�n (x− x′, y − y′) ∈ Z× Z .

DeÐxte oti o q¸roc phlÐko R2/ ∼ eÐnai epÐshc omoiomorfikìc me th speÐra S1 × S1

kai oti h probol  eÐnai anoikt  apeikìnish.
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Kleistìthta

Orismìc. JewroÔme èna uposÔnolo C enìc topologikoÔ q¸rou X. To mikrìtero
kleistì uposÔnolo tou X pou perièqei to C onom�zetai kleistìthta,   kleist 
j kh tou C, kai sumbolÐzetai C̄. C̄ eÐnai h tom  ìlwn twn kleist¸n uposunìlwn
tou X pou perièqoun to C:

C̄ =
⋂
{F ⊆ X : C ⊆ F , F kleistì sto X} .

L mma 5.1 'Ena shmeÐo x ∈ X an kei sthn kleistìthta C̄ e�n kai mìnon e�n k�je
perioq  tou x tèmnei to C.

Apìdeixh. E�n up�rqei perioq  tou x pou den tèmnei to C tìte up�rqei anoiktì
uposÔnolo A tou X tètoio ¸ste x ∈ A kai A∩C = ∅, �ra C ⊆ X \A. All� X \A

eÐnai kleistì, �ra C̄ ⊆ X \ A, kai afoÔ x ∈ A, x 6∈ C̄.
AntÐstrofa, e�n x 6∈ C̄, tìte x ∈ X \ C̄, to opoÐo eÐnai anoiktì. 'Ara to X \ C̄

eÐnai mÐa perioq  tou x pou den tèmnei to C̄.
¤

Ta shmeÐa tou X pou an koun sto C̄ lègontai oriak� shmeÐa tou C.

Idiìthta Hausdorff

Orismìc. 'Enac topologikìc q¸roc X lègetai q¸roc Hausdorff e�n gia k�je dÔo
shmeÐa x, y ∈ X, x 6= y, up�rqoun perioqèc V tou x kai W tou y, tètoiec ¸ste
V ∩W = ∅.

53
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Par�deigma 5.1 'Enac metrikìc q¸roc eÐnai q¸roc Hausdorff . Pr�gmati, e�n
x 6= y tìte ε = 1

2
d(x, y) > 0, kai oi anoiktoÐ dÐskoi D(x, ε) kai D(y, ε) eÐnai xènoi

metaxÔ touc.
O q¸roc Sierpinski den eÐnai q¸roc Hausdorff : h mình perioq  tou shmeÐou 1 eÐnai

ìloc o q¸roc.

L mma 5.2 Se èna q¸ro Hausdorff , k�je peperasmèno uposÔnolo eÐnai kleistì.

Apìdeixh. ArkeÐ na deÐxoume oti èna monosÔnolo {x} eÐnai kleistì. E�n y 6= x,
tìte up�rqei anoiktì uposÔnolo Wy xèno proc to {x}. All� X \{x} =

⋃
y∈X\{x} Wy

eÐnai ènwsh anoikt¸n uposunìlwn, kai sunep¸c eÐnai anoiktì.
¤

Prìtash 5.3 K�je upìqwroc enìc q¸rou Hausdorff eÐnai q¸roc Hausdorff . Ge-
nikìtera, e�n f : X −→ Y eÐnai suneq c eneikìnish, kai Y eÐnai q¸roc Hausdorff ,
tìte X eÐnai q¸roc Hausdorff .

To kartesianì ginìmeno q¸rwn Hausdorff eÐnai q¸roc Hausdorff .

Apìdeixh. E�n x kai y eÐnai diaforetik� shmeÐa tou X, ta f(x) kai f(y) eÐnai dia-
foretik� shmeÐa tou Y , afoÔ h f eÐnai eneikìnish. Sto q¸ro Hausdorff Y , up�rqoun
anoiktèc perioqèc V kai W tou f(x) kai f(y) antÐstoiqa, tètoiec ¸ste V ∩W = ∅.
Tìte f−1(V ) kai f−1(W ) eÐnai perioqèc twn shmeÐwn x kai y, xènec metaxÔ touc.

E�n ta shmeÐa (x1, x2) kai (y1, y2) tou X1 ×X2 eÐnai diaforetik�, tìte diafèroun
se k�poia suntetagmènh. Upojètoume oti x1 6= y1. AfoÔ X1 eÐnai q¸roc Hausdorff ,
up�rqoun perioqèc V tou x1 kai W tou y1, xènec metaxÔ touc. Tìte V ×X2∩W×X2 =

∅.
¤

O q¸roc phlÐko enìc q¸rou Hausdorff den eÐnai p�nta q¸roc Hausdorff . 'Eqoume
dei oti o q¸roc Sierpinski den eÐnai q¸roc Hausdorff . 'Omwc o q¸roc Sierpinski

eÐnai omoiomorfikìc me to phlÐko tou q¸rou Hausdorff I = [0, 1] mèsw thc sqèshc
isodunamÐac pou par�getai apì thn: x ∼ 0 e�n x < 1.

Sump�geia

MÐa �llh shmantik  idiìthta enìc topologikoÔ q¸rou eÐnai h sump�geia, h opoÐa
genikeÔei thn idiìthta enìc uposunìlou tou Rn na eÐnai kleistì kai fragmèno. Gia na
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orÐsoume th sump�geia se èna topologikì q¸ro, qrhsimopoioÔme thn idiìthta Heine

– Borel, h opoÐa qarakthrÐzei ta kleist� kai fragmèna uposÔnola tou Rn.
MÐa oikogèneia anoikt¸n uposunìlwn tou topologikoÔ q¸rou X, Aj, j ∈ J ,

lègetai anoiktì k�lumma tou X e�n X =
⋃

j∈J Aj.

Orismìc. 'Enac topologikìc q¸roc X lègetai sumpag c e�n o X eÐnai q¸roc
Hausdorff kai e�n k�je anoiktì k�lumma tou X èqei peperasmèno upok�lumma: e�n
Aj, j ∈ J eÐnai anoiktì k�lumma tou X, tìte up�rqoun j1, . . . , jk tètoia ¸ste X =⋃k

i=1 Aji
.

Par�deigma 5.2 To di�sthma [0, 1) den eÐnai sumpagèc, afoÔ h oikogèneia An =

[0, 1 − 1
n
) eÐnai anoiktì k�lumma tou [0, 1), all� opoiad pote peperasmènh upooiko-

gèneia den kalÔptei to [0, 1).

Prìtash 5.4 E�n X eÐnai sumpag c topologikìc q¸roc, tìte k�je kleistì uposÔ-
nolo tou X eÐnai sumpag c topologikìc q¸roc me th sqetik  topologÐa.

Apìdeixh. JewroÔme kleistì uposÔnolo F tou X, kai anoiktì k�lumma tou F ,
Aj, j ∈ J . Up�rqoun anoikt� uposÔnola Gj tou X, tètoia ¸ste Aj = Gj ∩F . Tìte
to anoiktì sÔnolo X \ F mazÐ me ta Gj, j ∈ J apoteloÔn anoiktì k�lumma tou X.
AfoÔ to X eÐnai sumpagèc, up�rqoun j1, . . . , jk tètoia ¸ste F ⊆ ⋃k

i=1 Aji
.

¤

Je¸rhma 5.5 E�n oi q¸roi X kai Y eÐnai sumpageÐc, tìte X × Y eÐnai sumpag c.

Apìdeixh. K�je anoiktì uposÔnolo tou X×Y ekfr�zetai wc ènwsh uposunìlwn
thc morf c A×B, ìpou A kai B eÐnai anoikt� sto X kai sto Y . Sunep¸c arkeÐ na
exet�soume kalÔmmata apì sÔnola aut c thc morf c. JewroÔme Aj kai Bj, gia j ∈ J
tètoia ¸ste X × Y ⊆ ⋃

j∈J Aj ×Bj. Gia k�je x ∈ X, to sÔnolo {x} × Y ∼= Y eÐnai
sumpagèc, �ra up�rqoun jx,1, . . . , jx,k(x) tètoia ¸ste {x} × Y ⊆ ⋃k(x)

i=1 Ajx,i
× Bjx,i

.
JewroÔme t¸ra to sÔnolo Vx =

⋂k(x)
i=1 Ajx,i

. Autì eÐnai anoikt  perioq  tou x, kai
Vx × Y ⊆ ⋃k(x)

i=1 Ajx,i
× Bjx,i

. Ta sÔnola Vx, gia k�je x ∈ X, apoteloÔn anoiktì
k�lumma tou X. AfoÔ to X eÐnai sumpagèc, up�rqoun x1, . . . , xm tètoia ¸ste X =⋃m

l=1 Vxl
, kai

X × Y =
m⋃

l=1

Vxl
× Y

⊆
m⋃

l=1




k(xl)⋃
i=1

Ajxl,i
×Bjxl,i
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to opoÐo eÐnai peperasmèno upok�lumma tou Aj ×Bj, j ∈ J .
¤

Prìtash 5.6 K�je sumpagèc uposÔnolo enìc q¸rou Hausdorff eÐnai kleistì.

Apìdeixh. JewroÔme topologikì q¸ro Hausdorff X, sumpag  upìqwro Y kai
shmeÐo x ∈ X \ Y . ArkeÐ na deÐxoume oti up�rqei anoiktì sÔnolo A tou X tètoio
¸ste x ∈ A kai A ∩ Y = ∅.

JewroÔme shmeÐo y ∈ Y . AfoÔ X eÐnai Hausdorff , up�rqoun anoikt� uposÔnola
Ay kai By tètoia ¸ste x ∈ Ay, y ∈ By kai Ay ∩ By = ∅. Ta sÔnola By, y ∈ Y

apoteloÔn anoiktì k�lumma tou Y , kai afoÔ Y eÐnai sumpagèc, up�rqoun y1, . . . , yk ∈
Y , tètoia ¸ste Y ⊆ ⋃k

i=1 Byi
. Sunep¸c to anoiktì sÔnolo A =

⋂k
i=1 Ayi

eÐnai xèno
proc to Y , afoÔ A ∩ Byi

= ∅ gia k�je i = 1, . . . , k. AfoÔ x ∈ A, sumperaÐnoume
oti to Y eÐnai kleistì.

¤

Je¸rhma 5.7 E�n X eÐnai sumpag c topologikìc q¸roc, Y topologikìc q¸roc
Hausdorff , kai f : X −→ Y eÐnai suneq c apeikìnish, tìte h eikìna f(X) eÐnai
sumpag c upìqwroc tou Y kai h apeikìnish f eÐnai kleist .

Apìdeixh. JewroÔme anoiktì k�lumma Aj, j ∈ J tou topologikoÔ upìqwrou
f(X). Tìte f−1(Aj), j ∈ J eÐnai anoiktì k�lumma tou X. AfoÔ o q¸roc X eÐnai
sumpag c, up�rqei peperasmèno upok�lumma tou X, èstw f−1(Aj1), . . . , f−1(Ajk

).
All� tìte ta sÔnola Aj1 , . . . , Ajk

eÐnai peperasmèno upok�lumma tou f(X). Sunep¸c
f(X) eÐnai sumpag c upìqwroc tou Y .

E�n F ⊆ X eÐnai kleistì uposÔnolo tou sumpagoÔc q¸rou X, tìte F eÐnai sum-
pag c upìqwroc, kai sunep¸c f(F ) eÐnai sumpag c upìqwroc tou Y . AfoÔ Y eÐnai
q¸roc Hausdorff , f(F ) eÐnai kleistì uposÔnolo tou Y . 'Ara h apeikìnish f eÐnai
kleist .

¤

Pìrisma 5.8 E�n X eÐnai sumpag c topologikìc q¸roc, Y topologikìc q¸roc
Hausdorff , kai f : X −→ Y eÐnai suneq c amfimonos manth apeikìnish, tìte h
apeikìnish f eÐnai omoiomorfismìc.

