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Di�lexh 1: Diairetìthta, diairètec, pollapl�sia, stoiqei¸deic idiìthtec. Jewr same to sÔnolo < a > twn
pollaplasÐwn tou a. Jewr same kai ta S pou eÐnai ta sÔnola akeraÐwn pou eÐnai kleist� wc proc to 0, to −,
kai to +. EÐdame ìti k�je < a > eÐnai èna apì aut� ta S.

Di�lexh 2: K�je S ìpwc parap�nw eÐnai èna apì ta < a >. Koin� Pollapl�sia (KP) kai to El�qisto Koinì
Pollapl�sio (EKP), to EKP diaireÐ k�je KP. Met� jewr same akìmh perissìtera S apì prin, dhlad , de-
domènwn akeraÐwn a1, . . . , an, jewr same to sÔnolo S twn Grammik¸n Sunduasm¸n (GS) aut¸n twn akeraÐwn.
Autì to S to sumbolÐsame me < a1, . . . , an >, kai, an n = 1, eÐnai to Ðdio me to < a1 > thc prohgoÔmenhc
di�lexhc. Genikìtera, gia n ≥ 1, to S apoteleÐtai apì touc GS twn a1, . . . , an, ìpou gia mac autoÐ oi {GS}
eÐnai oi akèraioi c pou gr�fontai sth morf  c = m1a1 + · · ·+mnan (me m1, . . . ,mn ∈ Z). ApodeÐxame ìti kai
aut� ta S eÐnai kleist� wc proc to 0, to −, kai to +. KoinoÐ Diairètec (KD), o Mègistoc Koinìc Diairèthc
(MKD), {KD+GS⇔MKD}, o MKD diaireÐtai apì k�je KD, {MKD(ca, cb) = c·MKD(a, b)}.

Di�lexh 3: {MKD(ac ,
b
c ) = 1

cMKD(a, b)}, sqèsh metaxÔ EKP kai MKD, o EukleÐdeioc Algìrijmoc, pr¸toi
kai sqetik� pr¸toi arijmoÐ, to L mma tou EukleÐdh, k�je arijmìc megalÔteroc tou 1 èqei k�poio pr¸to di-
airèth.

Di�lexh 4: Up�rqoun �peiroi pr¸toi, to Kìskino tou Eratosjènh, sÔntoma sqìlia p�nw sth sun�rthsh p(n)
(ìpou to sÔnolo P twn pr¸twn eÐnai {p(1) < p(2) < p(3) < . . .}), sthn {antÐstrofh} sun�rthsh π(x), sto
Je¸rhma twn Pr¸twn Arijm¸n, kai sthn EikasÐa tou Riemann, to Jemeli¸dec Je¸rhma thc Arijmhtik c
(JJA).

Di�lexh 5: Apìdeixh tou JJA, o ekjèthc m = vp(a) tou pr¸tou p ston arijmì a pou qarakthrÐzetai apì to
ìti pm eÐnai h mègisth dÔnamh tou p pou diaireÐ ton a kai apì to ìti a = pma′ me p 6 |a′, vp(ab) = vp(a)vp(b),
a|b⇔ (∀p)[vp(a) ≤ vp(b)].
Di�lexh 6: To pl joc twn diairet¸n tou b = pm1

1 pm2
2 . . . pmk

k eÐnai (1+m1)(1+m2) . . . (1+mk) anmi = vpi
(b).

H sqèsh twn MKD(a, b) kai EKP(a, b) me touc pr¸touc par�gontec twn a, b. H kl�sh modn tou aker�iou a,
pou ja th sumbolÐzoume me [a]n   me a (sthn aÐjousa: kai me a), kai pou eÐnai apl¸c to upìloipo thc di-
aÐreshc tou a dia n. To sÔnolo Zn twn akeraÐwn modn, pou eÐnai apl¸c to sÔnolo pou apoteleÐtai apì
ìla ta pijan� a, dhlad  to sÔnolo pou apoteleÐtai apì ta 0, 1, . . . , n − 1. IsotimÐa modn. Prìsjesh kai
pollaplasiasmìc modn kai h sqèsh touc me thn prìsjesh kai ton pollaplasiasmì akeraÐwn. (Sthn aÐjousa
qrhsimopoioÔme to + gia thn prìsjesh modn kai to · gia ton pollaplasiasmì modn. Me autì to sumbolis-
mì, h sqèsh twn {kainoÔrgiwn} pr�xewn me tic {palièc} eÐnai a+ b = c⇒ a+ b = c kai a · b = c⇒ a · b = c,
ìpou sumfwnoÔme ìti to = apl¸c shmaÐnei =)

Di�lexh 7: Stoiqei¸deic idiìthtec twn akeraÐwn modn kai twn isotimi¸n modn. ParadeÐgmata pou deÐq-
noun pwc oi akèraioi modn mac bohjoÔn na lÔsoume probl mata pou, ek pr¸thc ìyewc, èqoun na k�noun
mìno me touc (sun jeic) akeraÐouc. (An�mesa sta paradeÐgmata eÐnai kai mia eisagwg  stouc {Pr¸touc tou
Mersenne}.) H exÐswsh ax = 0 stouc akeraÐouc modn.

