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Kataskeu  tou diatetagmènou zeÔgouc (a, b). Genikeumènec en¸seic, to AxÐwma thc 'Enwshc, paradeÐgmata, to
AxÐwma thc 'Ektashc. Genikeumènec tomèc, giatÐ den up�rqei {AxÐwma thc Tom c}, to AxÐwma ( : Axiwmatikì
Sq ma) tou DiaqwrismoÔ, to Par�doxo tou Russell, apìdeixh thc Ôparxhc genikeumènwn tom¸n. AxÐwma tou
Dunamosunìlou, kataskeu  tou kartesianoÔ ginomènou, o orismìc thc jewrÐac sunìlwn gia to ti shmaÐnei h
fr�sh {h f eÐnai sun�rthsh apì to A sto B} (shmaÐnei ìti h f , ìpwc kai sqedìn k�je �llh majhmatik  ènnoia
se autì to m�jhma, eÐnai sÔnolo�autì to sÔnolo, pou to tautÐzoume me thn f , eÐnai to gr�fhma thc f). To
krit rio isìthtac sunart sewn. SÔntomh epan�lhyh (apì to m�jhma Jemèlia twn Majhmatik¸n) twn èna-proc-
èna kai epÐ sunart sewn, thc tautotik c kai thc antÐstrofhc sun�rthshc, thc eikìnac f [A1] enìc uposunìlou
tou pedÐou orismoÔ, kai thc antÐstrofhc eikìnac f−1[B1] enìc uposunìlou tou pedÐou tim¸n. 'Ena par�deigma
sÔgkrishc twn f(x) kai f [x]. To sÔnolo BA, pou apoteleÐtai apì ìlec tic sunart seic apì to A sto B.
Ask seic (kurÐwc upodeÐxeic) p�nw sth {sunolojewrhtik  ermhneÐa} twn m0 = 1,m1 = m,m2 = m · m,
kai p�nw sto ìti to 2A eÐnai isoplhjikì me to dunamosÔnolo tou A. Epagwgik� sÔnola, h kataskeu  tou
sunìlou ω twn fusik¸n arijm¸n, to AxÐwma tou ApeÐrou, ta Axi¸mata P1, P2, P3, P4, P5 tou Peano (pou gia
mac eÐnai jewr mata), h sqèsh tou P5 me th sun jh diatÔpwsh thc (Majhmatik c) Epagwg c, metabatik�
sÔnola, k�je n ∈ ω, kaj¸c kai to Ðdio to ω, eÐnai metabatik�, olokl rwsh thc apìdeixhc twn Pj me thn
apìdeixh tou P4. Oi sqèseic sto A wc sÔnola, pìte mia sqèsh eÐnai merik  di�taxh kai pìte olik  di�taxh,
h sqèsh {⊆} sto A = P(B) eÐnai merik  di�taxh (all� ìqi olik  an to B èqei toul�qiston dÔo stoiqeÐa),
paradeÐgmata. Kataskeu  thc sqèshc {≤} sto sÔnolo twn fusik¸n arijm¸n (h kataskeu  eÐnai polÔ eÔkolh,
apl¸c orÐzoume to {≤} na shmaÐnei {⊆} ) kai apìdeixh ìti eÐnai olik  di�taxh. El�qista kai mègista stoiqeÐa,
elaqistik� kai megistik� stoiqeÐa, k�tw fr�gmata kai �nw fr�gmata, inf kai sup. Kalèc diat�xeic, apìdeixh
ìti h di�taxh twn fusik¸n arijm¸n eÐnai kal  di�taxh. Pl rhc epagwg , anadromikoÐ orismoÐ, kataskeu 
thc prìsjeshc kai tou pollaplasiasmoÔ fusik¸n arijm¸n, kataskeu  twn akeraÐwn, rht¸n kai pragmatik¸n
arijm¸n (sumperilambanomènwn kai twn pr�xewn kai thc di�taxhc). OrÐsame thn ènnoia tou isomorfismoÔ
(sunìlwn) wc ex c: an f eÐnai mia sun�rthsh apì to A sto B, lème ìti {h f eÐnai isomorfismìc apì to A
sto B} kai ennooÔme ìti eÐnai èna-proc-èna kai epÐ tou B. Lème ìti {ta sÔnola A kai B eÐnai isìmorfa}
kai ennooÔme ìti up�rqei k�poioc isomorfismìc apì to A sto B (to sumbolÐzoume me A ∼ B). ApodeÐxame
ìti aut  h sqèsh ∼ eÐnai sqèsh isodunamÐac, eÐdame ìti h empeirÐa mac gia peperasmèna sÔnola A kai B
mac peÐjei ìti ta A kai B eÐnai isoplhjik� akrib¸c ìtan eÐnai isìmorfa, kai to qrhsimopoi same autì san
{austhrì orismì} tou {isoplhjikoÔ} gia tuqaÐa sÔnola. PlhjikoÐ arijmoÐ (plhj�rijmoi), orismìc tou ℵ0,
prìsjesh, pollaplasiasmìc, kai Ôywsh se dÔnamh plhjik¸n arijm¸n. Orismìc thc sqèshc {x ≤ y} (gia
plhjikoÔc arijmoÔc x kai y) qrhsimopoi¸ntac èna-proc-èna sunart seic, to Je¸rhma twn Cantor, Schröder,
kai Bernstein. H perigraf  thc sqèshc {x ≤ y} qrhsimopoi¸ntac epÐ sunart seic, to AxÐwma thc Epilog c,
aristerèc kai dexièc antÐstrofec kai h isodunamÐa touc me epÐ kai èna-proc-èna sunart seic, h anisìthta x < 2x.