L mma 5.9 (L mma Lebesgue) JewroÔme sumpag  metrikì q¸ro X, me metri-
k  d, kai anoiktì k�lumma Aj, j ∈ J tou X. Tìte up�rqei jetikìc arijmìc λ, tètoioc
¸ste gia k�je x ∈ X up�rqei j ∈ J me D(x, λ) ⊆ Aj.
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Apìdeixh. Gia k�je x ∈ X, up�rqei j ∈ J tètoio ¸ste x ∈ Aj. Sunep¸c up�rqei
ε(x) > 0 tètoio ¸ste x ∈ D(x, ε(x)) ⊆ Aj. H oikogèneia D(x, 1

2
ε(x)), x ∈ X, apote-

leÐ anoiktì k�lumma tou sumpagoÔc q¸rou X, kai sunep¸c up�rqoun x1, . . . , xk ∈ X

tètoia ¸ste X =
⋃k

i=1 D(x, 1
2
ε(x)).

Jètoume λ = min{1
2
ε(x1), . . . , 1

2
ε(xk)}. Gia k�je x ∈ X, up�rqei j, me 1 ≤ j ≤ k

kai x ∈ D(xj,
1
2
ε(xj)). Ja deÐxoume oti D(x, λ) ⊆ Vj.

E�n y ∈ D(x, λ), tìte

d(y, xj) ≤ d(y, x) + d(x, xj)

< λ +
1

2
ε(xj)

≤ ε(xj) .

'Ara D(x, λ) ⊆ D(xj, ε(xj)) ⊆ Vj.
¤

O arijmìc λ lègetai arijmìc Lebesgue tou kalumm�toc.

Sunektikìthta

Orismìc. 'Enac topologikìc q¸roc X onom�zetai sunektikìc e�n den up�rqei
suneq c epeikìnish apì to X sto diakritì q¸ro me dÔo shmeÐa, f : X −→ {0, 1}.

'Ena uposÔnolo Y ⊆ X onom�zetai sunektikì e�n eÐnai sunektikìc q¸roc me th
sqetik  topologÐa.

Par�deigma 5.3 O q¸roc Sierpinski eÐnai sunektikìc. Oi monec suneqeÐc apeiko-
nÐseic apì to q¸ro Sierpinski sto {0, 1} eÐnai oi stajerèc.

'Enac diakritìc q¸roc eÐnai sunektikìc e�n kai mìnon e�n eÐnai o q¸roc me èna
shmeÐo.

Sthn An�lush apodeiknÔetai oti h eujeÐa twn pragmatik¸n arijm¸n R, me thn
eukleÐdeia topologÐa, eÐnai sunektikìc topologikìc q¸roc. Pio sugkekrimèna, apo-
deiknÔetai to akìloujo Je¸rhma.

Je¸rhma 5.10 Ta monadik� sunektik� uposÔnola tou R eÐnai ta monosÔnola, ta
diast mata kai ìlo to R.

To sÔnolo Q twn rht¸n arijm¸n arijm¸n, me th sqetik  topologÐa wc uposÔnolo
tou R, den eÐnai sunektikì sÔnolo. E�n α eÐnai ènac �rrhtoc arijmìc, h apeikìnish

f(r) =

{
0 e�n r < α

1 e�n r > α
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eÐnai suneq c kai epÐ tou {0, 1}.
'Askhsh 5.1 DeÐxte oti e�n èna uposÔnolo tou Q perièqei dÔo diaforetik� stoiqeÐa
den eÐnai sunektikì.

Prìtash 5.11 Se èna topologikì q¸ro X ta akìlouja eÐnai isodÔnama:

1. O X eÐnai sunektikìc

2. Den up�rqoun mh ken�, anoikt� uposÔnola A kai B tou X tètoia ¸ste A∩B = ∅
kai A ∪B = X.

3. Ta mìna uposÔnola tou X pou eÐnai anoikt� kai kleist� eÐnai to ∅ kai to X.

Apìdeixh. DeÐqnoume oti (1) ⇒ (2). E�n o X eÐnai sunektikìc kai up�rqoun
uposÔnola A kai B ìpwc sto (2), orÐzoume

f(x) =

{
0 e�n x ∈ A

1 e�n x ∈ B

H f eÐnai kal� orismènh, afoÔ A ∩ B = ∅ kai A ∪ B = X, kai suneq c, afoÔ A kai
B eÐnai anoikt�. Sunep¸c h f den eÐnai epeikonik , kai èna apì ta A, B eÐnai kenì.

Gia na deÐxoume oti (2) ⇒ (3), arkeÐ na parathr soume oti e�n up�rqei anoiktì kai
kleistì uposÔnolo A tou X, tìte A kai B = X \ A ikanopoioÔn tic sunj kec tou
(2).

Tèloc, e�n up�rqei suneq c epeikìnish f : X −→ {0, 1}, tìte f−1(0) eÐnai anoiktì
kai kleistì uposÔnolo, diaforetikì apì to ∅ kai to X.

¤

Prìtash 5.12 E�n o topologikìc q¸roc X eÐnai sunektikìc kai h f : X −→ Y

eÐnai suneq c epeikìnish, tìte o topologikìc q¸roc Y eÐnai sunektikìc.

Apìdeixh. E�n o Y den eÐnai sunektikìc, up�rqei suneq c epeikìnish g : Y −→
{0, 1}. Tìte h g ◦ f : X −→ {0, 1} eÐnai suneq c epeikìnish, kai o X den eÐnai
sunektikìc.

¤

Pìrisma 5.13 H eikìna enìc sunektikoÔ topologikoÔ q¸rou, mèsw mÐac suneqoÔc
apeikìnishc eÐnai sunektikìc upìqwroc.

Prìtash 5.14 JewroÔme oikogèneia Aj, j ∈ J sunektik¸n upoq¸rwn tou topo-
logikoÔ q¸rou X, kai upojètoume oti

⋂
j∈J Aj 6= ∅. Tìte o upìqwroc

⋃
j∈J Aj eÐnai

sunektikìc.
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Prìtash 5.15 E�n A eÐnai sunektikìc upìqwroc enìc topologikoÔ q¸rou X kai
B eÐnai uposÔnolo tou X tètoio ¸ste A ⊆ B ⊆ A, o upìqwroc B eÐnai sunektikìc.

Apìdeixh. E�n B den eÐnai sunektikìc, up�rqei suneq c epeikìnish f : B −→
{0, 1}. AfoÔ o A den eÐnai sunektikìc, o periorismìc f |A den eÐnai epeikonikìc.
'Estw oti f(A) = {0}. To sÔnolo f−1(1) eÐnai anoiktì sto B, �ra up�rqei anoiktì
uposÔnolo G tou X tètoio ¸ste G∩B = f−1(1). Ef� ìson f(A) = {0}, A ⊆ B\G ⊆
X \G. All� X \G eÐnai kleistì, �ra A ⊆ X \G, kai èqoume B ⊆ A ⊆ X \G. 'Omwc
G ∩B = f−1(1) 6= ∅.

¤

Je¸rhma 5.16 To kartesianì ginìmeno sunektik¸n topologik¸n q¸rwn eÐnai su-
nektikìc q¸roc.

Apìdeixh. Ja d¸soume thn apìdeixh mìno gia to ginìmeno dÔo sunektik¸n q¸-
rwn, X × Y , ap� ìpou, me epagwg , apodeiknÔetai oti isqÔei gia k�je peperasmèno
ginìmeno. To Je¸rhma isqÔei kai sthn perÐptwsh ginomènou aujaÐrethc oikogèneiac
topologik¸n q¸rwn.

JewroÔme shmeÐa x0 ∈ X kai y0 ∈ Y . Gia k�je x ∈ X orÐzoume

Ax = (X × {y0}) ∪ ({x} × Y ) .

Oi upìqwroi X × {y0} kai {x} × Y eÐnai omoiomorfikoÐ me touc X kai Y antÐstoiqa,
kai sunep¸c eÐnai sunektikoÐ upìqwroi tou X × Y .

Gia k�je x, o upìqwroc Ax eÐnai sunektikìc, afoÔ eÐnai h ènwsh twn sunektik¸n
(X × {y0}) kai ({x} × Y ), pou èqoun mh ken  tom  {(x, y0)}. Tèloc, to kartesianì
ginìmeno X × Y eÐnai h ènwsh

X × Y =
⋃
x∈X

Ax ,

kai eÐnai sunektikì afoÔ (x0, y0) ∈
⋂

x∈X Ax.
¤

Orismìc. JewroÔme shmeÐo x tou topologikoÔ q¸rou X. H ènwsh ìlwn twn sune-
ktik¸n uposunìlwn tou X pou perièqoun to x onom�zetai sunektik  sunist¸sa
tou x ston topologikì q¸ro X, kai sumbolÐzetai C(x).

'Askhsh 5.2 K�je sunektik  sunist¸sa eÐnai sunektikì kai kleistì uposÔnolo
tou X. Ta uposÔnola C(x), x ∈ X, apoteloÔn diamèrish tou X.
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Je¸rhma 5.17 JewroÔme sunektikì topologikì q¸ro X kai suneq  apeikìnish
f : X −→ R. E�n x, y ∈ X kai f(x) < c < f(y), tìte up�rqei z ∈ X me f(z) = c.

Je¸rhma 5.18 K�je suneq c apeikìnish f : [0, 1] −→ [0, 1] èqei èna stajerì
shmeÐo, dhlad  up�rqei t ∈ [0, 1] me f(t) = t.

Orismìc. MÐa suneq c apeikìnish σ : [0, 1] −→ X onom�zetai drìmoc sto X

apì to x = σ(0) sto y = σ(1).

Orismìc. 'Enac topologikìc q¸roc X onom�zetai kat� drìmouc sunektikìc
(path connected) e�n gia k�je dÔo shmeÐa x, y ∈ X, up�rqei drìmoc sto X apì to x

sto y.

L mma 5.19 'Enac topologikìc q¸roc X eÐnai kat� drìmouc sunektikìc e�n kai
mìnon e�n up�rqei èna shmeÐo x0 ∈ X tètoio ¸ste gia k�je y ∈ X up�rqei drìmoc
apì to x0 sto y.

Apìdeixh. JewroÔme shmeÐa y1 kai y2 tou X, kai upojètoume oti σ1 eÐnai drìmoc
apì to x0 sto y1 kai σ2 drìmoc apì to x0 sto y2. OrÐzoume drìmo apì to y1 sto y2:

σ(t) =

{
σ1(1− 2t) gia 0 ≤ t ≤ 1

2

σ2(2t− 1) gia 1
2
≤ t ≤ 1

¤

Je¸rhma 5.20 K�je kat� drìmouc sunektikìc q¸roc eÐnai sunektikìc.

To antÐstrofo den isqÔei, ìpwc ja doÔme me to par�deigma thc topologik c ktènac.

Par�deigma 5.4 H topologik  ktèna. To sÔnolo

C = {(0, t) ∈ R2 : 0 ≤ t ≤ 1}∪{(s, 0) ∈ R2 : 0 ≤ s ≤ 1}∪{( 1

n
, t) ∈ R2 : 0 ≤ t ≤ 1, n ∈ N}

onom�zetai topologik  ktèna, kai eÐnai èna kat� drìmouc sunektikì, kleistì uposÔ-
nolo tou R2. To uposÔnolo C1 = C \ {(0, t) ∈ R2 : 0 ≤ t ≤ 1} eÐnai kat� drìmouc
sunektikì. To uposÔnolo C2 = C \{(0, 0)} den eÐnai kat� drìmouc sunektikì. 'Omwc
C1 ⊆ C2 ⊆ C1 = C, kai ef� ìson C1 eÐnai sunektikì, C2 eÐnai sunektikì apì thn
Prìtash 5.15.