Di�lexh 8: H exÐswsh ax = 0 stouc akeraÐouc modn (sunèqeia). OrÐsame thn prosjetik  t�xhm tou a stouc
akeraÐouc modn wc ton el�qisto arijmì (gia mac {arijmìc} shmaÐnei {jetikìc akèraioc}) k me to �jroisma
k ìrwn a+a+ · · ·+a stouc akeraÐouc modn na eÐnai mhdèn. EÐdame ìti autì to m isoÔtai me n/d ìpou d eÐnai
o MKD twn a kai n, kai ìti ta parap�nw k eÐnai akrib¸c ta pollapl�sia tou m. OrÐsame ta {pollapl�sia
modn} tou a, eÐdame ìti to pl joc touc eÐnai m (me m ìpwc parap�nw), ìti tautÐzontai me ta pollapl�sia
modn tou d, kai ta upologÐsame wc 0, d, 2d, . . . , (m− 1)d.

Di�lexh 9: H exÐswsh ax = b stouc akeraÐouc modn, h isotimÐa ax ≡ b (modn) kai pwc aut� ta duì prob-
l mata eÐnai ousiastik� to Ðdio prìblhma. Kl�seic isotimÐac. Poluwnumikèc isotimÐec kai pwc sumfwnoÔme na
parousi�zoume tic lÔseic touc wc kl�seic isotimÐac.

Di�lexh 10: Pr¸ta melet same to Kinèziko Je¸rhma UpoloÐpwn (KJU) kai eÐdame efarmogèc tou KJU. Met�
orÐsame èna uposÔnolo Un tou Zn pou apoteleÐtai apì autoÔc touc akeraÐouc a sto Zn pou eÐnai sqetik�
pr¸toi me to n. Parathr same ìti h exÐswsh ax = 1 sto Zn èqei lÔsh an kai mìno an a ∈ Un, sthn opoÐa
perÐptwsh h lÔsh eÐnai monadik . Sthn aÐjousa sumbolÐzoume aut  th lÔsh me 1

a . EÐdame pwc lÔnoume thn
ax = b ìtan gnwrÐzoume to 1

a . (Sthn aÐjousa sumbolÐzoume me ax = b thn exÐswsh ax = b ìtan thn jewroÔme
wc exÐswsh sto Zn.) Tèloc, orÐsame thn sun�rthsh φ tou Euler kai eÐdame apl� paradeÐgmata upologismoÔ
tou φ(n).

Di�lexh 11: ApodeÐxame duì shmantikèc idiìthtec thc sun�rthshc φ. H pr¸th eÐnai ìti h φ eÐnai {pollaplasi-



astik }, dhl. φ(mn) = φ(m)φ(n) an oi m kai n eÐnai sqetik� pr¸toi. H deÔterh eÐnai ìti φ(pm) = pm− pm−1

an o p eÐnai pr¸toc. EÐdame pwc oi duì autèc idiìthtec k�noun ton upologismì tou φ(n) polÔ eÔkolo, gia
k�je n pou gnwrÐzoume thn paragontopoÐhsh tou se pr¸touc.

Di�lexh 12: To Je¸rhma twn Fermat kai Euler (JFE) kai efarmogèc ston upologismì dun�mewn sto Zn.
(To komm�ti tou JFE pou br ke o Fermat eÐnai gnwstì kai wc Mikrì Je¸rhma tou Fermat (MJF).)

Di�lexh 13: Pr¸ta eÐdame thn {kentrik  idèa} thc Kruptografik c Mejìdou RSA. Met� apodeÐxame to ex c
je¸rhma, pou p�nw tou sthrÐzetai aut  h mèjodoc: 'Estw m = φ(n). EÐdame pwc apì to JFE prokÔptei ìti,
gia a ∈ Un, an de ≡ 1 modm tìte ade ≡ a modn. To je¸rhma pou apodeÐxame eggu�tai pwc autì isqÔei
gia tuqaÐo akèraio a arkeÐ o n na eÐnai thc morf c n = p1p2 · · · pk me touc pr¸touc p1, p2, . . . , pk na eÐnai ìloi
diaforetikoÐ.

