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ABSTRACT. We study the maximal spaces of strong continuity on BMOA
and the Bloch space B for semigroups of composition operators. Charac-
terizations are given for the cases when these maximal spaces are VMO A
or the little Bloch By. These characterizations are in terms of the weak
compactness of the resolvent function or in terms of a specially chosen
symbol g of an integral operator T,. For the second characterization we
prove and use an independent result, namely that the operators T, are
weakly compact on the above mentioned spaces if and only if they are
compact.

1. INTRODUCTION

Let H(ID) be the Fréchet space of all analytic functions in the unit disk
endowed with the topology of uniform convergence on compact subsets of
D. We say that a Banach space X is a Banach space of analytic functions if
consists of functions of H(ID) such that the inclusion i(f) = f : X — H(D)
is continuous.

A (one-parameter) semigroup of analytic functions is any continuous ho-
momorphism ¢ : ¢t — ®(t) = ¢, from the additive semigroup of nonnega-
tive real numbers into the composition semigroup of all analytic functions
which map D into D. In other words, ® = () consists of analytic functions
on D with (D) C D and for which the following three conditions hold:

(1) o is the identity in D,
(2) Yr4rs = props, forallt,s >0,
(3) vt — o, as t — 0, uniformly on compact subsets of ID.
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It is well known that condition (3) above can be replaced by
(3) Foreach z € D, p(2) — z,ast — 0.

Each such semigroup gives rise to a semigroup (C}) consisting of com-
position operators on H (D),

Ci(f) := f owpy, f e H(D).

We are going to be interested in the restriction of (C;) to certain linear sub-
spaces H(D). Given a Banach space of analytic functions and a semigroup
(pt), we say that (¢;) generates a semigroup of operators on X if (C}) is
a well-defined strongly continuous semigroup of bounded operators in X.
This exactly means that for every f € X, we have Cy(f) € X forallt > 0
and

1C:(f) = fllx =0.

Thus the crucial step to show that (¢;) generates a semigroup of operators
in X is to pass from the pointwise convergence lim; o+ f o p(2) = f(z) on
D to the convergence in the norm of X.

This connection between composition operators and operator semigroups
opens the possibility of studying spectral properties, operator ideal prop-
erties or dynamical properties of the semigroup of operators (C;) in terms
of the theory of functions. The paper [3] can be considered as the starting
point in this direction.

Classical choices of X treated in the literature are the Hardy spaces H?,
the disk algebra A(DD), the Bergman spaces AP, the Dirichlet space D and
the chain of spaces @, and @, 0 which have been introduced recently and
which include the spaces BMOA, Bloch as well as their “little oh” ana-
logues. See [24] and [26] for definitions and basic facts of the spaces and
[20], [21] and [23] for composition semigroups on these spaces.

Very briefly, the state of the art is the following: (i) Every semigroup of
analytic functions generates a semigroup of operators on the Hardy spaces
HP? (1 < p < o0), the Bergman spaces AP (1 < p < 00), the Dirichlet space,
and on the spaces VMOA and little Bloch. (ii) No non-trivial semigroup
generates a semigroup of operators in the space H*° of bounded analytic
functions. (iii) There are plenty of semigroups (but not all) which gener-
ate semigroups of operators in the disk algebra. Indeed, they can be well
characterized in different analytical terms [6].

Recently, in [4], the study of semigroups of composition operators in the
framework of the space BMOA was initiated. The present paper can be
considered as a sequel of [4]. In section 3 we state some general facts about
the maximal subspace of strong continuity [¢;, X| for the composition semi-
group induced by (¢;) on an abstract Banach space X of analytic functions
satisfying certain conditions. In section 4 we consider the maximal sub-
spaces [¢¢, BMOA] and [¢, B]. In particular, for the case of the Bloch space
we show that no non-trivial composition semigroup is strongly continuous
on the whole space B thus [y, B] is strictly contained in B. We also show

lim
t—0t
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that that the equality [¢;, BMOA] = VMOA or [¢, B] = By is equivalent
to the weak compactness of the resolvent operator R(A,I') for the compo-
sition semigroup acting on VMOA (respectively on Bp). In section 5 we
study an integral operator T, on BMOA and B and we show in particular
that its compactness and weak compactness are equivalent (Theorem 6). In
section 6 we apply these results for T; for a special choice of the symbol
g = v (defined later in Definition 4) to obtain a characterization of the cases
of equality [, BMOA] = VMOA and [y, B] = By in terms of « (Corollary
2). In the final section 7 we make some additional observations concern-
ing the Koenigs function of the semigroup in relation to space of strong
continuity, and state some related open questions.

2. BACKGROUND

If () is a semigroup, then each map ¢ is univalent. The infinitesimal
generator of (¢;) is the function

G(z) = lim M, z e D.
t—0+t t

This convergence holds uniformly on compact subsets of D so G € H(ID).
Moreover G satisfies

dpi(z) I (2)
= = > .
(1) Glo() = 0 = ()P s e, 20
Further G has a representation
(2) G(z) = (bz —1)(z = b)P(2), z€D

where b € D and P € H(D) with Re P(z) > 0 for all z € D. If G is not
identically null, the couple (b, P) is uniquely determined from (y;) and
the point b is called the Denjoy-Wolff point of the semigroup. We want to
mention that this point plays a crucial role in the dynamical behavior of the
semigroup (see [21], [7]).

Recall also the notion of Koenigs function associated with a semigroup.
For every non-trivial semigroup (¢;) with generator G, there exists a unique
univalent function i : D — C, called the Koenigs function of (¢;), such that

1. If the Denjoy-Wolff point b of (¢;) is in D then h(b) = 0, 2'(b) = 1 and

3) hgi(2)) = e ®Oh(z) forall z€D and ¢ > 0.
Moreover,
(4) B (2)G(z) = G'(b)h(z), =ze€D.

2. If the Denjoy-Wolff point b of (¢;) is on D then h(0) = 0 and
)] h(pi(z)) = h(z) +t forall zeD and t > 0.
Moreover,

(6) R (2)G(z) =1, zeD.
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For the sake of completeness and to fix notations, we present a quick
review of basic properties of BMOA, VMOA, the Bloch space B, and the
little Bloch space Bj.

BMOA is the Banach space of all analytic functions in the Hardy space
H? whose boundary values have bounded mean oscillation. There are
many characterizations of this space but we will use the one in terms of
Carleson measures (see [26, 12]). Namely, a function f € H? belongs to
BMOA if and only if there exists a constant C' > 0 such that

/ PP - [22)dA() < O],
R(I)

for any arc I C 0D, where R(I) is the Carleson rectangle determined by I,
that is,

s

R(I):—{reweID):l—g‘<r<1andei961}.