Orismìc. JewroÔme shmeÐo x tou topologikoÔ q¸rou X. H ènwsh ìlwn twn kat�
drìmouc sunektik¸n uposunìlwn tou X pou perièqoun to x onom�zetai kat� drì-
mouc sunektik  sunist¸sa tou x ston topologikì q¸ro X, kai sumbolÐzetai
K(x).
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Je¸rhma 5.21 'Ena anoiktì uposÔnolo A ⊆ Rn, gia n ∈ N, eÐnai sunektikì kat�
drìmouc e�n kai mìnon e�n eÐnai sunektikì.

Apìdeixh. JewroÔme èna shmeÐo x ∈ A kai thn kat� drìmouc sunektik  sunist¸sa
tou x sto A, K(x). Ja deÐxoume oti K(x) eÐnai anoiktì kai kleistì uposÔnolo tou
A. AfoÔ K(x) 6= ∅, e�n A eÐnai sunektikì, K(x) = A kai A eÐnai kat� drìmouc
sunektikì.

'Estw y ∈ K(x). Epeid  A eÐnai anoiktì Rn up�rqei ε > 0 tètoio ¸ste D(y, ε) ⊆
A. E�n z ∈ D(y, ε), to eujÔgrammo tm ma apì to y sto z brÐsketai mèsa sto D(y, ε).
'Ara up�rqei drìmoc apì to x sto z. Sunep¸c D(y, ε) ⊆ K(x) kai K(x) eÐnai anoiktì.

'Estw y ∈ A \ K(x), kai ε > 0 tètoio ¸ste D(y, ε) ⊆ A. E�n z ∈ D(y, ε) kai
z ∈ K(x), tìte ja up rqe drìmoc apì to x sto y, mèsw tou z. SumperaÐnoume oti
D(x, ε) ⊆ A \K(x), kai sunep¸c oti K(x) eÐnai kleistì sto A.

¤
H idiìthta thc sunektikìthtac mac epitrèpei na diakrÐnoume di�forouc topologi-

koÔc q¸rouc metaxÔ touc. Gia par�deigma, o kÔkloc den eÐnai omoiomorfikìc me thn
eujeÐa, S1 6∼= R, afoÔ e�n afairèsoume èna shmeÐo apì ton kÔklo èqoume èna sunekti-
kì sÔnolo, en¸ an afairèsoume èna shmeÐo apì thn eujeÐa paÐrnoume èna sÔnolo me
dÔo sunektikèc sunist¸sec. Me an�logo epiqeÐrhma deÐqnoume oti o q¸roc Rn, gia
n > 1, den eÐnai omoiomorfikìc me ton R.

Gia na deÐxoume oti Rm 6∼= Rn ìtan m 6= n qreiazìmaste isqurìtera ergaleÐa, pou
ja anaptÔxoume sto teleutaÐo Kef�laio, qrhsimopoi¸ntac thn ènnoia thc omotopÐac.



Kef�laio 6

Taxinìmhsh twn epifanei¸n

MÐa topologik  pollaplìthta di�stashc n eÐnai ènac topologikìc q¸roc
Hausdorff X me thn idiìthta oti k�je shmeÐo x ∈ X èqei mÐa anoikt  perioq  omoio-
morfik  me ton anoiktì dÐsko Dn = {x ∈ Rn : ||x|| < 1}.

K�je anoiktì uposÔnolo tou Rn eÐnai topologik  pollaplìthta di�stashc n. H
sfaÐra di�stashc n sto q¸ro Rn+1, Sn = {x ∈ Rn+1 : ||x|| = 1}, eÐnai topologik 
pollaplìthta di�stashc n. Gia k�je x ∈ Sn, to sÔnolo {y ∈ Sn : x · y > 0} eÐnai
to anoiktì hmisfaÐrio me kèntro to x, kai eÐnai omoiomorfikì me ènan anoiktì n-dÐsko
mèsw thc orjog¸niac probol c y 7→ y − (x · y)x.

Prìtash 6.1 E�n M eÐnai m-pollaplìthta kai N eÐnai n-pollaplìthta, tìte M×N

eÐnai (m + n)-pollaplìthta.

Apìdeixh. 'Estw (x, y) ∈ M × N , kai Vx, Wy perioqèc twn x kai y stouc topo-
logikoÔc q¸rouc M kai N antÐstoiqa, omoiomorfikèc me touc dÐskouc Dm kai Dn.
Tìte Vx ×Wy eÐnai anoikt  perioq  tou (x, y) sto topologikì ginìmeno M ×N , kai
eÐnai omoiomorfik  me to Dm × Dn. All� Dm ∼= Rm, Dn ∼= Rn, �ra Dm × Dn ∼=
Rm × Rn ∼= Rm+n ∼= Dm+n.

¤
H speÐra eÐnai to kartesianì ginìmeno dÔo kÔklwn, T 2 = S1 × S1, kai eÐnai 2-

pollaplìthta. O kÔlindroc (qwrÐc sÔnoro) eÐnai to kartesianì ginìmeno enìc kÔklou
me ton 1-dÐsko, S1 × D1, kai eÐnai 2-pollaplìthta. O kÔlindroc me sÔnoro eÐnai to
kartesianì ginìmeno tou kÔklou me to kleistì di�sthma I = [0, 1], S1 × I, kai den
eÐnai pollaplìthta, giatÐ ta shmeÐa (z, 0) kai (z, 1) den èqoun perioq  omoiomorfik 
me ton anoiktì dÐsko sto epÐpedo.

Par�deigma 6.1 OrÐzoume thn tainÐa Möbius wc to q¸ro phlÐko X/ ∼, ìpou
X = {(s, t) ∈ R2 : −1 ≤ s ≤ 1, −1 < t < 1} kai ∼ eÐnai h sqèsh isodunamÐac pou

62
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par�getai apì thn (−1, t) ∼ (1, −t) gia k�je t ∈ D1. Ja deÐxoume oti X/ ∼ eÐnai
pollaplìthta.

Gia na deÐxoume oti eÐnai q¸roc Hausdorff jewroÔme dÔo shmeÐa, [s, t] kai [s′, t′]

tou Q/ ∼. E�n |s| 6= 1, |s′| 6= 1, tìte up�rqoun xènec perioqèc twn shmeÐwn (s, t)

kai (s′, t′) sto X oi opoÐec apeikonÐzontai mèsw thc probol c p : X −→ X/ ∼
amfimonos manta se perioqèc twn [s, t] kai [s′, t′].

Sq ma 6.1: DÐskoi sthn tainÐa Möbius .

E�n |s| = 1 kai |s′| 6= 1, up�rqoun jetikoÐ arijmoÐ ε kai δ tètoioi ¸ste D((−1, t), ε)∩
D((s′, t′), δ) = ∅ kai D((1, −t), ε) ∩ D((s′, t′), δ) = ∅. Tìte p(D((−1, t), ε) ∪
D((1, −t), ε)) kai p(D((s′, t′), δ)) eÐnai xènec perioqèc twn [s, t] kai [s′, t′]. Parì-
moia deÐqnoume oti up�rqoun xènec perioqèc ìtan |s| = |s′| = 1.

Sth sunèqeia deÐqnoume oti k�je shmeÐo [s, t] ∈ X/ ∼ èqei perioq  omoiomorfik 
me to D2. E�n |s| 6= 1, epilègoume jetikì arijmì ε tètoio ¸ste ε < 1 − |s| kai
ε < 1−|t|. Tìte D((s, t), ε) ⊆ X kai apeikonÐzetai amfimonos manta se perioq  tou
[s, t] sto X/ ∼. E�n |s| = 1, epilègoume jetikì ε tètoio ¸ste ε < 1− |t| kai èqoume
p(D((−1, t), ε) ∪D((1, −t), ε)) omoiomorfikì me ton dÐsko D((0, 0), ε).

Diaisjhtik�, mÐa epif�neia eÐnai prosanatolÐsimh e�n mporoÔme na epilèxoume mÐ-
a for� peristrof c gÔrw apì k�je shmeÐo me trìpo pou h epilog  na tairi�zei se
geitonik� shmeÐa. Gia thn tainÐa Möbius eÐnai fanerì oti autì den eÐnai dunatìn. O au-
sthrìc orismìc thc ènnoiac thc prosanatolisimìthtac se topologikèc pollaplìthtec
qrhsimopoieÐ pio polÔploka teqnik� ergaleÐa. Gia tic an�gkec autoÔ tou maj matoc
ja apofÔgoume ton genikì orismì kai ja poÔme oti mÐa 2-pollaplìthta eÐnai mh pro-
sanatolÐsimh ìtan perièqei èna uposÔnolo omoiomorfikì me thn tainÐa Möbius .
Sthn antÐjeth perÐptwsh h 2-pollaplìthta eÐnai prosanatolÐsimh.

Par�deigma 6.2 Ja deÐxoume oti to probolikì epÐpedo RP 2 = S2/x ∼ −x eÐnai
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Sq ma 6.2: H tainÐa Möbius den eÐnai prosanatolÐsimh.

sunektik , sumpag c, mh prosanatolÐsimh 2-pollaplìthta.
JewroÔme thn probol  p : S2 −→ Rp2. Gia k�je shmeÐo x ∈ S2 to anoiktì

hmisfaÐrio me kèntro to x apeikonÐzetai amfimonos manta se èna anoiktì uposÔnolo
tou RP 2. 'Ara k�je shmeÐo tou probolikoÔ epipèdou èqei perioq  omoiomorfik  me to
hmisfaÐrio kai sunep¸c me to dÐsko.

E�n [x], [y] eÐnai diaforetik� shmeÐa sto RP 2, tìte x 6= ±y. Epilègoume jetikì
arijmì ε tètoio ¸ste ε < ||x − y|| kai ε < ||x + y||. Tìte p(D(x, ε

2
) ∩ S2) kai

p(D(y, ε
2
) ∩ S2) eÐnai xènec perioqèc twn [x] kai [y] sto RP 2. 'Ara RP 2 eÐnai q¸roc

Hausdorff .
ParathroÔme oti S2 eÐnai sunektikìc, sumpag c topologikìc q¸roc. SumperaÐnou-

me oti RP 2 eÐnai epÐshc sunektikìc, kai afoÔ eÐnai Hausdorff , eÐnai epÐshc sumpag c.
E�n periorÐsoume thn probol  S2 −→ RP 2 sto kleistì �nw hmisfaÐrio H =

{(x, y, z) ∈ S2 : z ≥ 0} èqoume thn kleist  epeikìnish q : H −→ RP 2, kai sunep¸c
RP 2 eÐnai omoiomorfikì me to q¸ro phlÐko H/ ∼ me th sqèsh pou par�getai apì thn
taÔtish twn antipodik¸n shmeÐwn ston ishmerinì, (x, y, 0) ∼ (−x, −y, 0).

T¸ra jèloume na doÔme ti gÐnetai ìtan afairèsoume èna dÐsko apì to probolikì
epÐpedo. JewroÔme to probolikì epÐpedo wc to phlÐko tou hmisfairÐou H kai afai-
roÔme to sÔnolo C = {(x, y, z) ∈ H : z > 1

2
}. To sÔnolo H \C eÐnai mÐa kulindrik 

tanÐa.
To sÔnolo RP 2 \ q(C) ∼= (H \ C)/ ∼ eÐnai mÐa kulindrik  tainÐa me tautÐseic twn

antÐjetwn shmeÐwn sto k�tw �kro. Autìc o q¸roc eÐnai omoiomorfikìc me to phlÐko
tou parallhlogr�mmou [−1, 1] × [0, 1] me th sqèsh pou par�getai apì tic tautÐseic
(s, 0) ∼ (s + 1, 0) gia −1 ≤ s ≤ 0 kai (−1, t) ∼ (1, t) gia 0 ≤ t ≤ 1. Kìboume to
parallhlìgrammo se dÔo tetr�gwna E kai F , me tic tautÐseic ìpwc sto Sq ma 6.3.
Met� apì mÐa an�klash tou F en¸noume ta dÔo tetr�gwna sÔmfwna me tic tautÐseic
twn pleur¸n α. Katal goume oti RP 2 \ q(C) eÐnai omoiomorfikì me to phlÐko tou
parallhlogr�mmou (d) sto Sq ma 6.3. Autì ìmwc eÐnai mÐa tainÐa Möbius me sÔnoro!
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Sq ma 6.3: To probolikì epÐpedo meÐon ènac dÐskoc.