Di�lexh 14: Ta duadik� yhfÐa (bits) enìc arijmoÔ, {èxupnh} Ôywsh se dÔnamh, arijmhtik� paradeÐgmata thc
{kentrik c idèac} thc RSA.

Di�lexh 15: Oi {nìmoi twn ekjet¸n} me ton {polllaplasiastikì sumbolismì} kai me ton {prosjetikì sumbo-
lismì}. Diaisjhtik  eisagwg  stouc {diakritoÔc logarÐjmouc}. H pollaplasiastik  t�xh n enìc stoiqeÐou γ
tou UN .

Di�lexh 16: Idiìthtec thc (pollaplasiastik c) t�xhc n enìc stoiqeÐou γ tou UN , eidikìtera ìti mac epitrèpei
na orÐsoume mia sun�rthsh, ton (diakritì) log�rijmo me b�sh to γ, pou eÐnai sun�rthsh thc morf c
logγ :< γ >→ Zn, ìpou < γ > sumbolÐzei to sÔnolo ìlwn twn dun�mewn tou γ. (SumfwnoÔme, ìpote
qrhsimopoioÔme ta sÔmbola {α, β, γ, δ}, tìte k�je pollaplasiasmìc metaxÔ tètoiwn sumbìlwn ja eÐnai p�nta
pollaplasiasmìc modN , eidikìtera autì isqÔei gia k�je dÔnamh tou γ, afoÔ k�je dÔnamh tou γ eÐnai ginìmeno
thc morf c γγ · · · γ.) O orismìc tou logγ eÐnai o {profan c}, dhlad  logγ(α) = a⇔ γa = α. (Prosoq  sth
diafor� twn {ellhnik¸n} gramm�twn α, β, γ, δ kai twn {latinik¸n} gramm�twn a, b, c, d, ta pr¸ta {zoÔne ston
pollaplasiastikì kìsmo tou moduloN} en¸ ta deÔtera {zoÔne ston prosjetikì kìsmo tou modulon}.)

Di�lexh 17: Prwtarqikèc RÐzec (PR) modN , diatÔpwsh tou Jewr matoc 'Uparxhc Prwtarqik¸n Riz¸n
(JUPR) modN tou Gauss, paradeÐgmata pou kalÔptoun tic peript¸seic 2 ≤ N ≤ 8. Sto upìloipo thc
di�lexhc jewroÔme dedomèno k�poio γ ∈ UN t�xhc n. H (pollaplasiastik ) t�xh tou γa eÐnai h Ðdia me thn
prosjetik  t�xh tou a sto Zn. T�xh tou γ−1, akrib¸c φ(n) an�mesa sta γa èqoun Ðdia t�xh me to γ, an
up�rqei PR modN tìte up�rqoun akrib¸c φ(φ(N)) PR modN .

Di�lexh 18: H t�xh tou ginomènou. H mègisth t�xh. H perÐptwsh N = ps. H perÐptwsh N = 2ps.

Di�lexh 19: StoiqeÐa t�xhc dÔo. H perÐptwsh N = 2s, s > 2. Oi upìloipec peript¸seic.

Di�lexh 20: Efarmogèc twn diakrit¸n logarÐjmwn sth lÔsh duwnumik¸n kai ekjetik¸n isotimi¸n.

Di�lexh 21: Tetragwnik� isoüpìloipa modn, to sÔmbolo tou Legendre, pou orÐzetai gia p perittì pr¸to

kai a akèraio pou den diaireÐtai me to p, kai sumbolÐzetai me
(
a
p

)
. To Krit rio tou Euler, pou lèei ìti(

a
p

)
≡ a

p−1
2 mod p.

Di�lexh 22: O Nìmoc thc Tetragwnik c Antistrof c tou Gauss, h pollaplasiastikìthta tou sumbìlou tou
Legendre, paradeÐgmata.

Di�lexh 23: Upologismìc {tetragwnik¸n riz¸n mod p} gia p ≡ 3 mod 4. Gia to upìloipo thc di�lexhc,
epilègoume tuqaÐo γ pou eÐnai Prwtarqik  RÐza mod p. Ta stoiqeÐa tou Zp pou èqoun k�poia {tetragwnik 

rÐza mod p} eÐnai aut� me �rtio log�rijmo (ennoeÐtai, log�rijmo me b�sh to γ). H isìthta
(
a
p

)
= (−1)t, ìpou

t = logγ a. Apìdeixh tou KrithrÐou tou Euler.