As usual, |I| denotes the length of I and dA(z) the normalized Lebesgue
measure on . The corresponding BMOA norm is

) 1/2
= su — "(2)]2(1 — |z|? z .
1l Brroa = 1F(0)] + sup (II /R(I)If( )IF(1 = |2]7)dA( )>

I1CoD

Trivially, each polynomial belongs to BM OA. The closure of all polynomi-
alsin BMOA is denoted by VM OA. Alternatively, VM OA is the subspace
of BMOA formed by those f € BMOA such that

i 1 PR A =0

Particular and quite interesting examples of members of VM OA are pro-
vided by functions in the Dirichlet space D, which is the space of those
functions f € H(D) such that f’ € L?(D,dA) with norm ||f|p = |f(0)|* +
Hf’HL2 p,a4)- Infact, for every f € D,

— |z /2'2 z)—
o FOPA BRI <2 [ 17 GPaAR) =0

as |I| — 0, so D is contained in VMOA. This last inequality also implies
that there is an absolute constant C' such that

(7) | fllBrmoa < C|fllp

for each f € D.
A holomorphic function f € H(D) is said to belong to the Bloch space B

whenever sup,cp (1 - |z|2> |f(2)| < oo.Itis well-known that B is a Banach
space when it is endowed with the norm

1715 = 1£O) +sup (1= |2*) |1'(2)]
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The closure of the polynomials in B is called the little Bloch space and it is
denoted by By. It is also well-known that f € By if and only if
. 2 !
i (1-148) 7@ =0
For more information on these Banach spaces, we refer the reader to the
excellent monographs [12] or [26].

Finally at this point we would like to mention some information about
univalent functions that will be needed later. Let A : D — C be univalent.
Thenh € BMOAifandonlyif h € B,and h € VMOAif and only if h € By.
Further h € B if and only if the discs that can be inscribed in the range of
h have bounded radii and h € By if and only if the radii of these discs tend
to 0 as their center moves to co. In addition if A : D — C is univalent and
non-vanishing then log(h(z)) € BMOA, while if h(b) = 0 for some b € D

h(z)

then log —5 € BMOA. Additional information can be found in [16].

3. THE SPACE [¢y, X].

Given a semigroup of analytic functions (y;) and a Banach space X of an-
alytic functions on the unit disk, we are interested on the maximal closed
subspace of X, denoted by [¢:, X], on which (¢;) generates a strongly con-
tinuous semigroup (C;) of composition operators. The existence of such a
maximal subspace, as well as analytical descriptions of it, will be discussed
in this section.

The next result for a Banach space X of analytic functions is contained,
for the special case X = BMOA, in [4]. The proof here follows the same
lines as the one in [4]. We include it here for the sake of completeness.

PROPOSITION 1. Let (y;) be a semigroup of analytic functions and X a Banach
space of analytic functions such that Cy : X — X are bounded for all t > 0 and
supyepo,1] |Ctll x = M < oo. Then there exists a closed subspace Y of X such that
(1) generates a semigroup of operators on Y and such that any other subspace of
X with this property is contained in 'Y .

Proof. Consider the linear subspace of X defined by

Y::{fEX:tli%ﬂUO%—f”X:O}'

The hypothesis that sup,cj 17 [|Ctllx < oo together with the triangle in-
equality for norms shows that Y is a closed subspace of X. Thus in order
to prove that (¢;) generates a semigroup of operators in Y, it remains to
check thatif f € Y then C5(f) € Y for all s > 0. To see this let s, > 0, then

1Cs(f) oe = Cs(f)llx = [If o ws 00t — Cs(f)l x
=|fopiops —Cs(f)lix
=[|Cs(fowt) — Cs(f)llx
<|[|Csllx \|f0<Pt—f\|X—>0ast—>0+.
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Finally, if W is a subspace of X such that (¢;) generates a semigroup of
operators on W, then for any f € W we have in particular

li - =0,
dim [f oo = fllx
thus f € Y and we conclude W C Y. O

DEFINITION 1. We denote by [y, X| the maximal subspace consisting of func-
tions f € X such that lim; g+ || f o @t — f|x = 0.

It is easy to see that if Z is any closed subspace of [¢;, X| which is in-
variant under (C;) (i.e. Ci(Z) C Z for every t > 0) then (y;) generates a
semigroup of operators on Z.

DEFINITION 2. Given a semigroup (p¢) with generator G and a Banach space of
analytic functions X we define

D(p, X) :={fe X:Gf € X}.
Clearly D(py, X) is a linear subspace of X.

THEOREM 1. Let () be a semigroup with generator G and X a Banach space
of analytic functions which contains the constant functions and such that M =
Supte[()’]_] ”Ct”X < Q. Tl’l@?l,

[pr, X] = D(pt, X).

Proof. Let us show first [¢¢, X] C D(¢¢, X). We may assume that (¢;) is not
trivial. Denote by I the infinitesimal generator of the operator semigroup
(C}) acting on the Banach space [, X], and by D(I") its domain. We will
show that if f € D(T") then Gf’ € X. Indeed if f € D(T') then I'(f) €
[0, X] € X and
1
SC) - H-T()|| =o.

X
Since convergence in the norm of X implies uniform convergence on com-

pact subsets of D and therefore in particular pointwise convergence, for
each z € D we have

lim
t—0+

flei(2)) = f(2)

TN = tlir(I)1+ t - tli%l+ t
B Of opi(2) gt dpi(2) /
= =P TR = re)60),

thatis, Gf' = I'(f) € X, and thus D(T') C {f € X : Gf' € X}. Taking
closures and bearing in mind the fact from the general theory of operator
semigroups that D(I") is dense in [¢;, X| we get the desired inclusion.

For the converse inclusion let f € D(¢;, X) and write m(z) = G(z) f'(2) €
X. The argument in the proof of the converse of [4, Theorem 2.2] can be re-
peated here to show

Uo%ﬂ@—f@%iAMm¢J@M&t2Qz€&
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from which we obtain
(7o 00~ 1) = e - 10+ [ [ mopy Qs
= 1) =10+ [ [(ono©icas
= o) ~ 10+ [ Tomo p.)(2) ~ mg0)ds

0
It follows that for ¢ < 1 we have

1f o ee = fllx < C[f((0)) = f(0)] +/0 [m o s —m(ps(0))]|xds

SCIf(@t(O))—f(0)+/O ||mososllxd8+0/o [m(s(0))]ds

< Clf(p:(0)) = £(0)| + (M\Imllx + C sup Im(2)|> t,

|z|<p

where C' = ||1|x and p = sup,c[o 1) lps(0)] < 1. Taking ¢ — 0 we obtain
| fowr— fllx — O, therefore D(¢, X) C ¢4, X]. Taking closures we get the
desired inclusion and this finishes the proof. O

THEOREM 2. Let (y;) be a semigroup with generator G and X a Banach space
of analytic functions such that (Cy) is strongly continuous on X. Then the in-
finitesimal generator T' of (C}) is given by I'(f)(z) = G(z)f'(z) with domain
D(T') = D(p, X).