SumperaÐnoume oti to probolikì epÐpedo eÐnai mh prosanatolÐsimh 2-pollaplìthta.

Ja onom�zoume epif�neia mÐa sunektik  pollaplìthta di�stashc 2. E�n eÐnai
epiplèon sumpag c, ja th lème kleist  epif�neia. O ìroc kleist  epif�neia
den prèpei na sugqèetai me ta kleist� uposÔnola tou R3. 'Ena kleistì uposÔnolo
tou R3 mporeÐ na eÐnai epif�neia all� na mhn eÐnai sumpagèc, ìpwc gia par�deigma o
kÔlindroc {(x, y, z) : x2 + y2 = 1}. H sfaÐra S2, h speÐra S1×S1 kai to probolikì
epÐpedo RP 2 eÐnai kleistèc epif�neiec. O (anoiktìc) dÐskoc D2, h tainÐa Möbius kai
o kÔlindroc S1 ×D1 eÐnai mh kleistèc epif�neiec.

Stìqoc mac eÐnai na taxinom soume ìlec tic kleistèc epif�neiec. Dhlad  na broÔme
mÐa oikogèneia kleist¸n epifanei¸n, ètsi ¸ste k�je kleist  epif�neia na eÐnai omoio-
morfik  me mÐa epif�neia thc oikogèneiac, kai k�je dÔo epif�neiec thc oikogèneiac na
mhn eÐnai omoiomorfikèc. Sth sunèqeia, ìtan anaferìmaste se epif�neia ja ennooÔme
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kleist  epif�neia.

To sunektikì �jroisma epifanei¸n

Ja perigr�youme th basik  kataskeu , me thn opoÐa ja kataskeu�soume thn oikogè-
neia epifanei¸n. JewroÔme mÐa epif�neia S kai mÐa emfÔteush tou kleistoÔ dÐskou
∆ = {z ∈ C : |z| ≤ 1} sthn S, f : ∆ −→ S. To sÔnolo f(∆) eÐnai omoiomorfikì me
ton kleistì dÐsko ∆, en¸ to sÔnolo f(D2) eÐnai omoiomorfikì me ton anoiktì dÐsko
D2 = {z ∈ C : |z| < 1}.

JewroÔme dÔo epif�neiec S1 kai S2, kai emfuteÔseic f1 : ∆ −→ S1, f2 : ∆ −→ S2.
Apì tic epif�neiec S1, S2 afairoÔme touc anoiktoÔc dÐskouc f1(D

2) kai f2(D
2), kai

èqoume touc topologikoÔc q¸rouc S1 \ f1(D
2) kai S2 \ f2(D

2). (AutoÐ oi q¸roi eÐnai
epif�neiec me sÔnoro.) Sthn xènh ènwsh twn dÔo q¸rwn, X = (S1 \ f1(D

2)) t (S2 \
f2(D

2)), orÐzoume th sqèsh isodunamÐac ∼ pou tautÐzei ta antÐstoiqa shmeÐa sto
sÔnoro twn dÔo q¸rwn. Ta shmeÐa x1 ∈ S1 kai x2 ∈ S2 tautÐzontai e�n x1 = f1(e

2πit)

kai x2 = f2(e
2πit) gia k�poio e2πit ∈ S1 = ∆ \D2. To sunektikì �jroisma twn

epifanei¸n S1 kai S2 eÐnai o topologikìc q¸roc X/ ∼ kai sumbolÐzetai S1 # S2.

Je¸rhma 6.2 To sunektikì �jroisma twn epifanei¸n S1 kai S2 eÐnai sunektik ,
sumpag c pollaplìthta di�stashc 2, dhlad  eÐnai epif�neia. E�n qrhsimopoi soume
diaforetikèc emfuteÔseic f ′1 kai f ′2 h epif�neia pou prokÔptei eÐnai omoiomorfik  me
aut n pou prokÔptei apì tic f1 kai f2.

¤

Par�deigma 6.3 To sunektikì �jroisma dÔo speir¸n, T 2 # T 2 eÐnai h dipl  sam-
prèla, Sq ma 6.5.

H speÐra eÐnai o q¸roc phlÐko tou tetrag¸nou me tic tautÐseic twn apènanti pleu-
r¸n, ìpwc sto Sq ma 6.6. AfairoÔme apì mÐa speÐra èna dÐsko f1(D

2), kai èqoume
ton q¸ro phlÐko tou pentag¸nou, me tautÐseic stic tèssereic pleurèc. AfairoÔme kai
apì th deÔterh speÐra èna dÐsko f2(D

2) kai èqoume �llo èna pent�gwno. En¸noume
ta dÔo pent�gwna, tautÐzontac to shmeÐo f1(e

2πit) me to shmeÐo f2(e
2πit), kai èqoume

èna okt�gwno, me tautÐseic twn pleur¸n ìpwc sto Sq ma 6.6.
Gia na perigr�youme tic tautÐseic twn pleur¸n tou oktag¸nou, epilègoume mÐ-

a koruf  tou wc arq , kai ènan prosanatolismì sto okt�gwno. Se k�je zeÔgoc
tautizomènwn pleur¸n epilègoume mÐa kateÔjunsh. SumbolÐzoume k�je zeÔgoc tau-
tizomènwn pleur¸n me èna gr�mma. Diatrèqoume to sÔnoro tou oktag¸nou me ton
epilegmèno prosanatolismì, xekin¸ntac apì thn epilegmènh koruf , kai gia k�je
pleur�, me th di�taxh pou tic sunantoÔme, katagr�foume to antÐstoiqo gr�mma, me
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Sq ma 6.4: Sunektikì �jroisma epifanei¸n.

Sq ma 6.5: H dipl  samprèla.

ekjèth +1 (o opoÐoc sun jwc paraleÐpetai) e�n h kateÔjunsh thc pleur�c eÐnai h Ðdia
me ton prosanatolismì tou oktag¸nou kai ekjèth = −1 e�n h kateÔjunsh thc pleu-
r�c eÐnai antÐjeth me ton prosanatolismì tou oktag¸nou. Oi tautÐseic twn pleur¸n
tou oktag¸nou pou dÐnoun to sunektikì �jroisma twn dÔo speir¸n sto Sq ma 6.6
perigr�fontai apì to sÔmbolo

αβα−1β−1γδγ−1δ−1 .
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Sq ma 6.6: Sunektikì �jroisma dÔo speir¸n dÐdei th dipl  samprèla.

H epilog  diaforetik c koruf c metajètei kuklik� ta gr�mmata sto sÔmbolo, en¸ h
epilog  diaforetik¸n kateujÔnsewn all�zei touc ekjètec.

Par�deigma 6.4 Ja perigr�youme to sunektikì �jroisma dÔo probolik¸n epipè-
dwn, RP 2 # RP 2. 'Eqoume deÐ oti RP 2 \ f(D2) eÐnai mÐa tainÐa Möbius me sÔnoro.
'Ara RP 2 # RP 2 eÐnai o q¸roc phlÐko dÔo taini¸n Möbius me sÔnoro, me tautÐseic
twn antÐstoiqwn shmeÐwn tou sunìrou. Sto Sq ma 6.7, to sÔnoro twn dÔo taini¸n
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Möbius apoteleÐtai apì tic pleurèc A kai B, kai C kai D antÐstoiqa. TautÐzoume
thn pleur� B me thn pleur� C. 'Eqoume èna tetr�gwno me tautÐseic twn pleur¸n
sÔmfwna me ta bèlh sto Sq ma 6.7. EÔkola parathroÔme oti h epif�neia pou pro-
kÔptei eÐnai h epif�neia Klein: h taÔtish thc pleur�c A me thn D dÐdei ènan kÔlindro
me sÔnoro dÔo kÔklouc, touc opoÐouc tautÐzoume me antÐjeth for�.

Sq ma 6.7: Sunektikì �jroisma dÔo probolik¸n epipèdwn, wc epif�neia Klein.

Gia na p�roume mÐa pio apl  morf  gia aut  thn epif�neia, kìboume to tetr�gwno
kat� m koc thc diagwnÐou kai koll�me ta dÔo trÐgwna pou prokÔptoun kat� m koc
twn pleur¸n A kai B, ìpwc sto Sq ma 6.8. Kanonikopoi¸ntac to sq ma, èqoume èna
tetr�gwno me tautÐseic tètoiec ¸ste to sÔmbolo aut c thc epif�neiac eÐnai ααββ.

'Askhsh 6.1 DeÐxte oti to sunektikì �jroisma mÐac speÐrac kai enìc probolikoÔ
epipèdou, T 2 # RP 2, eÐnai omoiomorfikì me to phlÐko enìc exag¸nou me tautÐseic twn
pleur¸n sÔmfwna me to sÔmbolo

αβα−1β−1γγ .

'Askhsh 6.2 DeÐxte oti to sunektikì �jroisma mÐac epif�neiac Klein kai enìc
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Sq ma 6.8: Sunektikì �jroisma dÔo probolik¸n epipèdwn.

probolikoÔ epipèdou, K2 # RP 2, eÐnai omoiomorfikì me to phlÐko enìc exag¸nou me
tautÐseic twn pleur¸n sÔmfwna me to sÔmbolo

αβα−1βγγ .

AfoÔ K2 ∼= RP 2 # RP 2, aut  h epif�neia eÐnai omoiomorfik  me to sunektikì �-
jroisma tri¸n probolik¸n epipèdwn, RP 2 # RP 2 # RP 2. DeÐxte oti to sunektikì
�jroisma tri¸n probolik¸n epipèdwn eÐnai omoiomorfikì me to phlÐko enìc exag¸nou
me tautÐseic twn pleur¸n sÔmfwna me to sÔmbolo ααββγγ.

Ja deÐxoume me epagwg  oti to sunektikì �jroisma n speir¸n eÐnai omoiomorfikì me
thn epif�neia pou prokÔptei apì èna 4n-gwno, me tautÐseic twn pleur¸n tou sÔmfwna
me to sÔmbolo

α1β1α
−1
1 β−1

1 . . . αnβnα
−1
n β−1

n .

Upojètoume oti to sunektikì �jroisma n − 1 speir¸n dÐdetai apì èna 4(n − 1)-
gwno, me tautÐseic sÔmfwna me to sÔmbolo α1β1α

−1
1 β−1

1 . . . αn−1βn−1α
−1
n−1β

−1
n−1 kai

prosjètoume akìmh mÐa speÐra, ìpwc sto Sq ma 6.9. To apotèlesma eÐnai h epif�neia
me sÔmbolo α1β1α

−1
1 β−1

1 . . . αnβnα−1
n β−1

n .
Parìmoia deÐqnoume oti to sunektikì �jroisma n probolik¸n epipèdwn eÐnai omoio-

morfikì me thn epif�neia pou prokÔptei apì èna 2n-gwno, me tautÐseic twn pleur¸n
tou sÔmfwna me to sÔmbolo

α1α1 . . . αnαn .

Ja deÐxoume oti to sunektikì �jroisma mÐac speÐrac kai enìc probolikoÔ epipèdou
eÐnai omoiomorfikì me to probolikì �jroisma tri¸n probolik¸n epipèdwn,

T 2 # RP 2 ∼= RP 2 # RP 2 # RP 2 .

