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Epitrèpetai mìno mÐa selÐda me shmei¸seic. Di�rkeia 4 ¸rec. Kal  epituqÐa!!

(1) D¸ste par�deigma h apodeÐxte ìti den up�rqei tètoio par�deigma:

(i) Metr simo sÔnolo E ⊂ R me m(E ∩ [a, b]) = (b− a)/2 gia k�je a, b ∈ R me a < b.

(ii) Metr simo sÔnolo E ⊂ [0, 1] × [0, 1] me mR2(E) = 1/2 kai mR(Ey) = 1/3 gia k�je
y ∈ [0, 1], ìpou Ey = E ∩ (R× {y}).
(iii) Suneq c sun�rthsh f me limx→∞ f(x) = 0 kai ‖f‖Lp(R) = +∞ gia k�je p > 0.

(iv) Mètro Borel µ me µ ¿ mR kai µ([0, 1]) = +∞.

(2) 'Estw f : [0, 1] → R metr simh. Na deiqjeÐ ìti:

(i) ‖f‖L1[0,1] ≤ ‖f‖Lp[0,1] ≤ ‖f‖L∞[0,1] gia k�je p > 1.

(ii) limp→+∞ ‖f‖Lp[0,1] = ‖f‖L∞[0,1].

(3) (i) E�n f ∈ L1(R) deÐxte ìti sqedìn gia k�je x ∈ [0, 1] h seir�
∑∞

n=1 f(x + n)
sugklÐnei.

(ii) E�n f ∈ L1(R) upologÐste to ìrio limt→+∞
∫
R |f(x+ t)− f(x)| dx. (Exet�ste pr¸ta

thn perÐptwsh pou h f èqei sumpag  forèa. Prosoq , t → +∞.)

(4) 'Estw f, g : R→ R oloklhr¸simec sunart seic. DeÐxte ìti:

(i) Sqedìn gia k�je x ∈ R h sun�rthsh hx me tÔpo hx(y) = f(x − y) · g(y) eÐnai
oloklhr¸simh.

(ii) OrÐzoume (f ∗g)(x) =
∫
R f(x−y)·g(y)dy. DeÐxte ìti ‖f ∗ g‖L1(R) ≤ ‖f‖L1(R) ‖g‖L1(R).
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(5) (i) 'Estw µ1, µ2, . . . peperasmèna mètra orismèna sthn Ðdia σ-�lgebra. Kataskeu�ste
èna peperasmèno mètro µ tètoio ¸ste µi ¿ µ gia k�je i ∈ N.
(ii) K�nte to Ðdio upojètontac ìti ta mètra µ1, µ2, . . . eÐnai σ-peperasmèna.

(6) (i) Poièc apì tic sunart seic f(x) = 1/x, g(x) =
√

x, h(x) = x2 eÐnai apìluta
suneqeÐc sto (0, +∞)?

(ii) 'Estw f : R→ R apìluta suneq c sun�rthsh tètoia ¸ste f ′ ∈ L2(R). DeÐxte ìti gia
k�poia A,B ∈ R isqÔei |f(x)| ≤ A

√
|x|+ B gia k�je x ∈ R.

(7) (i) Kataskeu�ste metr simo sÔnolo E ⊂ [0, 1] me mR(E) < 1 kai mR(E ∩ I) > 0 gia
k�je di�sthma I ⊂ [0, 1].

(ii) Kataskeu�ste sun�rthsh f : [0, 1] → [0, 1] h opoÐa eÐnai gnhsÐwc aÔxousa, apìluta
suneq c, kai ikanopoieÐ mR({x : f ′(x) = 0}) > 0.
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