Proof. An argument similar to the one in the first part of the proof of The-
orem 1 shows that if f € D(T) then I'(f)(z) = G(2)f'(z) € X so that
On the other hand for X in the resolvent set p(I") of I we have
D(p, X)={feX:Gf e X}
={feX:Gf —AfeX}
= {f € X : thereis m € X such thatm = Gf’—)\f}
= {f € X : thereis m € X such that f = R(\,T")(m)}
=R\T)(X).
Since R(A,I')(X) C D(I") this gives the conclusion.
U

Remark 1. Let (¢;) be a non-trivial semigroup with generator G and X
a Banach space of analytic functions satisfying the hypothesis of Theorem
1. Of particular interest are the functions in the set

Ey={f€X:Gf = \f}
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where ) is a complex number. It is clear that

lJ BEx € D(e1, X).
AeC

If A\ = 0 then this set contains only the constant functions. Assume A # 0.
Let b be the Denjoy-Wolff point and h the Koenigs map of (¢;). If b € D
then G(2)h'(z) = G'(b)h(2), so that the equation Gf’ = \f can be written
in terms of h as

A
-G

®) W=2)f'(2) W(2)f(2).
Suppose f, not identically zero, is an analytic function which is a solution
of this equation on . Then

f'z) _ A W)

f(z) — G'(b) h(z)”

Choose r € (|b,1) such that f has no zeros on {|z| = r} and integrate on
this circle,

1 f’(z)d A1 / h’(z)d
|z|=r

2 Jer 1) GO 270 fr B(2)

By the argument principle the right hand side is equal to G,L(b) because h

has a single zero inside |z| < r. The left hand side is the number of zeros of
f inside {|z| < r} and is an integer £ > 1 (it is clear from the equation (8)
that such a solution f satisfies f(b) = 0). Thus A = kG’(b), and we conclude
that the equation (8) has nonzero analytic solutions only for those values of
A. The equation then becomes

h(z)f'(2) = kb (2) f(2),

and it is easy to see that the only analytic solutions of this are f(z) = ch(z)"
with ¢ € C. Thus E) = {0} if A # kG'(b) while

E, = {ch(z)k ic€ (C} nX,
if \ = kG'(b).

Suppose now the Denjoy-Wolff point b is on 9D. Then G(z)h'(z) = 1 and
the equation Gf’ = \f can be written f' = Afh/. The analytic solutions of
this equation are f(z) = cexp(A\h(z)) and

E, = {ce/\h(z) ic € C} nx

in this case.
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4. THE MAXIMAL SUBSPACE FOR BMOA AND B

For any given semigroup (¢;), the induced operator semigroup (C;) is
known to be strongly continuous on the little Bloch space By and on VM OA.
A proof for both spaces is contained in [23, Theorem 4.1] and an alternative
proof for VMOA can be found in [4, Theorem 2.4]. For the sake of com-
pleteness we recount a short proof of the strong continuity on these two
spaces. Since the polynomials are dense in By and in VMOA and since
supg<i<1 ||Ctllx—>x < oo for X = By and X = VMOA, by a use of the trian-
gle inequality, the strong continuity requirement lim;_q || f o ¢ — f|lx = 0
for f € X reduces to the same requirement for f a polynomial. Now if f is
a polynomial then f o ¢; — f is a function in the Dirichlet space D and we
have from (7) and [16, page 592],

lfow:— flla < Cillfowr— fllBMoa < Collf owr — fllps

with C'y and Cs absolute constants. But composition semigroups are strongly
continuous on D, [20, Theorem 1], so lim; ¢ || f o ¢t — f||x = 0 for f poly-
nomial and the argument is complete.

Thus we have [¢;, By] = By and [p, VM OA] = VMOA so that for every
semigroup (¢y),

By C [, B] € B,
and
VMOA C [¢1, BMOA] C BMOA.

The question arises whether there are cases of semigroups for which equal-
ity holds at one or the other end of these inclusions. In the case of BMOA it
was proved by D. Sarason [18] that for each of the semigroups ¢:(z) = ez
or pi(z) = e 'z we have VMOA = [p;, BMOA]. In [4] a whole class of
semigroups was identified for which this equality holds. It is easy to see
that for the above semigroups of Sarason we also have By = [y, B].

For the right hand side equalities it is unknown if there are semigroups
such that BMOA = [p;, BMOA]. For the Bloch space however we show
below that there are no non-trivial semigroups such that [¢;, B] = B, an-
swering a relevant question from [21, p. 237].

We state the result for the more general class of Bloch spaces B,, o > 0,
defined by

B, = {f € H(D) : sup <1 — ]z\Q)Q |f'(2)| < oo} ,
zeD
endowed with the norm [|f]l5, = [/(0)] + sup,cp (1 - 12\2)“ If/(2)|. The

basic properties of these spaces can be found in [27].

THEOREM 3. Suppose o > 0 and (p) is a non-trivial semigroup of analytic
functions. Then [¢¢, Bo] & Ba.-

Proof. The result will be proved in two steps. First we show that any strongly
continuous operator semigroup in B, is uniformly continuous, therefore its
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infinitesimal generator is a bounded operator. In the second step we show
that for composition semigroups (C;), this implies that the infinitesimal
generator is the null function hence the semigroup must be the trivial one.

Step 1. Each strongly continuous operator semigroup in By, is uniformly con-
tinuous. We are going to use a theorem of H. Lotz [13, Theorem 3] which
says that if X is a Grothendieck space with the Dunford-Pettis property,
then each strongly continuous semigroup of operators on X is in fact uni-
formly continuous (for the terminology see the above cited work). On the
other hand it is well-known that B,, is isomorphic to the space

Ho = { £ D) (1= 15) " 17)] < o0}
zeD

and this last space is isomorphic to the space I, of all bounded sequences
of complex numbers (see [14]). Therefore B, is isomorphic to I, for all
positive a, and it is well known that [, is a Grothendieck space with the
Dunford-Pettis property (see [9, Chapter VII, Exercises 1 and 12]). It follows
that B, is a Grothendieck space with the Dunford-Pettis property and the
theorem of Lotz applies.

Step 2. If () is a semigroup with generator G and the induced semigroup
of composition operators (Cy) is strongly continuous on B, then G = 0. To
prove this let I' : B, — B, denote the infinitesimal generator of (C}). From
Step 1, I'' is a bounded operator. Now for each f € B, we have I'(f) =
lim; o fo“’téf, the convergence being in the norm of B,. But it is easy to see
that convergence in B, implies uniform convergence on compact subsets of
the disc and in particular it implies pointwise convergence for each z € D.
Thus for z € D,

flen(2) = F(2) _ 0f(eu(2))

I(f)(z) = lim , =5 l=0=G@)[(2),

therefore I'(f) = G’ for each f € B,.

Suppose that G # 0 and recall that G(z) = (bz — 1)(z — b)P(z) where
P € H(D) with Re P(z) > 0. Since P(z) has boundary values almost ev-
erywhere on the unit circle (this for example follows from the fact that such
a function P belongs to the Hardy spaces H? for all p < 1) we can find
a point £ € 0D such that G* () = lim,_; G (r) exists and is finite and
different from zero.

Now we distinguish three cases depending on o. If 0 < a < 1, take
f(z) = (1 — £2)'~9, a function in B,. Thus

L(f)(2) = G(2)f'(z) = G(2) (e = 1)g(1 — &2)~°

is a function in B, and therefore bounded on ID because for these values of
o, B, is contained in the disc algebra [27, Proposition 9]. On the other hand
taking z = 7§, 0 <r < 1, we have

lim G (1) f' (r€) = (& = DE lim G(r¢)(1 = 7)™ = ox,




SEMIGROUPS AND INTEGRAL OPERATORS 11

a contradiction.
If o = 1 then take f(z) = log(%), a function in the Bloch space B = B;.