Autì shmaÐnei oti k�je sunektikì �jroisma speir¸n kai probolik¸n epipèdwn eÐnai
omoiomorfikì me èna sunektikì �jroisma mìno speir¸n   mìno probolik¸n epipèdwn.
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Sq ma 6.9: Sunektikì �jroisma n speir¸n.

Sq ma 6.10: Sunektikì �jroisma n probolik¸n epipèdwn.

Apì thn 'Askhsh 6.1 gnwrÐzoume oti T 2 # RP 2 eÐnai omoiomorfikì me èna ex�gwno
me tautÐseic sÔmfwna me to sÔmbolo αβα−1β−1γγ. Kìboume to ex�gwno, dhmiour-
g¸ntac nèec pleurèc, kai koll�me ta komm�tia sÔmfwna me tic tautÐseic twn pleur¸n,
ìpwc sto Sq ma 6.11. Me autìn ton trìpo kataskeu�zoume k�je for� èna nèo polÔ-
gwno me tautÐseic stic pleurèc, tou opoÐou to phlÐko eÐnai omoiomorfikì me autì tou
arqikoÔ polug¸nou. Katal goume sto ex�gwno me tautÐseic sÔmfwna me to sÔmbolo
δαδ−1αεε to opoÐo, sÔmfwna me thn 'Askhsh 6.2 eÐnai omoiomorfikì me to sunektikì
�jroisma tri¸n probolik¸n epipèdwn.

To Je¸rhma Taxinìmhshc Kleist¸n Epifanei¸n

Je¸rhma 6.3 (Je¸rhma taxinìmhshc Kleist¸n Epifanei¸n) K�je klei-
st  epif�neia eÐnai omoiomorfik  me mÐa apì tic akìloujec.
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Sq ma 6.11: T 2 # RP 2 ∼= K2 # RP 2.

1. Th sfaÐra S2.

2. To sunektikì �jroisma g speir¸n, gia g ≥ 1.
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3. To sunektikì �jroisma h probolik¸n epipèdwn, gia h ≥ 1.

Epi plèon, k�je dÔo apì tic parap�nw epif�neiec den eÐnai omoiomorfikèc.

H apìdeixh tou Jewr matoc 6.3 qrhsimopoieÐ trigwnopoi seic epifanei¸n.

Orismìc. MÐa trigwnopoÐhsh thc kleist c epif�neiac S eÐnai mÐa upodiaÐresh
thc S se uposÔnola σ1, σ2, . . . , σn tètoia ¸ste

1. S =
⋃n

i=1 σi

2. K�je σi eÐnai omoiomorfikì me èna trÐgwno sto epÐpedo. Pio sugkekrimèna,
up�rqoun xèna metaxÔ touc trÐgwna sto epÐpedo τ1, . . . , τn kai emfuteÔseic
fi : τi −→ S me fi(τi) = σi.

3. E�n dÔo sÔnola σi kai σj, i 6= j, tèmnontai, tìte h tom  touc eÐnai akrib¸c Ðsh

(aþ) eÐte me thn eikìna mÐac pleur�c enìc trig¸nou,

(bþ) eÐte me thn eikìna mÐac koruf c enìc trig¸nou.

H eikìna mÐac pleur�c enìc trig¸nou onom�zetai akm  thc trigwnopoÐhshc.

Par�deigma 6.5 To tetr�edro dÐdei mÐa trigwnopoÐhsh thc sfaÐrac. To eikos�edro
dÐdei mÐa �llh trigwnopoÐhsh thc sfaÐrac.

Sq ma 6.12: To tetr�edro kai h trigwnopoÐhsh thc sfaÐrac.

Par�deigma 6.6 Sto Sq ma 6.13 blèpoume paradeÐgmata epitrepìmenwn kai mh
epitrepìmenwn tom¸n twn trig¸nwn mÐac trigwnopoÐhshc.

Par�deigma 6.7 H diaÐresh tou tetrag¸nou se 8 trÐgwna sto Sq ma 6.14 den
dÐdei trigwnopoÐhsh thc speÐrac met� tic tautÐseic twn pleur¸n, giatÐ ta trÐgwna σ2
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Sq ma 6.13: Oi tomèc twn trig¸nwn mÐac trigwnopoÐhshc.

Sq ma 6.14: Aut  h diaÐresh den apoteleÐ trigwnopoÐhsh thc speÐrac.

Sq ma 6.15: TrigwnopoÐhsh thc speÐrac.
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kai σ6 èqoun tom  Ðsh me dÔo korufèc. Sto Sq ma 6.15 èqoume trigwnopoÐhsh thc
speÐrac me 18 trÐgwna kai 9 korufèc.

Par�deigma 6.8 Gia na perigr�youme mÐa trigwnopoÐhsh mÐac epif�neiac, kat�
prosèggish omoiomorfismoÔ, arkeÐ na aparijm soume tic korufèc, kai na d¸soume
tic tri�dec koruf¸n twn trig¸nwn thc trigwnopoÐhshc. 'Etsi, h trigwnopoÐhsh tou
probolikoÔ epipèdou sto Sq ma 6.16 perigr�fetai apì tic tri�dec

126 236 346 314 124 254 235 315 165 456 .

Sq ma 6.16: TrigwnopoÐhsh tou probolikoÔ epipèdou.

Ja diatup¸soume qwrÐc apìdeixh treic basikèc idiìthtec twn trigwnopoi sewn e-
pifanei¸n.

L mma 6.4 K�je akm  mÐac trigwnopoÐhshc an kei se akrib¸c dÔo trÐgwna.

L mma 6.5 E�n v eÐnai mÐa koruf  mÐac trigwnopoÐhshc, tìte ta trÐgwna pou èqoun
thn v wc koruf  mporoÔn na mpoun se kuklik  di�taxh, σ1, σ2, . . . , σr ètsi ¸ste to
σi kai to σi+1 èqoun mÐa koin  akm  e�n 1 ≤ i < r, kai to σr èqei koin  akm  me to
σ1, dec Sq ma 6.17.

Oi akmèc twn trig¸nwn σ1, σ2, . . . , σr oi opoÐec den èqoun thn v wc mÐa koruf ,
apoteloÔn èna sÔnolo omoiomorfikì me èna kÔklo, to opoÐo onom�zetai krÐkoc sthn
koruf  v.

Prìtash 6.6 E�n σ1, σ2, . . . , σn eÐnai mÐa trigwnopoÐhsh thc kleist c epif�neiac
S, tìte

S ∼=
n⊔

i=1

τi

/
∼

ìpou ta shmeÐa x ∈ τi kai y ∈ τj tautÐzontai e�n fi(x) = fj(y).
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Sq ma 6.17: O krÐkoc sthn koruf  v.

Apìdeixh. OrÐzoume f :
⊔

τi −→ S me f |τi
= fi. H f eÐnai suneq c, afoÔ o

periorismìc thc se k�je τi eÐnai suneq c, kai eÐnai epeikonik , afoÔ S =
⋃

σi. All�⊔
τi eÐnai sumpag c q¸roc, kai h epif�neia S eÐnai q¸roc Hausdorff . 'Ara h f eÐnai

kleist  epeikìnish kai h S èqei thn topologÐa phlÐko thc f .
¤

Je¸rhma 6.7 K�je kleist  epif�neia S epidèqetai mÐa trigwnopoÐhsh.

¤
Sth sunèqeia ja deÐxoume oti mÐa trigwnopoihmènh epif�neia eÐnai omoiomorfik  me

mÐa apì tic epif�neiec tou Jewr matoc 6.3. H apìdeixh ja gÐnei se dÔo b mata. Sto
pr¸to b ma, apì mÐa trigwnopoihmènh epif�neia S kataskeu�zoume èna polÔgwno P

me tautÐseic twn pleur¸n an� dÔo, ètsi ¸ste S ∼= P/ ∼. Katìpin deÐqnoume oti k�je
tètoio polÔgwno mporeÐ na metatrapeÐ se èna apì ta polÔgwna pou antistoiqoÔn stic
epif�neiec tou Jewr matoc 6.3 me kin seic pou diathroÔn ton tÔpo omoiomorfismoÔ
thc epif�neiac phlÐko.
B ma 1

JewroÔme mÐa epif�neia S me trigwnopoÐhsh σ1, . . . , σn. Aut  èqei k = 3n
2

akmèc.
ArijmoÔme autèc tic akmèc a1, . . . , ak kai epilègoume mÐa kateÔjunsh se k�je akm .
Mèsw twn emfuteÔsewn fi metafèroume thn arÐjmhsh kai tic kateujÔnseic stic pleu-
rèc twn trig¸nwn τ1, . . . , τn. 'Etsi gia k�je l = 1, . . . , k up�rqoun dÔo pleurèc pou
an koun se diaforetik� trÐgwna τi kai τj me thn Ðdia etikèta al.

ApeikonÐzoume omoiomorfik� to trÐgwno τ1 se èna isìpleuro trÐgwno τ ′1 sto epÐ-
pedo. Epilègoume mÐa pleur� tou τ1, èstw me etikèta a1. 'Estw τ2 to �llo trÐgwno
pou èqei pleur� me etikèta a1. ApeikonÐzoume to trÐgwno τ2 omoiomorfik� se èna
isìpleuro trÐgwno τ ′2, ètsi ¸ste oi pleurèc twn τ ′1 kai τ ′2 me etikèta a1 na tautÐzontai
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kai na tairi�zoun oi kateujÔnseic. Pio sugkekrimèna, epilègoume omoiomorfismoÔc
gi : τi −→ τ ′i tètoiouc ¸ste (f2|a2)

−1 ◦ f1|a1 = (g2|a2)
−1 ◦ g1|a1 .

Sq ma 6.18: To polÔgwno P2.

ApeikonÐzoume to tetr�pleuro pou sqhmatÐzetai apì to τ ′1 ∪ τ ′2 omoiomorfik� se
èna tetr�gwno P2. JewroÔme mÐa pleur� tou tetrag¸nou, èstw me etikèta a2. AfoÔ
ta σ1 kai σ2 den mporeÐ na tèmnontai se dÔo diaforetikèc akmèc, up�rqei akrib¸c èna
trÐgwno diaforetikì apì ta τ1 kai τ2, èstw to τ3, to opoÐo èqei mÐa pleur� me etikèta
a2.

ApeikonÐzoume to τ3 omoiomorfik� se èna isìpleuro trÐgwno τ ′3, ètsi ¸ste h pleur�
tou τ3 me etikèta a2 na tautÐzetai me thn antÐstoiqh pleur� tou tetrag¸nou. Apei-
konÐzoume omoiomorfik� to pent�gwno pou sqhmatÐzetai se èna kanonikì pent�gwno
P3.

SuneqÐzoume me autìn ton trìpo. 'Otan èqoume qrhsimopoi sei ta trÐgwna τ1, . . . , τm,
gia m < n, èqoume kataskeu�sei èna kanonikì (m + 2)-gwno, Pm, me etikètec kai
epilegmènec kateujÔnseic stic pleurèc tou. K�poiec apì tic pleurèc tou polug¸nou
mporeÐ na èqoun thn Ðdia etikèta, pr�gma pou shmaÐnei oti antistoiqoÔn sthn Ðdia a-
km  thc trigwnopoÐhshc. Gia na mporèsoume na suneqÐsoume th diadikasÐa prèpei na
deÐxoume oti up�rqei toul�qiston mÐa pleur� tou polug¸nou me etikèta diaforetik�
apì ìlec tic �llec pleurèc tou polug¸nou, èstw h ai. E�n isqÔei autì, up�rqei èna
trÐgwno τj, me j > m, me mÐa pleur� me etikèta ai, kai akolouj¸ntac thn prohgoÔmenh
diadikasÐa kataskeu�zoume èna (m + 3)-gwno, Pm+1.

