SINGULAR OSCILLATORY INTEGRALS ON R"

M. PAPADIMITRAKIS AND I. R. PARISSIS

ABSTRACT. Let Py ,, denote the space of all real polynomials of degree at most
d on R"™. We prove a new estimate for the logarithmic measure of the sublevel
set of a polynomial P € Py ;. Using this estimate, we prove that

sup
PEPg,n

ip(z) 2/ |2])
p.v. /Rn ezP(x)WdCE < clogd (|2l L10g Lesm-1) + 1),

for some absolute positive constant ¢ and every function 2 with zero mean
value on the unit sphere S™~1. This improves a result of Stein from [4].

1. INTRODUCTION

We denote by Pg ., the vector space of all real polynomials of degree at most d
in R". Let K be a —n homogeneous function on R"”, that is,

9

(1.1) K(z) = He/l2D

||

where € is some function on the unit sphere S"~!. Consider the principal value
integral

I,(P) = ‘p.v./ PO K (2)dx|.

Stein has proved in [4] that if Q has zero mean value on the unit sphere, then

(1.2) |In(P)‘ < cCnd

12| oo (sm-1y,

for some constant ¢, q depending on d and n. We wish to obtain sharp estimates
of the form (1.2). The one dimensional analogue, namely the estimate

PN
(1.3) ‘pv./elp(gc)a7
R

xT

< clogd,

which was proved in [3], suggests that the constant ¢, 4 in (1.2) could be replaced
by clogd for some absolute positive constant c. The fact that this is indeed the
case is the content of the following theorem.

Theorem 1.1. Suppose that K(x) = Q(x/|z|)/|z|™ where Q has zero mean value
on the unit sphere S"~'. There exists an absolute positive constant ¢ such that

sup

<clogd ([ £10g Lsm—1) + 1)
PeEPy,n

p.v./ e PO K (2)dx
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Remark 1.2. Suppose that K(z) = Q(x/|z|)/|z|* where the function € is odd on
the unit sphere. It is an immediate consequence of the one-dimensional result that

sup p.v./ eP@ K (z)dx

PEPan

< clogd ||| L1 (sn-1)

for some absolute positive constant c.

The main ingredient of the proof of Theorem 1.1 is an estimate for the logarithmic
measure of the sublevel set of a real polynomial in one dimension. This is a lemma
of independent interest which we now state.

Lemma 1.3 (The logarithmic measure lemma). Let P(x) = EZ:O bpx® be a real
valued polynomial of degree at most d, o > 0 and M = max{|bg| : % <k<d} If
E={x>1:|P(x)| <a}, then

1
d d 1
/E;<cmin<(;;> ,1+dlog+ﬁ4>,

where ¢ is an absolute positive constant.

Lemma 1.3 should be compared to the following variation of a classical result of
Vinogradov which can be found in [5]:

Lemma 1.4. Let P(x) = ZZ:O bpz® be a real valued polynomial of degree at most
d, o> 0 and M, = max{|b;| : r <k <d}. Let1 < R. Then
1

{z € [LR]: |P(z)| < a}| < cR"522

where ¢ is an absolute positive constant.

The estimates above depend on the length of the interval [1, R] in all cases but
the one where r = d. The dependence on R is sharp as can be seen by a scaling
argument.

When r = d we get

1

(1.4) o€ [1LR]: [P@)] < o} < e
|bald
The last inequality corresponds to the following more general result about sub-
level sets which was proved in [1]:

Lemma 1.5. Let ¢ be a C* function on the interval [1, R] for some k > 1 and
R > 1. Suppose that |¢*®) (x)| > M on [1,R]. Then

%
o € [1,R] 1 [9(2)] < a}| < ek,
M=

where ¢ is an absolute positive constant.

Observe that inequality (1.4) can be deduced by Lemma 1.5 by taking k = d
derivatives of the phase function ¢(z) = P(x).

In case n = 1 the “linear” part (%)5 of the estimate of [ 1dz in Lemma 1.3 is

enough for the proof of Theorem 1.1. In fact, the author in [3] used Lemma 1.4 in
some appropriate way to prove the above ”linear” estimate of Lemma 1.3.
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In case n > 1 the “logarithmic” part of the estimate of f = %dz is essential in the
proof of Theorem 1.1 as can easily be seen by examining the argument therein.

The structure of the rest of this work is as follows. In section 2 we state some
preliminary results. In section 3 we present the proof of Lemma 1.3 and section 4
contains the proof of Theorem 1.1. Finally in section 5 we give a proof of Theorem
1.1 in case n = 1 which uses (the ”linear” estimate in) Lemma 1.3 and not Lemma
1.4 and which is thus simpler than the proof appearing in [3].