1—£€2
Thus the function

L)) = 6:) -

belongs to B, and so it must satisfy the growth estimate [26, p. 82] for Bloch
functions, that is for some constant C,

G(2)|

1
— <|G(0)| + Clog ——, =z¢€D.
11— &z 1— ¢

In particular for z = r£ we obtain
1

G(r§)] < (1 —=7)|G(0)[ + C(1 —7)log .

and taking » — 1 this implies G*(§) = 0, a contradiction.
Finally if a > 1let f(z) = (1 — Ez)lfa, a function in B,. Thus the func-
tion B B
L(f)(z) = G(z)(a - 1)§(1 - &2)~

belongs to B, and hence it satisfies the estimate

IT(/)(2)] < ITNHO) +C1 =z, zeD,
for some constant C, see [27, Theorem 18 and p. 1162]. We then obtain for
z=rf

(@ = DIGrE| < (o= DIGO)[(1 =7r)* + C(A =),

and letting » — 1 this implies G*(§) = lim,_1 G(r§) = 0, a contradiction.
This completes the proof. O

Suppose now that X is either VM OA or the little Bloch space By so that
the second dual X** is BM OA or B respectively. Let (¢;) be a semigroup on
D and let (Cy) be the induced semigroup of composition operators on X**.
Since each ¢ is univalent each C; is maps X into itself, and the restriction
St = C¢|x, is a strongly continuous semigroup on X.

LEMMA 1. Using the preceding notation for the semigroups (S;) and (Cy) on X
and X** respectively we have
St =Gy
foreacht > 0.
Proof. By the definition of the adjoint operator,
St¥x =S¢ = Cylx.
But X is weak* dense in X** and the conclusion follows. O

THEOREM 4. Let (¢;) be a semigroup and X be one of the spaces V M OA or By.
Denote by T' the generator of the induced composition semigroup (S¢) on X and
let A € p(I"). Then the following are equivalent.

(1) [, X = X;
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(2) R(A,I') is weakly compact on X;
(B) R\, T)*(X*™) C X.

Proof. Conditions (2) and (3) are well known to be equivalent for every
bounded operator on every Banach space X, [10, Theorem VI1.4.2]. We pro-
ceed to show that (1) and (3) are equivalent.

(1)=(3). Take A € p(I') a big real number and f € X. Writing the resol-
vent as a Laplace transform [10, Theorem 11, page 622],

RONLT)(f) = /0 T e, (f) du,
we have

S; o RINT)(f) = /O - e S u(f) du = e / - e S, (f) du.

t
From this we obtain

S;oR(AT)(f) =R\ (f) = (eM—1)/too e S, (f) du—/o e S, (f) du,
thus
1St o RO T)(f) — RN T)()l

[e'e) t
< <|e*t—1r / NSyl du + /0 e—*“usundu) 141

see [10, Corollary 5, page 619] for justification of the finiteness of the inte-
grals. Consequently

lim [|S; 0 R(A,T) = R(A, D) = 0

and so, recalling that S;* = C; and that S; commutes with R(\,I") we have
lim |Gy 0 R(A,T)™ = RO\, )| = 0.

Thus if f € X**, for the function F' = R(A,I')**(f) we have
lim [|G(F) — F|| = 0,

which says that R(A\,I')**(f) = F € [¢r, X**] = X, i.e. RO\, T)™(X*) C X.
This gives the result for big real values of A and the resolvent equation gives
the inclusion for any other A € p(T").

(3)=-(1). To show this put Y = [y, X**| then X C Y C X**. The restric-
tion of (Ct) on'Y is a strongly continuous semigroup with generator

A(f)=Gf', DA)={feY:Gf €Y}

It is clear that D(I') C D(A) so that A is an extension of I'. Let A be a big
real number such that A € p(I') N p(A). An argument similar to the one in
the proof of Lemma 1 shows that

ROLD)™|x = RAT), ROAD)™ )y =R\, A)
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We have
D(A) =R\ A)(Y) =RAD)"y(Y) CRAI)™(X™) C X.

Recalling that D(A) is dense in Y we have [p;, X**] =Y = D(A) C X, and
this finishes the proof. O

COROLLARY 1. Let () be a semigroup of functions in D, let T" be the generator
of (Ct) on the space VMO A or on the space By and let A € p(I"). Then

(1) [pt, BMOA] = VMOA if and only if R(\, T) is weakly compact on V MOA.
(2) [¢r, B] = By if and only if R(\,T") is weakly compact on By.

5. THE INTEGRAL OPERATOR 7j.

We are going to use a certain integral operator Tj; defined on analytic
functions by

/ FOF e, feHD),

where its symbol g is an analytic function on . This operator (also called
in the literature the Volterra operator or the generalized Cesaro operator)
was first considered by Ch. Pommerenke [16] and has been widely studied
in several recent papers ([2], [1], [22], [25]). We will use properties of this
operator for a particular choice of the symbol g in order to better describe
information for the maximal space of strong continuity in various cases.
Before doing so we present some facts for 7, acting on the spaces of our
concern.

To describe the symbols g for which the integral operator 7}, is bounded
or compact on spaces like BM OA or B we need to consider the logarithmi-
cally weighted versions of those spaces. They are defined as follows.

DEFINITION 3. Let f : D — C an analytic function.
(1) We say that f belongs to BMO Ay if

Cosit) 1 e
IF112, - = sup |I|/R(I)f(2)| (1= [2")dm(z) » < oc.

The subspace V MO Aog of BMO Ayog contains by definition all the func-
tions f such that

log 2
i J 15 T1) [ 1RO 1Pyimie) § =0,
R(I)

[11=0 u
(2) We say that f belongs to the weighted Bloch space Biog if

sup(l—rzP)log( — ,2) ()] < oo

z€D
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The subspace Biog, o contains all functions f that satisfy
1
lim (1 — |z|*)log [ ——5 | |f'()| = 0.
i (1= ) ok (113 ) 17/) =0

It is clear that BMOA;,; C VMOA and By,; C By. The following the-
orem characterizes boundedness of the operators T, on BAMOA and Bloch
spaces.

THEOREM 5. Let X = VMOA or respectively, X = By. Then the following are
equivalent

(1) T, is bounded on X,

(2) T, is bounded on X**;

(3) g € BMO A, respectively g € Biog.

Proof. For the space VMOA, this result is contained in [22, Corollary 3.3].
For the space By, the proof is almost contained in [25, Theorem 2.1]. The
only thing we have to check is that if g € Bjog, then T is bounded on By. To
show this recall that if f € By then, [26, page 102],

lim /(z)

A E—
=1 log (=1 )

Write )
_ _ 2 /
M = sup(1 = o (=1 ) 2
Then
(L= 2PNy (f) ()] = (1= [2)| f(2)|lg (2)]
1 , |f(2)]
— (1 |2])log ( ) 1o/ (2) — L
1—|z|? log (ﬁ)
§M&—>O as |z| — 1.
log <l_|2|2>

That is T,( f) is also in By. O

The next theorem is about the compactness and weak compactness of T
on the spaces of our interest.