Upojètoume oti ìlec oi pleurèc tou Pm emfanÐzontai se zeÔgh me thn Ðdia etikèta,
gia na odhghjoÔme se antÐfash. JewroÔme ta uposÔnola K = σ1 ∪ · · · ∪ σm kai
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Sq ma 6.19: To polÔgwno P3.

L = σm+1 ∪ · · · ∪ σn thc epif�neiac S. Epilègoume dÔo korufèc thc trigwnopoÐhshc,
u ∈ K kai w ∈ L.

E�n w 6∈ K, sundèoume thn u me thn w me mÐa polugwnik  kampÔlh pou apoteleÐtai
apì akmèc thc trigwnopoÐhshc. Se aut  thn kampÔlh up�rqei mÐa teleutaÐa koruf 
a pou an kei sto K. 'Estw b h epìmenh koruf , h opoÐa den an kei sto K. AfoÔ h
koruf  a eÐnai koruf  enìc trig¸nou sto K, ston krÐko C(a) up�rqei mÐa koruf  c

pou an kei sto K. H koruf  b epÐshc an kei ston krÐko C(a).

Sq ma 6.20: H akm  ac perièqetai se 3 trÐgwna!

E�n w ∈ K ∩ L, ston krÐko C(w) up�rqei mÐa koruf  c pou an kei sto K kai mÐa
koruf  b pou den an kei sto K.

Se k�je perÐptwsh, afoÔ o krÐkoc mÐac koruf c eÐnai omoiomorfikìc me ènan kÔklo,
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up�rqei mÐa polugwnik  kampÔlh ston krÐko C(a)   C(w) h opoÐa sundèei thn koruf 
c me thn koruf  b. Se aut n thn kampÔlh up�rqei mÐa teleutaÐa koruf  d pou an kei
sto K kai h epìmenh koruf  e den an kei sto K. AfoÔ h koruf  e den an kei sto
K, to trÐgwno ade brÐsketai sto L. H akm  ad brÐsketai sto K, kai apì thn upìjesh
up�rqoun dÔo diaforetik� trÐgwna sto K twn opoÐwn h ad eÐnai koin  akm . All�
tìte h akm  ad eÐnai akm  tri¸n diaforetik¸n trig¸nwn. 'Atopo.

SumperaÐnoume oti mporoÔme na suneqÐsoume th diadikasÐa mèqri na exantl soume
ìla ta trÐgwna thc trigwnopoÐhshc, kai na katal xoume se èna (n+2)-gwno, Pn, tou
opoÐou oi pleurèc qwrÐzontai se zeÔgh me thn Ðdia etikèta, kai emfuteÔseic gi : τi −→
Pn. Autì oloklhr¸nei to pr¸to b ma thc apìdeixhc.
B ma 2

Ja orÐsoume treic tÔpouc metatrop¸n enìc polug¸nou, me diadikasÐa koyÐmatoc
kai kol matoc, oi opoÐec den all�zoun ton tÔpo omoiomorfismoÔ thc epif�neiac ph-
lÐko. Se k�je perÐptwsh qrhsimopoioÔme mikr� gr�mmata x, y gia na sumbolÐsoume
memonomènec pleurèc tou polug¸nou, kai kefalaÐa gr�mmata A, B, C, . . . gia na sum-
bolÐsoume èna sÔnolo diadoqik¸n pleur¸n tou polug¸nou, pou mporeÐ na eÐnai kai
kenì.
TÔpoc 1

Sq ma 6.21: Metatrop  tÔpou 1.

ABxCDxE L9999K AyDB−1yC−1E

TÔpoc 2

ABxCDx−1E L9999K AyDCy−1BE

TÔpoc 3
Ef� ìson to AB perièqei toul�qiston 4 pleurèc, orÐzoume thn tropopoÐhsh
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Sq ma 6.22: Metatrop  tÔpou 2.

Sq ma 6.23: Metatrop  tÔpou 3.

Axx−1B L9999K AB

Je¸rhma 6.8 K�je polÔgwno me toul�qiston tèssereic pleurèc, kai me tautÐseic
twn pleur¸n an� dÔo, mporoÔme na to fèroume, qrhsimopoi¸ntac metatropèc twn
tÔpwn 1, 2 kai 3 se mÐa apì tic akìloujec morfèc:

1. M0 me sÔmbolo xx−1yy−1   xyy−1x−1.

2. Mg me sÔmbolo x1y1x
−1
1 y−1

1 x2y2x
−1
2 y−1

2 . . . xgygx
−1
g y−1

g gia g ≥ 1.

3. N1 me sÔmbolo xxyy−1.

4. Nh me sÔmbolo x1x1x2x2 . . . xhxh gia h ≥ 2.

Apìdeixh. JewroÔme èna polÔgwno me toul�qiston tèssereic pleurèc. K�je
pleur� èqei mÐa etikèta, kai gia k�je pleur� up�rqei �llh mÐa me thn Ðdia etikèta.
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Onom�zoume omìrropa zeÔgh ta zeÔgh pleur¸n me thn Ðdia etikèta pou emfanÐzon-
tai sto sÔmbolo tou polug¸nou me ton Ðdio ekjèth, kai antÐrropa zeÔgh aut� pou
emfanÐzontai me diaforetikì ekjèth. Lème oti dÔo antÐrropa zeÔgh eÐnai diaplekì-
mena e�n emfanÐzontai sto sÔmbolo me th di�taxh . . . x . . . y . . . x−1 . . . y−1 . . ., kai
oti eÐnai mh diaplekìmena e�n emfanÐzontai sth di�taxh . . . x . . . x−1 . . . y . . . y−1 . . .  
. . . x . . . y . . . y−1 . . . x−1 . . .. H apìdeixh tou Jewr matoc gÐnetai se tèssera b mata.
B ma aþ.

Sto pr¸to b ma mazeÔoume ìla ta omìrropa zeÔgh sthn arq , dhlad  antika-
jistoÔme to polÔgwno me èna polÔgwno me sÔmbolo AB, ìpou A eÐnai thc mor-
f c x1x1x2x2 . . . xrxr kai B den perièqei omìrropa zeÔgh. Epagwgik�, e�n Ak =

x1x1 . . . xkxk kai èqoume èna polÔgwno me sÔmbolo AkDxExF , efarmìzoume tic me-
tatropèc tÔpou 1:

Ak D x E x F 99K Ak y D−1 y E−1 F

99K Ak z z D E−1 F = Ak+1 D E−1 F ,

ìpwc sto Sq ma 6.24. Epanalamb�noume aut  th diadikasÐa mèqri na sugkentrwjoÔn
ìla ta omìrropa zeÔgh sto arqikì tm ma tou sumbìlou.
B ma bþ.

Sto deÔtero b ma sugkentr¸noume ìla ta diaplekìmena antÐrropa zeÔgh amèswc
met� ta omìrropa zeÔgh, dhlad  antikajistoÔme to polÔgwno AB me èna polÔgwno me
sÔmbolo ACD, ìpou C eÐnai thc morf c y1z1y

−1
1 z−1

1 . . . yszsy
−1
s z−1

s kai sto D den em-
fanÐzontai diaplekìmena zeÔgh. Epagwgik�, e�n Ck = y1z1y

−1
1 z−1

1 . . . ykzky
−1
k z−1

k kai
D perièqei èna diaplekìmeno zeÔgoc, D = FaGbHa−1Ib−1J , efarmìzoume tèssereic
tropopoi seic tÔpou 2:

ACk F a G b H a−1 I b−1 J 99K ACk cG bH c−1 F I b−1 J

99K ACk cG dF I H c−1 d−1 J

99K ACk e F I H G d e−1 d−1 J

99K ACk e f e−1 f−1 F I H GJ = ACk+1 F I H G J .

'Askhsh 6.3 Sqedi�ste tic metatropèc tou b matoc bþ.

B ma gþ
Sto trÐto b ma, e�n to komm�ti A tou sumbìlou den eÐnai kenì, dhlad  e�n u-

p�rqoun omìrropa zeÔgh sto sÔmbolo, antikajistoÔme k�je zeÔgoc diaplekìmenwn
antÐrropwn zeug¸n apì dÔo omìrropa zeÔgh, kai fèrnoume to sÔmbolo tou polug¸-
nou ACD sth morf  A′D, ìpou A′ apoteleÐtai apì omìrropa zeÔgh kai D′ apì mh
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Sq ma 6.24: B ma aþ: MazeÔoume ta omìrropa zeÔgh sthn arq .

diaplekìmena antÐrropa zeÔgh. Efarmìzoume treic tropopoi seic tou tÔpou 3, sthn
antÐjeth kateÔjunsh:

A′′ xx a b a−1 b−1 G L99 A′′ y b−1 a−1 y a−1 b−1 G

L99 A′′ y a y−1 a c c G

L99 A′′ y y d d c c G .

'Askhsh 6.4 Sqedi�ste tic metatropèc tou b matoc gþ.

B ma dþ
Met� to deÔtero   to trÐto b ma èqoume èna polÔgwno me sÔmbolo AD   CD, kai

to D apoteleÐtai apì mh diaplekìmena antÐrropa zeÔgh. 'Estw . . . x . . . x−1 . . . to
zeÔgoc me ton el�qisto arijmì gramm�twn metaxÔ tou x kai tou x−1. E�n up�rqei
k�poio y metaxÔ tou x kai tou x−1, tìte to y−1 prèpei epÐshc na brÐsketai metaxÔ
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tou x kai tou x−1, giatÐ diaforetik� ta zeÔgh x x−1 kai y y−1 ja  tan diaplekìmena.
All� tìte to zeÔgoc x x−1 den eÐnai el�qisto wc proc ton arijmì gramm�twn metaxÔ
tou x kai tou x−1. SumperaÐnoume oti den up�rqei kanèna gr�mma metaxÔ tou x kai
tou x−1. 'Etsi èqoume èna zeÔgoc xx−1 to opoÐo mporoÔme na diagr�youme me mÐa
metatrop  tÔpou 3 ef� ìson to upìloipo sÔmbolo èqei toul�qiston 4 gr�mmata.

E�n to A   to D èqoun toul�qiston tèssera gr�mmata, katal goume me èna po-
lÔgwno me sÔmbolo Mg gia g ≥ 1   Nh gia h ≥ 2. Oi peript¸seic ìpou to A kai to
C eÐnai ken�, dÐdoun ta sÔmbola tou tÔpou M0, pou parist�noun thn sfaÐra. Tèloc
h perÐptwsh ìpou to A èqei mìno dÔo gr�mmata dÐdei to sÔmbolo N1, pou parist�nei
to probolikì epÐpedo. Autì oloklhr¸nei thn apìdeixh tou Jewr matoc 6.8.

¤
'Eqoume apodeÐxei ton isqurismì tou Jewr matoc Taxinìmhshc oti k�je kleist 

epiflaneia eÐnai omoiomorfik  me mÐa apì tic epif�neiec thc taxinìmhshc. Apomènei na
deÐxoume oti ìlec oi epif�neiec thc taxinìmhshc eÐnai pr�gmati diaforetikèc, dhlad 
oti den up�rqoun dÔo pou na eÐnai omoiomorfikèc. Gia na to apodeÐxoume autì ja
qreiastoÔme ta ergaleÐa thc jewrÐac omotopÐac pou ja anaptÔxoume sto epìmeno
Kef�laio.



Kef�laio 7

OmotopÐa

Gia poll� probl mata thc topologÐac oi ènnoiec thc isìthtac apeikonÐsewn kai tou
omoiomorfismoÔ topologik¸n q¸rwn eÐnai polÔ austhrèc. Se pollèc peript¸seic,
apeikonÐseic pou den eÐnai Ðsec èqoun en toÔtoic parìmoiec idiìthtec. Gia par�deigma
ja exet�soume tic apeikonÐseic tou kÔklou, S1 −→ S1 pou dÐdontai, gia 0 ≤ s < 1

kai n ∈ Z, n 6= 0, 1, apì tic ekfr�seic

f1(e
2πis) = e2πis

f2(e
2πis) = e2πisn (7.1)

f3(e
2πis) = e2πins .

