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Pìte èna sÔnolo V lègetai dianusmatikìc q¸roc (p�nw apì to R), paradeÐgmata, stoiqei¸deic idiìthtec pou
èqoun ìloi oi dianusmatikoÐ q¸roi. Pìte èna uposÔnolo W enìc dianusmatikoÔ q¸rou V lègetai kleistì wc
proc thn prìsjesh, kleistì wc proc ton pollaplasiasmì, kai pìte upìqwroc tou V , paradeÐgmata. Pìte, gia
stajer� x1, x2, . . . , xn ∈ V , èna di�nusma lègetai grammikìc sunduasmìc twn x1, x2, . . . , xn. Idiìthtec tou

W := {x : to x eÐnai grammikìc sunduasmìc twn x1, x2, . . . , xn}
(autì toW sumbolÐzetai me < x1, x2, . . . , xn > kai lègetai o q¸roc pou par�goun ta x1, x2, . . . , xn) ei-
dikìtera ìti autì toW eÐnai o mikrìteroc upìqwroc tou V pou perièqei ta x1, x2, . . . , xn. An ta x1, x2, . . . , xn

par�goun ton V tìte kai ta x1, x2, . . . , xn, . . . , xm par�goun ton V . Pìte ta x1, x2, . . . , xn lègontai gram-
mik¸c anex�rthta kai pìte grammik¸c exarthmèna. Ta x1, x2, . . . , xn eÐnai grammik¸c exarthmèna akrib¸c ìtan
k�poio apì aut� eÐnai grammikìc sunduasmìc twn upoloÐpwn. Ta x1, x2, . . . , xn eÐnai grammik¸c anex�rthta
akrib¸c ìtan k�je di�nusma gr�fetai me to-polÔ-èna trìpo wc grammikìc sunduasmìc twn x1, x2, . . . , xn. An
ta x1, x2, . . . , xn, . . . , xm eÐnai grammik¸c anex�rthta tìte kai ta x1, x2, . . . , xn eÐnai grammik¸c anex�rthta.
B�sh kai di�stash tou V , gewmetrik  kai diaisjhtik  shmasÐa gia V = R2,R3,R, paradeÐgmata me V = Rn

kai V na apoteleÐtai apì polu¸numa, shmantikèc idiìthtec thc di�stashc, to Je¸rhma Epèktashc se B�sh,
to Je¸rhma PeriorismoÔ se B�sh, q¸roi peperasmènhc di�stashc, oi sunepagwgèc (gia upìqwrouc W1,W2

enìc q¸rou peperasmènhc di�stashc V )

W1 ⊆W2 ⇒ dim W1 ≤ dim W2 kai W1 ⊂W2 ⇒ dim W1 < dim W2.

Grammikèc apeikonÐseic: orismìc, paradeÐgmata, kai stoiqei¸deic idiìthtec. Upìqwroi kai grammikèc apeikonÐ-
seic, pur nac kai eikìna, h sqèsh me ton mhdenìqwro kai ton q¸ro sthl¸n. An h L eÐnai grammik , tìte eÐnai
èna-proc-èna akrib¸c ìtan ker L = {0}. H anisìthta dim L(W ) ≤ dim W pou isqÔei gia k�je upìqwro W
tou pedÐou orismoÔ miac grammik c apeikìnishc L. To Je¸rhma BajmÐdac kai Mhdenikìthtac kai efarmogèc
sthn Ôparxh èna-proc-èna kai epÐ grammik¸n apeikonÐsewn. O dianusmatikìc q¸roc L(V,W ), isomorfismoÐ, to
Je¸rhma Kat�taxhc twn Dianusmatik¸n Q¸rwn Peperasmènhc Di�stashc. To di�nusma suntetagmènwn [x]X
tou dianÔsmatoc x wc proc thn (diatetagmènh) b�sh X, h sqèsh metaxÔ grammik¸n L : Rn → Rm kai m × n
pin�kwn A, o pÐnakac Y [L]X thc grammik c apeikìnishc L : V →W apì th b�sh X tou V sth b�sh Y tou W ,
h isodunamÐa twn L(x) = y kai [L] · [x] = [y] (ìpou [L] = Y [L]X , [x] = [x]X , kai [y] = [y]Y ), oi isìthtec
Z [M ◦L]X = Z [M ]Y ·Y [L]X ({o pÐnakac thc sÔnjeshc eÐnai to ginìmeno twn pin�kwn}), X [i]X = I ({o pÐnakac
thc tautotik c eÐnai o tautotikìc}), kai X [L−1]Y = (Y [L]X)−1 ({o pÐnakac thc antÐstrofhc sun�rthshc eÐnai
o antÐstrofoc tou pÐnaka thc sun�rthshc}). O pÐnakac met�bashc apì th b�sh X sth b�sh Y , pou eÐnai h
eidik  perÐptwsh tou Y [L]X me L = i = tautotik , oi isìthtec Z [i]X = Z [i]Y · Y [i]X kai X [i]Y = (Y [i]X)−1.
DianusmatikoÐ q¸roi pin�kwn kai efarmogèc stic Grammikèc ApeikonÐseic. Idiotimèc kai idiodianÔsmata (gram-
mik¸n) telest¸n, idiotimèc kai idiodianÔsmata pin�kwn, kai h sqèsh metaxÔ touc. H qarakthristik  exiswsh
det(A−λI) = 0 tou n×n pÐnaka A, pou eÐnai poluwnumik  bajmoÔ n wc proc ton �gnwsto λ, kai èqei lÔseic