THEOREM 6. Let X = VMOA or respectively X = By. Suppose that T, is
bounded on X, that is, g € BMO Ay, respectively g € Biog. Then the following
are equivalent

(1) T, is weakly compact on X;

(2) Ty is compact on X;

(3) T, is weakly compact on X**;

(4) T, is compact on X**;

(5) Ty(X™) C X;

(6) g € VMO Ay, respectively g € Biog, 0.
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Proof. For the little Bloch space, this result follows from general theory of
weakly compact operators, the fact that B is isomorphic to ¢y and [25, The-
orem 2.3].

We have to address the case X = VMOA. The equivalence between
statements (2), (4), and (6) is included in [22, Theorem 3.6 and page 310].
From general theory of weakly compact operators we know that (1), (3),
and (5) are equivalent and (2) implies (1). Therefore we only have to prove
that (5) implies (6).

To do this suppose that T,(BMOA) C VMOAand g ¢ VMOAu. This
implies that there is some § > 0 and some sequence I,, of intervals in 9D
such that |7,,| — 0 and

10g2 A

1]
A / ey |9 I dmiz) 2.6

for all n. Now let 27, denote the point in the middle of the internal side of
R(I,) and take f € BMOA. Clearly, for every z € D,

To(£)'(2) = f(21,)9' (2) = (f(2) = f(21,))d (2)-

Then, integrating and following literally the argument in [15, page 581,
lines 7-14 from above], we deduce that, for some constant c,

Cc
17| / ) Ty (f — [(z1,)d'(2)Pdm(z) < meH%MOAHgHz*
n) ]

These estimates imply that

2
T VP

Cc

2 1roy(2 2 2
— 2)|*dm(z) — —5—— .
25 )Py [, W) — 1 sioalol
1 |f (21 )| C 2 2
Ym0 — I fIBao0allgll
= 2 4 2 4 ok
2 log |I7T‘ log ﬁ
Now, we notice that if we are able to construct some f € BMOA such that
lim sup |f 72‘ > 0,
n—oo 108 Tl
this would imply that
lim sup — T,(f) (2)*dm(z) >0

n—co |Inl JR(1,)

and, hence, T;(f) ¢ VM OA obtaining in this way a contradiction. The rest
of the proof is devoted to the construction of such function f.

Taking a subsequence, we may assume that the intervals I,, accumulate
to some point of 9D and, without loss of generality, we may take this point



16 BLASCO, CONTRERAS, DIAZ-MADRIGAL, MARTINEZ, PAPADIMITRAKIS, AND SISKAKIS

to be the point 1. Consider the function

(1-2)?
14224 (1—2)2
which is the conformal mapping of the unit disc D onto the open set £ =
{w : |Im(w)| < 7} \ {w : Re(w) > 0, Im(w) = 0}. It is easy to prove the
following properties of p:

e [p(2)| < c|lz + 1) whenever |z + 1| < 1, 2 € D;

e p(2)] > clogﬁ whenever |z — 1| < 1,z € D;

e Im(p(¢)) = £ whenever 0 < |arg(| < 5, ¢ € ID;

e Im(p(¢)) = 0 whenever 5 < [arg(| <, ¢ € ID.
We write

p(z) = log (

Zn = 21,
and '
O =1 —|zp| < |I,], Zn = |2l€®" ) 10,] < .
By our assumption, we have that
on — 0, 0, — 0.
There are exactly two cases.
Case 1. There is some positive constant c and a subsequence of (z,) such that

On > 69721.

In this case, and restricting to this subsequence, we have |1 —z,| < ¢(d,+
10,]) < /6, and, hence,
2 > clogi > clog4—7r.

lzn = 1| — no 1]

Since p has bounded imaginary part, it belongs to BMOA and we are done
just taking f = p.
Case 2. The case g—g — 0.

We now consider

= (1= /6,) 0

‘Zn’7

p(zn)] = clog

1+u,
14+ up

O =1— |z, Ay, =
and construct the functions
Z— Up
= Ap—mn .
pn(z) p( nl—un2’>
Observe that argu,, = argz, = 6, and that 1 — |u,| = Vo, = /1 — |z,].

Also, the function A, f:ui:Z maps u, to 0 and —1 to —1. Furthermore, there

is an interval .J,, of dD of length |J,| < 1 — |u,| = /&, which is centered at
a point e’ such that |¢,, — 6,| < ¢, with the property
Im(p,(¢)) = +m, (€ Jn,

Im(pn(¢)) =0,  C€T\Jy.
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Since |J"| — 0, by taking a subsequence, we may assume that the inter-

vals J, are dlS]Oll’lt that J,, 41 is closer to 1 than J,, and that

o
O
k=1 k
Note that
Z— Up T+2 1— |uyl?
9 A 1
©) nl—unz+ 1+u, 1—u,z
This shows that
Vo
Dy g < 0 YO
— Upz 1— |7

and hence |p,(2)| < C G)Z and we can define the analytic function in the
unit disc given by

= an(z)
n=1

Notice that we have that the boundary values of the harmonic function
Imf(z) are absolutely bounded by 7 and, hence, that f belongs to BMOA.
A calculation shows that

N 1 a1 2@—(571)
"1—TUpzn 140, — 6, Ltu, °
Therefore
'Anz”_”"—l‘Sc\/ci
1 —u,z,
and, hence,
pn(z)| > clog — > clog —.
z clog — > clo
On the other hand, using
11— Ukzn| 2 (|1 — 2] — [1 — w],
and

1= zn| =< [0n], 1 —ur| =60l

one easily gets from (9) that

— 1-— cﬂ7 k <n,
Ak“’“ﬂ‘ <t o o
1 — gz 11 — U zn| ok, k>n,

and, hence,

—5’“ k<n
92 Y

z <
’pk( n)‘ B { c—g’g k>n.
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From these estimates we get

£ = ()l = 3 o)l = 3 Ipe(en)

k<n k>n
> clog CZ
’I | k<n k>n n
47 5k 47
> cl — > clog —
> cog|I| CZ:GI%_cogun|
k#n
and this finishes the proof. O

The above result and in particular the implication (5) = (6) answers in
the negative a question from [22] where it was asked if there are functions
g such that Tj, is weakly compact but not compact in VM OA.

6. APPLICATIONS

We are going now to apply these properties of Tj for a special choice of
the symbol g.

DEFINITION 4. Given a semigroup () with generator G and Denjoy-Wollf point
b, we define the function v(z) : D — C as follows

(1) Ifb e D let
_ [TE=0b
) ‘/b oo

>=/0ZG§§)§

Notice that v(z) is analytic on D and that when b € 0D then v(z) = h(2),
the Koenigs function for (¢;). We call y(z) the associated g-symbol of (¢¢). The
following proposition shows the connection between [¢;, X] and integral
operators.