Oi dÔo pr¸tec, an kai den eÐnai Ðsec, �tulÐgoun� ton kÔklo mÐa for� gÔrw apì ton
eautì tou. H trÐth k�nei k�ti ousiastik� diaforetikì, afoÔ tulÐgei ton kÔklo n

forèc gÔrw apì ton eautì tou.

Orismìc. DÔo suneqeÐc apeikonÐseic f : X −→ Y kai g : X −→ Y onom�zontai
omotopikèc e�n up�rqei mÐa oikogèneia apeikonÐsewn, ft : X −→ Y , 0 ≤ t ≤ 1, oi
opoÐec paramorf¸noun thn f = f0 mèqri na sumpèsei me th g = f1. Pio sugkekrimèna,
mÐa omotopÐa apì thn f : X −→ Y sthn g : X −→ Y eÐnai mÐa suneq c apeikìnish
H : X × I −→ Y , ìpou I = [0, 1], tètoia ¸ste H(x, 0) = f(x) kai H(x, 1) = g(x).
QrhsimopoioÔme to sumbolismì H : f ∼ g   f ∼ g, kai ft(x) = H(x, t).

Par�deigma 7.1 Oi apeikonÐseic f1 kai f2 sto 7.1 eÐnai omotopikèc. H apeikìnish
H(e2πis, t) = e2πi((1−t)s+tsn) eÐnai mÐa omotopÐa apì thn f1 sthn f2. Ja doÔme argìtera
oti h f3 den eÐnai omotopik  me thn f1.

Par�deigma 7.2 H emfÔteush f : S1 −→ C, f(z) = z, eÐnai omotopik  proc th
stajer  apeikìnish z 7→ 1. Pr�gmati h apeikìnish H : S1 × I −→ C, H(z, t) =

z(1− t) + t eÐnai mÐa omotopÐa apì thn f sth stajer  apeikìnish z 7→ 1.

84
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H apeikìnish f1 tou 7.1 diafèrei apì thn f mìno wc proc to pedÐo tim¸n. H f èqei
pedÐo tim¸n ìlo to C, en¸ h f1 mìno ton kÔklo. EÐnai profanèc oti o kÔkloc mporeÐ na
surriknwjeÐ se èna shmeÐo mèsa sto epÐpedo, kai sunep¸c oti h f eÐnai omotopik  proc
mÐa stajer  sun�rthsh. 'Otan ìmwc to pedÐo tim¸n eÐnai mìno o kÔkloc, blèpoume
diaisjhtik� oti den mporoÔme na surrikn¸soume thn f1 me suneq  trìpo se mÐa stajer 
sun�rthsh. Argìtera ja apodeÐxoume oti h f1 den eÐnai omotopik  me th stajer 
sun�rthsh e2πis −→ 1.

Par�deigma 7.3 H apeikìnish C\{0} −→ C\{0}, z 7→ z
|z| eÐnai omotopik  proc thn

tautotik  apeikìnish. Pr�gmati H(z, t) = z
|z|(1− t) + zt eÐnai h zhtoÔmenh omotopÐa,

afoÔ eÐnai suneq c sto C \ {0} × I kai H(z, 0) = z
|z| , H(z, 1) = z.

H omotopÐa eÐnai sqèsh isodunamÐac sto sÔnolo twn suneq¸n apeikonÐsewn apì
to X sto Y . EÐnai profanèc oti eÐnai anaklastik  kai summetrik  sqèsh. Gia na
apodeÐxoume oti eÐnai metabatik  jewroÔme suneqeÐc apeikonÐseic f : X −→ Y , g :

X −→ Y , h : X −→ Y kai omotopÐec H : f ∼ g kai G : g ∼ h. OrÐzoume thn
apeikìnish F : X × I −→ Y ,

F (x, t) =

{
H(x, 2t) gia 0 ≤ t ≤ 1

2

G(x, 2t− 1) gia 1
2
≤ t ≤ 1

h opoÐa eÐnai kal� orismènh kai suneq c afoÔ gia t = 1
2
, H(x, 2t) = g(x) = G(x, 2t−

1). Gia t = 0 èqoume F (x, 0) = H(x, 0) = f(x) kai gia t = 1, F (x, 1) = G(x, 1) =

g(x). SumperaÐnoume oti h F eÐnai omotopÐa f ∼ h.
Thn kl�sh omotopÐac mÐac suneqoÔc apeikìnishc f : X −→ Y th sumbolÐzoume

[f ].
Ja qrhsimopoi soume thn ènnoia thc omotopÐac gia na orÐsoume mÐa sqèsh isodu-

namÐac pio asjen  apì ton omoiomorfismì. MÐa suneq c apeikìnish f : X −→ Y ono-
m�zetai omotopik  isodunamÐa e�n up�rqei mÐa suneq c apeikìnish g : Y −→ X

tètoia ¸ste oi sunjèseic f ◦ g kai g ◦ f na eÐnai omotopikèc proc tic antÐstoiqec
tautotikèc apeikonÐseic, dhlad  na isqÔoun oi sqèseic g ◦ f ∼ idX kai f ◦ g ∼ idY .
Se aut  thn perÐptwsh lème oti h g eÐnai omotopik  antÐstrofh thc f . E�n
up�rqei omotopik  isodunamÐa f : X −→ Y lème oti oi topologikoÐ q¸roi X kai Y

eÐnai omotopik� isodÔnamoi, kai to sumbolÐzoume X ' Y .
SugkrÐnontac ton orismì thc omotopik c isodunamÐac me autìn tou omoiomorfismoÔ,

blèpoume oti h mình diafor� eÐnai oti h omotopÐa paÐrnei th jèsh thc isìthtac metaxÔ
twn g◦f kai idX , f ◦g kai idY . 'Omwc mÐa omotopik  isodunamÐa den eÐnai upoqrewtik�
antistrèyimh wc apeikìnish, ìpwc ja doÔme sto epìmeno par�deigma.

Par�deigma 7.4 O dÐskoc D2 eÐnai omotopik� isodÔnamoc me èna shmeÐo. JewroÔme
th stajer  apeikìnish f : D2 −→ {0} kai thn ènjesh g : {0} −→ D2. Profan¸c
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f ◦ g = id{0}. H apeikìnish g ◦ f : D2 −→ D2 eÐnai h g ◦ f(z) = 0, h opoÐa eÐnai
omotopik  proc thn tautotik  mèsw thc omotopÐac H(z, t) = tz.

Prìtash 7.1 H omotopik  isodunamÐa eÐnai sqèsh isodunamÐac sthn t�xh twn to-
pologik¸n q¸rwn.

Apìdeixh. H anaklastik  kai h summetrik  idiìthta eÐnai profaneÐc. Ja deÐxoume
oti h sqèsh eÐnai metabatik . JewroÔme topologikoÔc q¸rouc X, Y, Z kai upojètou-
me oti f1 : X −→ Y kai f2 : Y −→ Z eÐnai omotopikèc isodunamÐec. Tìte up�rqoun
suneqeÐc apeikonÐseic g1 : Y −→ X kai g2 : Z −→ Y kai omotopÐec H1 : g1 ◦f1 ∼ idX ,
G1 : f1 ◦ g1 ∼ idY , H2 : g2 ◦ f2 ∼ idY , G2 : f2 ◦ g2 ∼ idZ . Ja deÐxoume oti f2 ◦ f1 eÐnai
omotopik  isodunamÐa, me omotopik  antÐstrofh g1 ◦ g2.

Prèpei na deÐxoume oti f2 ◦f1 ◦g1 ◦g2 ∼ idZ kai oti g1 ◦g2 ◦f2 ◦f1 ∼ idX . OrÐzoume
thn apeikìnish F : Z × I −→ Z,

F (z, t) =

{
f2 ◦G1(g2(z), 2t) gia 0 ≤ t ≤ 1

2

G2(z, 2t− 1) gia 1
2
≤ t ≤ 1

kai elègqoume oti eÐnai kal� orismènh suneq c apeikìnish, dhlad  oti oi dÔo orismoÐ
sumfwnoÔn gia t = 1

2
, kai oti eÐnai omotopÐa apì thn f2 ◦ f1 ◦ g1 ◦ g2 sthn idZ .

An�loga orÐzoume thn omotopÐa K : g1 ◦ g2 ◦ f2 ◦ f1 ∼ idX

K(x, t) =

{
g1 ◦H2(f1(x), 2t) gia 0 ≤ t ≤ 1

2

H1(x, 2t− 1) gia 1
2
≤ t ≤ 1 .

¤

'Askhsh 7.1 DeÐxte oti oi akìloujoi q¸roi eÐnai omotopik� isodÔnamoi. Se k�je
perÐptwsh breÐte apeikonÐseic metaxÔ twn dÔo q¸rwn kai deÐxte oti eÐnai omotopikèc
antÐstrofec.

1. Rn ' {0}

2. C \ {0} ' S1

3. Rn \ {0} ' Sn−1

4. X × Rn ' X gia k�je topologikì q¸ro X
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OmotopÐa drìmwn

Orismìc. DÔo drìmoi ston topologikì q¸ro X, σ : I −→ X kai τ : I −→ X, eÐnai
omotopikoÐ sqetik� proc ta pèrata e�n up�rqei omotopÐa apì thn apeikìnish
σ sthn apeikìnish τ h opoÐa af nei stajer� ta pèrata twn drìmwn, dhlad  e�n up�rqei
mÐa suneq c apeikìnish H : I × I −→ X tètoia ¸ste

H(s, 0) = σ(s)

H(s, 1) = τ(s)

H(0, t) = σ(0) = τ(0)

H(1, t) = σ(1) = τ(1)

Par�deigma 7.5 EÐnai profanèc oti dÔo drìmoi mporeÐ na eÐnai omotopikoÐ mìnon
ìtan èqoun ta Ðdia pèrata. Gia drìmouc ston q¸ro Rn aut  h anagkaÐa sunj kh
eÐnai kai ikan . JewroÔme drìmouc σ : I −→ Rn kai τ : I −→ Rn, me σ(0) = τ(0)

kai σ(1) = τ(1). Tìte mÐa omotopÐa twn dÔo drìmwn sqetik� proc ta pèrata eÐnai h
apeikìnish

H(s, t) = (1− t)σ(s) + tσ(s) .

L mma 7.2 H omotopÐa drìmwn sqetik� proc ta pèrata eÐnai sqèsh isodunamÐac sto
sÔnolo twn drìmwn se èna topologikì q¸ro X.

¤

'Askhsh 7.2 DeÐxte oti h omotopÐa drìmwn sqetik� proc ta pèrata èqei th meta-
batik  idiìthta.

'Otan anaferìmaste se omotopÐec metaxÔ drìmwn, ja ennooÔme omotopÐec sqetik�
proc ta pèrata. SumbolÐzoume Π(X) to sÔnolo twn kl�sewn omotopÐac drìmwn
(sqetik� proc ta pèrata) ston topologikì q¸ro X.

E�n σ kai τ eÐnai drìmoi sto X kai to tèloc tou σ sumpÐptei me thn arq  tou τ ,
dhlad  σ(1) = τ(0), orÐzoume to drìmo σ · τ(s) : I −→ X,

σ · τ(s) =

{
σ(2s) gia 0 ≤ s ≤ 1

2

τ(2s− 1) gia 1
2
≤ s ≤ 1

Dhlad  σ · τ eÐnai o drìmoc pou diatrèqei ton σ kai sth sunèqeia ton τ , me dipl�sia
taqÔthta.
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H prohgoÔmenh pr�xh eÐnai sumbat  me th sqèsh thc omotopÐac drìmwn, kai orÐzei
èna ginìmeno metaxÔ dÔo kl�sewn omotopÐac drìmwn sto Π(X) ìtan to tèloc tou
pr¸tou drìmou sumpÐptei me thn arq  tou deÔterou.