Peperasmèna kai �peira sÔnola, h Arq  tou Peristeri¸na tou Dirichlet, kat�-Dedekind-peperasmèna kai
kat�-Dedekind-�peira sÔnola, arijm sima sÔnola. Oi isìthtec |Z+| = ℵ0, |Z| = ℵ0, |Q| = ℵ0, kai |R| = 2ℵ0 ,
h EikasÐa tou SuneqoÔc. O ℵ0 eÐnai o mikrìteroc �peiroc plhj�rijmoc. Ta kat�-Dedekind-peperasmèna
sÔnola eÐnai akrib¸c ta peperasmèna sÔnola. Diaisjhtik  eisagwg  stouc diataktikoÔc arijmoÔc. AÔxousec
sunart seic, isomorfismoÐ diatetagmènwn sunìlwn, h tautotik  sun�rthsh eÐnai aÔxousa, h sÔnjesh auxous¸n
sunart sewn eÐnai aÔxousa, h antÐstrofh sun�rthsh f−1 miac aÔxousac sun�rthshc f : A→ B eÐnai aÔxousa
arkeÐ h di�taxh sto A na eÐnai olik , ti shmaÐnei h fr�sh {ta A kai B eÐnai isìmorfa} ( : {ta A kai B eÐnai
ìmoia}  : {A ≈ B}), h sqèsh ≈ eÐnai sqèsh isodunamÐac. Oi isomorfismoÐ (diatetagmènwn sunìlwn) diathroÔn
el�qista, elaqistik�, mègista, kai megistik� stoiqeÐa, kaj¸c kai olikèc kai kalèc diat�xeic. ParadeÐgmata
pou deÐqnoun ìti {A ≈ B} shmaÐnei {ta A kai B èqoun Ðdio sq ma}. GnhsÐwc aÔxousec sunart seic, kai
giatÐ autèc eÐnai akrib¸c oi èna-proc-èna aÔxousec sunart seic an h di�taxh sto pedÐo orismoÔ eÐnai olik . H
anisìthta x ≤ f(x) pou isqÔei gia k�je gnhsÐwc aÔxousa sun�rthsh f : A→ A kai gia k�je x sto A an to A
eÐnai KDS (Kal¸c Diatetagmèno SÔnolo). Sunèpeiec aut c thc anisìthtac gia A kai B KDS, eidikìtera
up�rqei monadikìc isomorfismìc A → A (h tautotik  sun�rthsh), kai to polÔ ènac isomorfismìc A → B.
Arqik� tm mata, gn sia arqik� tm mata, to gn sio arqikì tm ma OA(x) tou KDS A, k�je gn sio arqikì
tm ma B tou KDS A gr�fetai wc B = OA(x). 'Allec dÔo sunèpeiec thc parap�nw anisìthtac x ≤ f(x),
dhlad  ìti A 6≈ OA(x) kai ìti OA(y) 6≈ OA(x) an y 6= x. Uperperperasmènh Epagwg , kai pwc metafr�zetai
san mèjodoc apìdeixhc ìti {mia prìtash Φ(x) isqÔei gia k�je x sto KDS A}. SÔgkrish KDS. DiataktikoÐ
arijmoÐ (d.a.), k�je fusikìc arijmìc eÐnai d.a., to Ðdio to ω eÐnai d.a., ta stoiqeÐa twn d.a. eÐnai d.a., h isìthta



Oα(β) = β pou isqÔei gia k�je d.a. α kai k�je stoiqeÐo β tou α, h {profan c} di�taxh twn d.a. kai giatÐ
eÐnai olik , o (amèswc) epìmenoc d.a. α+ tou d.a. α. H di�taxh twn d.a. eÐnai kal , oi d.a. eÐnai akrib¸c ta
metabatik� sÔnola d. arijm¸n, o d.a. min Φ, up�rqei to supA gia k�je sÔnolo d. arijm¸n A, to Par�doxo tou
Buralli-Forti. Monadikìthta, dedomènou enìc KDS A, tou diataktikoÔ arijmoÔ A, pou lègetai diataktikìc
arijmìc tou A, kai pou kajorÐzetai pl rwc apì to ìti A ≈ B ⇔ A = B. H isìthta A = |A| gia peperasmèna
sÔnola, kai apl� paradeÐgmata tou ìti gia �peira sÔnola polloÐ diaforetikoÐ d.a. antistoiqoÔn ston Ðdio
plhj�rijmo. To AxÐwma ( : Axiwmatikì Sq ma) thc Antikat�stashc, apìdeixh thc Ôparxhc tou A. SÔntomh
perigraf  thc Arq c Kal c Di�taxhc kai tou L mmatoc twn Kuratowski-Zorn kai thc isodunamÐac touc me
to AxÐwma thc Epilog c. O orismìc twn plhjik¸n arijm¸n wc arqik¸n diataktik¸n arijm¸n, h diat�xh twn
arqik¸n diataktik¸n arijm¸n eÐnai h Ðdia, eÐte touc jewr soume wc plhjikoÔc, eÐte wc diataktikoÔc, arijmoÔc.
Apìdeixh ìti h di�taxh twn plhjik¸n arijm¸n eÐnai kal , eidikìtera olik , kai ìti X ∼ Y ⇔ |X| = |Y |. H
arijmhtik  twn diataktik¸n arijm¸n. Oi arijmoÐ ℵ ({�lef}), oi opoÐoi eÐnai akrib¸c oi �peiroi plhj�rijmoi,
kai pwc antistoiqeÐ akrib¸c ènac touc se k�je diataktikì arijmì.