Notation. We will use the letter ¢ to denote an absolute positive constant which
might change even in the same line of text.

2. PRELIMINARY RESULTS

As is usually the case when one deals with oscillatory integrals, a key Lemma is
the classical van der Corput Lemma.

Lemma 2.1 (van der Corput). Let ¢ : [a,b] — R be a C* function and suppose that
|¢'(t)] > 1 for all t € [a,b] and ¢' changes monotonicity N times in [a,b]. Then,
cN
< —

for every A € R,
’ iAp(z)
e\ dx| <
‘ /a Al

where ¢ is an absolute constant independent of a,b and ¢.

The proof of Lemma 2.1 is a simple integration by parts.
We will also need a precise estimate for the Lebesgue measure of the sublevel set
of a polynomial on R".

Theorem 2.2 (Carbery,Wright). Suppose that K C R™ is a convez body of volume
1 and P € Pyyp. Let1 < g <oo. Then,

{z € K :|P(z)| < a}| < cmin(¢d, n)a5||P||;j‘(K).

This is a consequence of a more general Theorem of Carbery and Wright and
can be found in [2].

Corollary 2.3. Let P be a real homogeneous polynomial of degree k on R™. Then
1
1Pl 75 (gnr
(2.1) / S D g, (o)) < .
snr 1P|
Proof of Corollary 2.3. Let B = B(0, p) be the ball of volume 1 on R". For € < ¢

and some A > 0 to be defined later, we have

/B \P(2)|~“da /Ooo iz € B:|P(z)|~ > a}|da

< A—i—/ {z € B:|P(z)| < a_%}|da
A
< arenlPlkp A
ke

using Theorem 2.2. Optimizing in A we get

—e€ ke e —e€
/B|P(m)| dx < (cnl—ke) 1Pz p)-
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Using polar coordinates and setting € = i < %, we then get
3 3 n
1 1 n2 na2mez
P75 gn Pz 2 dop_1(2) < ¢— =c——"
IPIE oy [ IPEHdn ) < o = et
ns(er)®
< C(% ) <c
which completes the proof. ([l

3. THE LOGARITHMIC MEASURE LEMMA

The proof of Lemma 1.3 is motivated by an argument of Vinogradov from [5],
used to estimate the Lebesgue measure of the sublevel set of a polynomial in a
bounded interval. We fix a polynomial P(x) = ZZ:O bpx® and look at the set
E ={x>1:|P(z)| < a}. Note that by replacing o with aM in the statement of
the lemma, it is enough to consider the case M = 1. Since F is a closed set we can
find points zg,z1,...,2q € E such that g < z; < --- < 24 and

1/dﬁz/ W o T g<j<d-1.
d E T EN(z;,xj41] €T x.]
We set 1 = fE df and ¢ = e7 > 1 and we have that Tjq1 > tx;, 0<j <d—1. The
Lagrange interpolation formula is
(ﬂf—xo)"'(x/—?j)”'(x—ﬂfd)

d
e ;P(xj)(xj —w0) (@ — )@y —wa) <

where 4 means that u is omitted. Thus,

d ~
_ Ud,k(x07...,x-,...7xd)
b= Pla;)(—1)"* —
7=0

(z; —x0) -~ (75 —aj) - (xj — xa)

where oy is the [-th elementary symmetric function of its variables. Therefore

d Ud_k(xo e Ty xd)
‘bk| S OCZ ) sLgy )

—_—
io lwg —wol -+ |y — aj] - - — wal
d 1 1 1
_ az O—k(?oa 7?j’ ’E)
GE=1)- (5 -DA-5)(1=3)

d 1 1
S az ‘ Uk(l,...7?7...,t7)

It is easy to see that there exists precisely one 7, 0 < j < % < d, for which

2td

J
g St

(3.1) 7 <

It is exactly for this j that (7 —1)--- (t—1)(1—1)--- (1 — ;z5) takes its minimum
value as j runs from 0 to d. On the other hand we have

d —
1 1 1
ng(17...)t‘j,...7tk):(d—i_l_k)o-k(l,...’td)

=0
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and, hence
|br| < (d+1—-k) <1 1) !
k S o — Ok Sy T -
@) - D - D (- )
a(d+1—Fk) (5 1
32) < ( )k( c) : - —.
Dttt @D - DA 1) (- )
From (3.1) we easily see that t/ < 2 and, since % is increasing in the interval
(1,2), we find
log(t — 1)+ - +log(t — 1) =
t (log(t—1) log(t/ — 1), . 4
= R R R Mt - A S Ay % SR
(B 1y BT )
t Y log(z —1 t Y
(3.3) > / ogz =), _t_ %8 Ja.
t—1/ z t—1J, 1+
Similarly, since W is decreasing in the interval (0,1) we get