) Ifb € OD let

PROPOSITION 2. Let (¢¢) be a semigroup with associated g-symbol v(z). Let also
X be a Banach space of analytic functions with the properties:

(i) X contains the constant functions,
(ii) ForeachbeD, f € X < (Z) f(b) €X,
(iii) If (C}) is the induced sengroup on X then sup;ejo 1 |Ctl x < o0

Then

[, X] =X N (Ty(X) & C).
Proof. Let G be the generator of (). First observe that

/

{feX:Gf’eX}:{feX:?eX}.



SEMIGROUPS AND INTEGRAL OPERATORS 19

This is clear in the case b € 9D because then Gy = GI' = 1. In the case
b € D we have G(b) = 0 and the assumption (ii) on X gives

G(2) o _ f'(2)
25 ) v'(2)

G(2)f'(z) € X = €X

Now write m(z) = f( y € X, then

/m (&)dE+ ¢ =Ty(m)(2) +c,

where ¢ € C. Thus
D(p, X)={fe X :Gf € X}

/

:{fEX:L

- =m for some m € X}

={feX: f =my forsomem € X}
={feX:f /m (&)d¢ + ¢ for some m € X and ¢ € C}
=XN(Ty(X) & C),

and the conclusion follows by taking closures and using Theorem 1. O

In view of the Proposition 2 it would be desirable to have the operator
T, bounded on X. The following proposition says that this is not always
the case.

PROPOSITION 3. Let X = BMOA or X = B, and (y¢) be a semigroup with
Denjoy -Wolff point on 0D and associated g-symbol . Then T, is not bounded on
X.

Proof. Denote by h the Koenigs function of (¢;). Then & is a univalent func-
tion on D with 4(0) = 0 and such that the range of i has the following
geometrical property:

wehD) = w+tehD), forallt>0.

Recall that a univalent function belongs to By if and only if it belongs to
V MOA and that such a function belongs By if and only if whenever D(w, r)
are discs contained in its range with the centers w moving to the boundary
of the range, then the radii tend to zero. It follows from above geometric
property of the range of h that & is not in By and therefore also it is not in
VMOA.

On the other hand the associated g-symbol of the semigroup is v(z) =
h(z). Assume T is bounded on BMOA, then v = h € BMOA,,; which

means,
2
(log %)
sup { —————

1€dD 1]

/ W (2) (1 [22)dm(z) § < 0.
R(I)
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This implies
1
lim/ R (2)]2(1 = |z]?)dm(z) = 0,
s g [ RO = 2P)im()

thatis h € VMOA, getting a contradiction. Therefore T, is not bounded on
BMOA.
Similarly if T’, is bounded on the Bloch space, then

1
1—|z)log | —— ) [ :
sup(1 — ) og (1= ) W) < o

This implies that i belongs to By getting again a contradiction. Therefore
T, is not bounded on 5. O

Remark 2. If the Denjoy-Wolff point of (¢;) is inside D and there is a
regular boundary fixed point for some (and then for all) ¢;, then we can
show a similar result on B. Recall that a regular boundary fixed point is a
point a € 9D such that ¢s(a) = a and ¢/,(a) # oo for some s > 0 in the
sense of angular limits and angular derivative. It then follows that there is
a 8 € (0,00) such that

pi(a)=a, and j(a) =™
for all ¢, and that for the generator G of (¢;) we have

lim G(z) =0, and lim G =0

z—a z—a zZ —Q
where the limits are taken non-tangentially, see [8]. In particular taking

r < 1 real we obtain lim,_; (fﬂ“))a = 4.
z—b

Let v be the associated g-symbol for (¢;), then v/(z) = & where b € D

is the Denjoy-Wolff point. We have,

1 ra—>b
sup(1 — |2]?) 1o "(2)] > sup (1-|r|*) 1o
up(1 = o) s ) = s (1= o) s
1—r
= sup |ra—b|(1+r)log
S Jra =0+ loel 1) | G

= OO7
therefore 7', is not bounded on B.

Undoubtedly, the above proposition and remark are a handicap for our
applications because the boundedness of T, is desired. However, in many
families of examples our techniques work to give a description of the max-
imal space of strong continuity.

COROLLARY 2. Let X = VMOA, or respectively X = By. Suppose (p) is
a semigroup with associated g-symbol ~v(z) and suppose v € BMO Ay, respec-
tively v € Biog. Then [py, X**| = X if and only if v € VMO Ay, respectively
v E Blog,O-
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Proof. If v € VMO Ay, respectively v € Biog, o, then by Theorem 6 we have
T, (X**) C X. It then follows from Proposition 2 that

(o, X = XN (I,(X*)6C) c X*NX =X

and we have equality because X C [¢;, X**].

Conversely suppose [¢:, X**| = X. Then from Proposition 2 we must
have X** N (T, (X**) ® C) = X and in particular
(10) XN (ITy(X™) @ C) C X.
The hypothesis on v implies that T’, is bounded on X** and X** contains
the constants therefore 7, (X**) @ C C X**. This in view of (10) implies

T,(X*)@®C C X and then T,(X**) C X because X contains the constants.
Using Theorem 6 again we conclude v € VMO A, respectively v € Bog o-

COROLLARY 3. (see [4, Theorem 3.1]) Let (y¢) be a semigroup with generator
G(z). Assume that for some 0 < o < 1,

(=B _ oy
G02) 0(1), |z| — 1.

Then
[ot, BMOA] = VMOA, and [¢:,B] = By.

Proof. Let v be the associated g-symbol for (¢;). The assumption implies
that there is a constant C' such that (1 — |z|)¥|y/(z)| < C for z € D. There-
fore v has boundary values (1 — a)-Holder continuous, in particular v €
VMOA, and v € Biogo. The conclusion follows by applying Corollary
2. O

7. FINAL REMARKS AND OPEN QUESTIONS.

In this section we obtain some additional information, mostly on the
Koenigs function and the maximal space of strong continuity for semi-
groups acting on BMOA or on B. We also present some questions which
we could not answer in this article.

Recall that for any semigroup (¢:) with generator

G(z) = (bz — 1)(z = b)P(2),
the associated g-symbol v is a univalent function when b € JD because
it coincides with the Koenigs map h. We observe that v is also univalent
when b € D. The easiest way to see this is to show that 7 is in this case a
close-to-convex function (see [17, page 68] for the definition). Indeed the
function g(z) = (1/b)log(1 — bz) is a convex univalent function for b € D
and it can be checked easily that Re(;—:) =Re($) > 0.
We are going to consider also the function

(11) W(z) = /0 Pé)dg, 2 eD.
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Since Re(1/P) > 0 this is a univalent function [11, Theorem 2.16]. The

growth estimate [1/P(z)| < C }f}il for z € D for the function 1/P of non-

negative real part says that (1 — |z|)[¢//(z)] < 2C so ¢ € B and since 1 is
univalent it follows that ¢ € BMOA.

PROPOSITION 4. Let X = BMOA or X = B and let () be a semigroup
with generator G(z) = (bz — 1)(z — b) P(2), Koenigs function h and associated
g-symbol ~y and let 1)(z) be given by (11). Then the following hold

(1) ¢(Z)7 7(2) € D(‘)Ota X)/

(2) If h € X then h € D(p¢, X).