Orismìc. E�n [σ] kai [τ ] eÐnai kl�seic omotopÐac drìmwn sto X kai σ(1) = τ(0),
orÐzoume to ginìmeno

[σ] [τ ] = [σ · τ ] .

EÔkola elègqoume oti to ginìmeno eÐnai kal� orismèno, dhlad  oti e�n σ ∼ σ′ kai
τ ∼ τ ′ tìte σ · τ ∼ σ′ · τ ′.
'Askhsh 7.3 E�n H : σ ∼ σ′ kai G : τ ∼ τ ′ eÐnai omotopÐec drìmwn kai σ(1) = τ(0),
breÐte omotopÐa F : σ · τ ∼ σ′ · τ ′.

E�n x ∈ X, sumbolÐzoume [x] thn kl�sh omotopÐac tou stajeroÔ drìmou s 7→ x.
E�n σ(0) = x kai σ(1) = y tìte [σ] = [x] [σ] = [σ] [y]. Dhlad  oi kl�seic omotopÐac
twn stajer¸n drìmwn eÐnai monìpleura oudètera stoiqeÐa tou ginomènou kl�sewn
omotopÐac drìmwn me arq    tèloc sta sugkekrimèna shmeÐa. EÔkola elègqoume oti

H(s, t) =

{
x gia 0 ≤ s ≤ 1

2
t

σ
(

s−t/2
1−t/2

)
gia 1

2
t ≤ s ≤ 1

dÐdei mÐa kal� orismènh omotopÐa H : σ ∼ x · σ, h opoÐa parist�netai grafik� sto
Sq ma 7.1.

Sq ma 7.1: H omotopÐa H : σ ∼ x · σ.

'Askhsh 7.4 E�n σ eÐnai drìmoc ston topologikì q¸ro X, breÐte omotopÐa G :

σ ∼ σ · σ(1).
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Gia k�je drìmo σ ston topologikì q¸ro X orÐzoume ton antÐjeto drìmo σ−1,

σ−1(s) = σ(1− s) ,

o opoÐoc èqei thn idiìthta oti σ · σ−1 ∼ σ(0) kai σ−1 · σ ∼ σ(1). EÔkola elègqoume
oti

H(s, t) =





σ(2s) gia 0 ≤ s ≤ 1
2
t

σ(t) gia 1
2
t ≤ s ≤ 1− 1

2
t

σ−1(2s− 1) gia 1− 1
2
t ≤ s ≤ 1

dÐdei mÐa kal� orismènh omotopÐa H : σ(0) ∼ σ · σ−1, h opoÐa parist�netai grafik�
sto Sq ma 7.2.

Sq ma 7.2: H omotopÐa H : σ(0) ∼ σ · σ−1.

'Askhsh 7.5 E�n σ eÐnai drìmoc ston topologikì q¸ro X, breÐte omotopÐa G :

σ(1) ∼ σ−1 · σ.

Prìtash 7.3 To antÐstrofo thc kl�shc [σ] eÐnai monadikì, dhlad  e�n [σ · ρ] =

[σ(0)] tìte ρ ∼ σ−1.

Apìdeixh. Jèloume na kataskeu�soume mÐa omotopÐa G : I× I −→ X tètoia ¸ste
G(s, 0) = σ(1− s) kai G(s, 1) = ρ(s).

Upojètoume oti H : I× I −→ X eÐnai omotopÐa tètoia ¸ste H(s, 0) = σ · ρ(s) kai
H(s, 1) = σ(0). Ja kataskeu�soume thn G sunjètontac thn H apì ta dexi� me mÐa
apeikìnish F : I × I −→ I × I tètoia ¸ste, gia 0 ≤ s ≤ 1, F (s, 0) = (1

2
− s

2
, 0) kai

F (s, 1) = (1
2

+ s
2
, 0), gia 0 ≤ t ≤ 1, F (0, t) = (1

2
, 0) kai F (1, t) apeikonÐzetai stic

�llec treic pleurèc tou tetrag¸nou, ìpwc sto Sq ma 7.3. MÐa tètoia apeikìnish
eÐnai h

F (s, t) =





(1− s)(1
2
, 0) + s(0, 3t) gia 0 ≤ t ≤ 1

3

(1− s)(1
2
, 0) + s(3t− 1, 1) gia 1

3
≤ t ≤ 2

3

(1− s)(1
2
, 0) + s(1, 3− 3t) gia 2

3
≤ t ≤ 1
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Sq ma 7.3: H apeikìnish F : I × I −→ I × I.

EÔkola elègqoume oti h zhtoÔmenh omotopÐa eÐnai G = H ◦ F : σ−1 ∼ ρ.

¤
To ginìmeno kl�sewn omotopÐac drìmwn èqei thn prosetairistik  idiìthta,

([σ] [ρ]) [τ ] = [σ] ([ρ] [τ ]) .

Oi dÔo drìmoi, (σ · ρ) · τ kai σ · (ρ · τ), akoloujoÔn thn Ðdia �diadrom �, all� me
diaforetik  taqÔthta se k�je tm ma. MÐa omotopÐa metaxÔ touc, pou parist�netai
grafik� sto Sq ma 7.4, eÐnai h

H(s, t) =





σ( 4s
1+t

) gia 0 ≤ s ≤ 1+t
4

ρ(4s− 1− t) gia 1+t
4
≤ s ≤ 2+t

4

τ(4s−2−t
2−t

) gia 2+t
4
≤ s ≤ 1

Sq ma 7.4: H omotopÐa H : (σ · ρ) · τ ∼ σ · (ρ · τ).
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Jemeli¸dhc Om�da

'Enac drìmoc σ : I −→ X tètoioc ¸ste σ(0) = σ(1) = x0 onom�zetai kleistìc
drìmoc me b�sh x0. SumbolÐzoume π(X, x0) to sÔnolo twn kl�sewn omotopÐac
kleist¸n drìmwn sto X me b�sh x0.

Je¸rhma 7.4 To sÔnolo π(X, x0) me thn pr�xh tou pollaplasiasmoÔ kl�sewn
omotopÐac drìmwn, eÐnai mÐa om�da, kai onom�zetai jemeli¸dhc om�da tou X me
b�sh x0.

Apìdeixh. To ginìmeno eÐnai kal� orismèno, afoÔ ìloi oi drìmoi èqoun ta Ðdia
pèrata. DeÐxame oti eÐnai prosetairistikì. AfoÔ o drìmoc σ eÐnai kleistìc, σ−1 eÐnai
amfÐpleuro antÐstrofo,

[σ · σ−1] = [σ(0)] = [σ(1)] = [σ−1 · σ] .

To oudètero stoiqeÐo thc om�dac eÐnai h kl�sh omotopÐac tou stajeroÔ drìmou [x0].

¤
EÐnai profanèc oti h jemeli¸dhc om�da π(X, x0) kajorÐzetai apì thn kat� drìmouc

sunist¸sa tou X pou perièqei to shmeÐo x0. Gi� autì sth sunèqeia ja upojèsoume
oti ìloi oi q¸roi stouc opoÐouc anaferìmaste eÐnai sunektikoÐ kat� drìmouc.

Prìtash 7.5 JewroÔme (sunektikì kat� drìmouc) topologikì q¸ro X, dÔo sh-
meÐa, x0 kai x1 ston X kai drìmo α : I −→ X apì to x0 sto x1. Tìte h apeikìnish

α# : π(X, x0) −→ π(X, x1) : [σ] 7→ [α−1] [σ] [α]

eÐnai isomorfismìc apì th jemeli¸dh om�da tou X me b�sh x0 sth jemeli¸dh om�da
tou X me b�sh x1.

Apìdeixh. H apeikìnish α# eÐnai kal� orismènh, afoÔ e�n ρ ∼ σ tìte α−1 · ρ ·α ∼
α−1 · σ · α, kai eÐnai omomorfismìc afoÔ

α#([σ]) α#([ρ]) = [α−1] [σ] [α] [α−1] [ρ] [α]

= [α−1] [σ] [ρ] [α]

= [α−1] [σ · ρ] [α]

= α#([σ] [ρ]) .

O omomorfismìc α# èqei antÐstrofo (α−1)#.
¤

'Askhsh 7.6 DeÐxte oti (α−1)# eÐnai o antÐstrofoc omomorfismìc tou α#.
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Sq ma 7.5: O drìmoc α#(σ).

Prìtash 7.6 E�n f : X −→ Y eÐnai suneq c apeikìnish, kai f(x0) = y0, tìte h
apeikìnish

f∗ : π(X, x0) −→ π(Y, y0) : [σ] 7→ [f ◦ σ]

eÐnai omomorfismìc apì th jemeli¸dh om�da tou X me b�sh x0 sth jemeli¸dh om�da
tou Y me b�sh y0, kai èqei tic akìloujec idiìthtec

1. (idX)∗ = idπ(X, x0)

2. E�n g : Y −→ Z eÐnai suneq c apeikìnish, tìte g∗ ◦ f∗ = (g ◦ f)∗

3. E�n f eÐnai omoiomorfismìc topologik¸n q¸rwn, tìte f∗ eÐnai isomorfismìc
om�dwn.

Apìdeixh.

¤

Prìtash 7.7 E�n f kai g eÐnai omotopikèc suneqeÐc apeikonÐseic X −→ Y kai
H : f ∼ g eÐnai omotopÐa tètoia ¸ste H(x0, t) = y0 gia k�je t ∈ I, tìte f∗ = g∗.

Genikìtera, e�n H : f ∼ g kai H(x0, t) = α(t), tìte g∗ = α# ◦ f∗.

L mma 7.8 JewroÔme suneq  apeikìnish F : I×I −→ X kai orÐzoume touc drìmouc
α(t) = F (0, t), β(t) = F (1, t), γ(s) = F (s, 0), δ(s) = F (s, 1). Tìte up�rqei
omotopÐa sqetik  proc ta pèrata metaxÔ twn drìmwn α−1 · γ · β kai δ.

Apìdeixh. Jètoume x0 = F (0, 1) kai x1 = F (1, 1). OrÐzoume tic suneqeÐc apeiko-
nÐseic

E(s, t) =

{
x0 gia 0 ≤ s ≤ t ≤ 1

α(1 + t− s) gia 0 ≤ t ≤ s ≤ 1
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kai

G(s, t) =

{
β(t + s) gia 0 ≤ t ≤ 1− s ≤ 1

x1 gia 0 ≤ 1− s ≤ t ≤ 1

kai elègqoume oti h zhtoÔmenh omotopÐa dÐdetai apì

H(s, t) =





E(3s, t) gia 0 ≤ s ≤ 1
3

F (3s− 1, t) gia 1
3
≤ s ≤ 2

3

G(3s− 2, t) gia 2
3
≤ s ≤ 1 .

¤



Kef�laio 8

Oi jemeli¸deic om�dec twn
epifanei¸n

DeÐqnoume oti h jemeli¸dhc om�da tou sunektikoÔ ajroÐsmatoc n kÔklwn eÐnai h
elèujerh om�da se n gr�mmata.

DeÐqnoume oti h jemeli¸dhc om�da thc epif�neiac pou prokÔptei apì tautÐseic twn
pleur¸n enìc polug¸nou, sÔmfwna me to sÔmbolo σ, eÐnai isomorfik  me thn eleÔjerh
om�da sta gr�mmata tou σ phlÐko me thn kanonik  upoom�da pou par�getai apì to σ.

Oi om�dec pou antistoiqoÔn se diaforetikèc epif�neiec thc taxinìmhshc, eÐnai dia-
foretikèc. MporoÔme na deÐxoume oti èqoun diaforetikèc abelianopoi seic.
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