akrib¸c tic idiotimèc tou A. Pìte oi n× n pÐnakec A kai Ã lègontai ìmoioi, kai giatÐ autì sumbaÐnei akrib¸c
ìtan eÐnai pÐnakec tou Ðdiou telest  L : V → V , dhlad  akrib¸c ìtan o A gr�fetai wc A = [L]X := X [L]X
kai o Ã wc Ã = [L]Y (ennoeÐtai X kai Y eÐnai b�seic tou V ). Ti shmaÐnei h eidik  perÐptwsh ìpou V = Rn kai
X eÐnai h kanonik  b�sh, dhlad  ìti, tautÐzontac th b�sh Y = B pou apoteleÐtai apì ta b1, . . . , bn me ton n×n
pÐnaka B pou èqei i-st lh to bi, tìte o pÐnakac thc L(u) = Au wc proc thn B eÐnai o Ã ìpou A = BÃB−1.

IsodunamÐa twn A = BÃB−1 kai Ã = B−1AB, kai h sqèsh twn idiotim¸n kai idiodianusm�twn twn A kai Ã,

eidikìtera oi A kai Ã èqoun Ðdiec idiotimèc. Diag¸nioi pÐnakec, kai giatÐ autoÐ eÐnai akrib¸c oi n × n pÐnakec
pou èqoun ìla ta e1, . . . , en wc idiodianÔsmata, kai m�lista h idiotim  λi pou antistoiqeÐ sto ei eÐnai to i-ostì
stoiqeÐo thc diagwnÐou. Diagwniopoi simoi pÐnakec, kai giatÐ autoÐ eÐnai akrib¸c oi n×n pÐnakec pou èqoun ìla

ta dianÔsmata b1, . . . , bn miac b�shc wc idiodianÔsmata, kai m�lista A = BÃB−1 ìpou Ã eÐnai o n×n diag¸nioc
pÐnakac me i-ostì stoiqeÐo thc diagwnÐou thn idiotim  λi pou antistoiqeÐ sto bi kai B eÐnai o n × n pÐnakac
pou èqei i-st lh to bi. 'Enac n× n pÐnakac eÐnai diagwniopoi simoc akrib¸c ìtan èqei n grammik� anex�rthta
idiodianÔsmata, dhlad  oi diagwniopoi simoi pÐnakec eÐnai akrib¸c autoÐ me pl joc grammik¸c anexart twn id-
iodianusm�twn pou eÐnai ìso pio meg�lo gÐnetai. An ènac n×n pÐnakac èqei n diaforetikèc idiotimèc tìte eÐnai
diagwniopoi simoc. Gia dedomèno polu¸numo, ti eÐnai h pollaplìthta pou èqei k�je rÐza tou. Gia dedomèno
pÐnaka A, ti eÐnai h algebrik  pollaplìthta αj pou antistoiqeÐ sthn idiotim  λj tou A, kai ti eÐnai h gewmetrik 
pollaplìthta γj thc λj . H isìthta α1 + · · · + αk = n pou isqÔei gia k�je diagwniopoi simo n × n pÐnaka
pou èqei akrib¸c k diaforetikèc idiotimèc. Oi anisìthtec α1 ≤ γ1, . . . , αk ≤ γk pou isqÔoun gia k�je n × n
pÐnaka pou èqei akrib¸c k diaforetikèc idiotimèc, m�lista autèc oi anisìthtec eÐnai ìlec isìthtec akrib¸c



ìtan o antÐstoiqoc pÐnakac eÐnai diagwniopoi simoc. 'Iqnoc, orÐzousa, kai idiotimèc. TrigwnikoÐ pÐnakec kai
idiotimèc, to Je¸rhma Cayley-Hamilton, to el�qisto polu¸numo enìc n × n pÐnaka, to el�qisto polu¸numo
enìc diagwniopoi simou pÐnaka. Eswterik� ginìmena, digrammikìthta, nìrma, h Anisìthta Cauchy-Scwarz, h
trigwnik  anisìthta, orjokanonik� dianÔsmata kai h sqèsh touc me grammikoÔc sunduasmoÔc kai grammik 
anaxarthsÐa. O duikìc q¸roc, h duik  b�sh, o diplìc duikìc kai o kanonikìc isomorfismìc.