@) () Ifb € D then (z — b)log X2} € [, X]. Moreover log "2) ¢
D(pt, X) ifand only if G(z) € X,

(ii) If b € OD then zlog @ € [¢r, X]. Moreover log @ € D(pt, X) if

and only if G(z) € X,

(4) If C\ h(DD) has nonempty interior then log(h(z) — c) belongs to D(p¢, X)

for each c in the interior of C \ h(D).

Proof. (1). We have G(z)¢/(z) = (bz—1)(2 —b) € X therefore ¢ € D(p¢, X).
For v(z), since G(z)7'(z) = 1if b € 9D while G(2)y'(z) = z — bif b € D the
conclusion follows.

(2). Since G(z)h/(z) = 1if b € D and G(z)h'(z) = G'(b)h(z) if b € D the
assertion is clear.

(3)(1). We observe that

_ /b [1 +(E—b) <log gh(_@bﬂ d¢

S )
— /b log mdg.

Now log Z(_Zg belongs to BMOA (and to B) so the function be log %df is

continuous on D, hence it belongs to VM OA (and to By). Since

h(2)

—b)1
(z = b)log —

=G (b)y(2) — (2 = b) + /bz log gh(_g)bdg,

with v € D(¢¢, X) C [pt, X| we conclude that (z — b) log Z(fg € [pt, X].
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h(z)

Finally let q(2) = log 75 and observe that
G(2)d'(2) = G(2) (IZ((;) ~ i b>
= G'(b) — f(_zz

=G'(b) — (bz — 1) P(2).

This says that ¢(z) € D(g, X) if and only if (bz — 1)P(z) € X and this is
equivalent to G(z) = (z — b)(bz — 1) P(z) € X.

(3)(ii). Let m(z) = % This is a bounded function on D hence it belongs
to BMOA and to B. Observe that

7, m)(:) = [ 5

A calculation similar to the one in (3)(i) gives

T,(m)(z) = zlog hiz) +z— / log @dg,
z 0 £
and the three terms in the right hand side are elements of X. Thus T’,(m)(z) €
X with m(z) € X, and Proposition 2 implies that T’,(m)(z) € [, X]. By

the argument of (3)(i), z — [ log @dg is in VMOA (and in Bj) and we

conclude z log ") ¢ [or, X].

z

To show the last assertion let ¢(z) = log @ Then

h(z) =z
_ 2GRN (2) B
= ) G(2).

Now G(z)¢'(z) € X is equivalent to 2G(z)¢/'(z) € X. Thus ¢ € D(p, X) if
and only if % — G(z) € X and since ﬁ is a function in X we obtain the
desired conclusion.

(4). Observe that ¢(z) = log(h(z) — ¢) belongs to BMOA (and to B). By
the hypothesis there is a § > 0 such that |i(z) — ¢[ > 6 for z € D, so for the

case b € 9D,
N (2) 1
/ JE— —_
G(Z)q (Z) - G(Z) h(Z) —c - h(Z) 7 C’
is a bounded function so it is in BM OA and the conclusion follows in this
case. Finally if b € D then

G (2) = el 2 = G0y

which is also bounded on D so the result follows. O
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COROLLARY 4. (see [4, Theorem 3.3]) If (¢;) is a semigroup with generator
G(z) and Denjoy-Wolff b € D and either ¢y, BMOA] = VMOA or [¢, B] =
By, then

1z
12 lim = 0.
(12) lzl—1 G(2)
Proof. By Proposition 4 and our hypothesis, we have (z—b) log % c VMOA
or respectively (z — b) log Z(fg € Bp. This implies log Z(fg € VMOA C By
therefore,
: h(z)\ . R(z) 1
=1 1-— 1 =1 1-— _ -
0=t (1~ ) (1o 25 ) = 1m0 - e (5 - 2
. W(z) . GO —|z])
= lim (1 — |z = m —F——,
and since G’(b) # 0 the conclusion follows. O

If F'(z) is analytic with ReF'(z) > 0 on D, the Herglotz theorem says that
there is a nonnegative Borel measure p on 0D such that

27 ei@ »
F(z) = /0 2 4u(0) + {lmF(0).

et —

The following proposition says that the presence of point masses for the
measure /. associated with 1/P in the case b = 0 implies automatically that
[pt, BMOA] is strictly larger than VM OA.

COROLLARY 5. Let X = BMOA or X = B and let () be a semigroup with
generator G(z) = (z — b)(bz — 1)P(z) such that [p:, BMOA] = VMOA or
[ot, B] = Bo. Then the Herglotz measure for 1/ P(z) has no point masses on oD.

Proof. From Proposition 4 and the hypothesis we have that the function
U(z) = [y %d& belongs to VM OA in the first case or to By in the second
case. Since this function is univalent it belongs to VM O A in both cases. But
then the operator

Ty(f)(2) = /0 TR (€)de = /0 ) f(E)Pé)df

is a compact operator on the Hardy space H?, see [1]. It follows then by
[19, Theorem 4] that ;1 has no point masses on JD. O

COROLLARY 6. Let (y;) be a semigroup with Denjoy-Wolff point b € 0D and
Koenigs function h. If either [o;, BMOA] = VMOA or [p,B] = By then
h € (Np<ocH?) \ BMOA.

Proof. First observe that the Koenigs function cannot belong to BMOA.
Otherwise from Proposition 4-(2), we would have

h € D(gpr, BMOA) C [, BMOA]
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so h € VMOA by our assumption, which is impossible in view of the geo-
metric property of the range of h. On the other hand again from Proposition

4-(3)(ii) and our assumption we have z log = h2) ¢ VMOA so in particular
log ( ) ¢ VMOA. This implies e e! = € HP for all p < oo, [16, page 596],

so h e HP for all p < oo.
The argument for the Bloch case is similar and is omitted. O

Remark 3. One could expect, for the case of Denjoy-Wolff point on the
boundary, to obtain a result similar to (12) for the generator G(z), under
the assumption [¢:, BMOA] = VMOA or [, B] = By. In this case, using

Proposition 4 one obtains log = hz) € By which means

W(z)
‘59 (1—z]) o) 0,

and in terms of G(z),

lim 1= |Z‘ !
|z|—>1 G fU sz dé.

Note that [ %dg = h(z) is never bounded, and finer analysis is required.

=0.

We can however obtain a substitute of (12) if we consider integral averages
of 1/G(z2).

COROLLARY 7. Let (¢¢) be a semigroup with generator G(z) and Denjoy-Wolff
point b € OD. If either [y, BMOA] = VMOA or [, B] = By then for every

0<p<oo
o 1 1/p
lim (1 — _ =0.
im0 ([ gpamptt) =0

Proof. As observed in the previous Remark, we have lim|,_,; (1 —|2]) ((ZZ)) =
0. Since from Corollary 6 the function h belongs to all Hardy spaces we

have
oSy (S L
— < dt = h(re™)|Pdt
e il B e
(1= [2])PIW (2)[P >

< sup ( hl|p,

L S e T R
and the right hand side goes to 0 as r — 1. O

We now present some open questions. On the basis of Theorem 3 which
says that no non-trivial semigroup (¢;) induces a strongly continuous com-
position operator semigroup (C) on the Bloch space, it is natural to expect
that the same is true for BMOA. The space BMOA however does not
posses the Dunford-Pettis property (see [5]) and the method of proof for
the Bloch space does not work.
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Question 1. Is it true that for every non-trivial semigroup () the space
(¢, BMOA] is strictly smaller than BMOA?

Suppose now (¢;) has its Denjoy-Wolff point on the boundary so its gen-
erator can be written G(z) = b(b — 2)2P(z) with Re(P(z)) > 0. This gener-
ator cannot satisfy the condition

Sl =, as -1,
for 0 < a < 1, of Corollary 3 which implies [¢;, BMOA] = VMOA. Indeed
for z = rb we have
(=l (@ —|rp® b

G(z) b(1—7r)2P(rb) (1 —r)22P(rb)’
and the growth estimate |P(z)| < C i}j for the function P of non-negative
real part implies (1 — 7)?>*P(rb) — Oasr — 1 for 0 < a < 1.
In addition in all examples we can work it turns out that for this case the
space [¢¢, BMOA] is strictly larger than VM OA. This leads to

Question 2. Suppose (¢;) is a semigroup with Denjoy-Wolff point on
the boundary. Is it true in this case that [¢;, BM OA] is strictly larger than
VMOA and [py, B] is strictly larger than 5,?

REFERENCES

[1] A.Aleman and A. G. Siskakis, Integration operators on H?, Complex Variables 28 (1995),
149-158.

[2] A. Aleman and A. G. Siskakis, Integration operators on Bergman spaces, Indiana Univ.
Math. J., 46 (1997), 337-356.

[3] E. Berkson and H. Porta, Semigroups of analytic functions and composition operators,
Michigan Math. J. 25 (1978) 101-115.

[4] Blasco, O.; Contreras, M. D.; Diaz-Madrigal, S.; Martinez, ].; Siskakis, A. G. Semigroups
of composition operators in BMOA and the extension of a theorem of Sarason, Integral Equa-
tions Operator Theory 61 (2008), 45-62.

[5] J. M. E Castillo and M. Gonzalez, New results on the Dunford-Pettis property, Bull. Lon-
don Math. Soc. 27 (1995), 599-605.

[6] M.D. Contreras and S. Diaz-Madrigal, Fractional iteration in the disk algebra: prime ends
and composition operators, Revista Mat. Iberoamericana 21 (2005) 911-928.

[7] M.D. Contreras and S. Diaz-Madrigal, Analytic flows in the unit disk: angular derivatives
and boundary fixed points, Pacific ]. Math. 222 (2005) 253-286.

[8] M.D. Contreras, S. Diaz-Madrigal, and Ch. Pommerenke, On boundary critical points for
semigroups of analytic functions, Math. Scand. 98 (2006) 125-142.

[9] J. Diestel, Sequences and Series in Banach Spaces, Springer-Verlag, New York, 1984.

[10] N. Dunford and J. T. Schwartz, Linear operators, Part I. Wiley Classics Library, John
Wiley & Sons Inc., New York, 1988.

[11] P. L. Duren, Univalent functions. Springer-Verlag, New York, 1983.

[12] J.B. Garnett, Bounded Analytic Functions, Pure and Applied Mathematics, Vol. 96 Aca-
demic Press, New York, 1981.

[13] H.P. Lotz, Uniform convergence of operators on L and similar spaces, Math. Z. 190 (1985)
207-220.



SEMIGROUPS AND INTEGRAL OPERATORS 27

[14] W. Lusky, On the isomorphic classification of weighted spaces of holomorphic functions, Acta
Univ. Carolin. Math. Phys. 41 (2000) 51-60.

[15] M. Papadimitrakis and J.A. Virtanen, Hankel and Toeplitz Transforms on H 1, Continuity,
Compactness and Fredholm Propoerties, Integral Equations Operator Theory 61 (2008),
573-591.

[16] Ch. Pommerenke, Schlichte Funktionen und analytische Funktionen von beschr Aankter mit-
tlerer Oszillation, Comment. Math. Helv. 52 (1977), 591-602.

[17] Ch. Pommerenke, Boundary Behaviour of Conformal Maps, Springer-Verlag, Berlin,
1992.

[18] D. Sarason, Function of vanishing mean oscillation, Trans. Amer. Math. Soc. 207 (1975)
391-405.

[19] A. G. Siskakis, The Koebe semigroup and a class of averaging operators on Hp(D), Trans.
Amer. Math. Soc. 339 (1993), 337-350.

[20] A. G. Siskakis, Semigroups of composition operators on the Dirichlet space, Results Math.
30 (1996), 165-173.

[21] A. G. Siskakis, Semigroups of composition operators on spaces of analytic functions, a review,
Contemp. Math. 213 (1998) 229-252.

[22] A. G. Siskakis and R. Zhao, A Volterra type operator on spaces of analyitc functions, Con-
temp. Math. 232 (1990), 299-311.

[23] K. ]. Wirths and J. Xiao, Recognizing Qo0 functions as per Dirichlet space structure, Bull.
Belg. Math. Soc. 8 (2001), 47-59.

[24] ]. Xiao, Holomorphic @ Classes, Lecture Notes in Math. 1767, Springer-Verlag 2001.

[25] R. Yoneda, Integration operators on weighted Bloch spaces, Nihonkai Math. J. 12 (2001)
123-133.

[26] K. Zhu, Operator Theory in Function spaces, Marcel Dekker, Inc., New York and Basel,
1990.

[27] K. Zhu, Bloch type spaces of analytic functions, Rocky Mountain J. Math. 23 (1993) 1143—
1177.

DEPARTAMENTO DE ANALISIS MATEMATICO, UNIVERSIDAD DE VALENCIA, 46100 BUR-
JASSOT, VALENCIA, SPAIN.
E-mail address: Oscar .Blasco@uv.es

CAMINO DE LOS DESCUBRIMIENTOS, S/N, DEPARTAMENTO DE MATEMATICA APLI-
CADA II, ESCUELA TECNICA SUPERIOR DE INGENIEROS, UNIVERSIDAD DE SEVILLA, 41092,
SEVILLA, SPAIN.

E-mail address: contreras@us.es

CAMINO DE LOS DESCUBRIMIENTOS, S/N, DEPARTAMENTO DE MATEMATICA APLI-
CADA II, ESCUELA TECNICA SUPERIOR DE INGENIEROS, UNIVERSIDAD DE SEVILLA, 41092,
SEVILLA, SPAIN.

E-mail address: madrigalQus.es

DEPARTAMENTO DE ANALISIS MATEMATICO, UNIVERSIDAD DE VALENCIA, 46100 BUR-
JASSOT, VALENCIA, SPAIN.
E-mail address: Josep.Martinez@uv.es

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CRETE, KNOSSOS AVENUE 714 09
IRAKLION-CRETE, GREECE
E-mail address: papadim@math.uoc.gr

DEPARTMENT OF MATHEMATICS, ARISTOTLE UNIVERSITY OF THESSALONIKI, 54124
THESSALONIKI, GREECE.
E-mail address: siskakis@math.auth.gr