1 1
log<1—tdj>+---+log<1—t> =
_ 1 (log(l— ) 11 +.”+10g(1—%) 1_1
ot—1 s td=i=1  d—j 1 t

1 L log(l — 1 -7 |
(3.4) > 7/ og(l =), _ / 8% it
t—1J 1 x t—1J, 1—2
We let
t—1 : 1
=~ B=t-1 I'=1- —
td 41’ ’ td=3”

and, obviously, 0 < A, B,T' < 1. From (3.3) and (3.4) we have

. 1 1
log(t—1)+~~-+log(tj—1)+log<1—td_j>+~-~+10g<1—t) >

t L N 1 135 log
_t 4

t (Bl 1 /M
_ / ogglcdz+ / ogxdx
t—1J, 14z t—1J, 1—x

t 1 1 1 t 1

Y

dzr

From (3.1) we get B,T' < % and, since %'ﬂ% is decreasing in ¢ € (1, +00),
we find
t t+ 14 —1
B +

< <d+1
t—1" —t—1¢+1 41— +

and, similarly,

1 t+ 1t -1
r< <d+1.
t—1 —t—1tdtl 41— +
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Therefore
) 1 1
log(t1)+~-+log(tj1)+log(1td_j>+~~~+log<1t>2
t 1 1 1
> 7 - i
> t—lBlOgB t—lFlOgF cd
2 1 1 1 1 1
> ———Alog— — —— | Blog—= +T'log = —2Alog — | — cd.
> o ogA tl(BOgB+ ogF 2 ogA> cd
Now
1 1 1 1 B A T A
Blog — 4+Tlog = —2Alog— = (B+T' —-2A)log—+ A= log—=+ A—log =
ogB+ %8 1 g 7 (B + )ogA+ AogB—i- T8 T
B+T 1
< <Z—2)AlogA+cA.
Using (3.1)
B+T 2(t—1)
A Tt 41
and we conclude that
1 1 1 1 2 1 c
——( Blog—= +Tlog = — 2Alog — < ———Alog—~+ —A
t—1< s tllogy OgA) e B R R
t+1t?—1
< — <.
S T T Ey1 =
Therefore
) 1 1
log(t—1)+---+log(tj—1)+1og<1—td_j>+--~—Hog<1—t>2
2 1
= 72‘:_7114104%27(3(1

and, finally, (3.2) implies that for some k > %

2A

d
cta 1)1
1< —2 (=
—_ tk(k’Q—l) (A) )

where ¢, is an absolute positive constant.
1 .
case 1: c,ad < % Then, since % < %A <d, we get

2A
At < AT < cgoz

which implies

-

th—1
m:ASCOa

and, finally,
uge“—lztd—lgélcoaé.
case 2: c,ad > 3, t7 < 2. Then
l<et=t?< 460&i
which shows that

log"™ a

p < log™(4c,) + i
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case 3: c,« o > %, t? > 2. Then A > % and % < %A < d and, hence,

1tk(k2—l) < d

— cSa.
3 -

o

We conclude that
242 log"™ a log™ a
< —— | log" (3¢, <cl1
uk(k_1)<og (3¢o) + p )c(—i— ] )

since k > %.

4. PROOF OF THEOREM 1.1

Let Q be a function with zero mean value on the unit sphere S~ ! belonging to
the class Llog L(S™~1), that is

19202 10g £(sm—1) :/S | leEhia +log™ [Q(a"))doy-1(a") < oo

Set K (z) = Q(z/|z|)/|z|™ and let P € Pg,,. We will show the theorem for d = 2™,
for some m > 0. The general case is then an immediate consequence.

We set
/ PO K (x)dx
e<|z|<R

where Cy is a constant depending on d, 2 and n. For 0 < ¢ < R and P € Py, we
write,

R
I r(P) = /<| e eiP("”)K(x)dx:/S 71/ eiP(m/)%Q(x’)dan_l(x’).

For 2/ € S~ !, we have that P(ra’) = ijl P;j(x')r? where P; is a homogeneous
polynomial of degree j. Observe that we can omit the constant term, without loss
of generality. Set also m; = ||Pj|[fec(gn-1). Since e and R are arbitrary positive
numbers, by a dilation in 7 we can assume that max dojcq My = 1 and, in particular,

Cq= sup
0<e<R
PEPan

d
that m;, = 1 for some ¢ < j, < d. We also write Q(z) = Y71 Pj(x). We split the
integral in two parts as follows

/ / zP(rr ) )dO’n 1($/)

Sn—1

/ / eiP(rw')lQ(m/)dO_n_l(I/)
sn—1J1 r

|IER

=1 + L.

For I; we have that

dr
Il < / / zP(rr _ ZQ(T’I') | (.’El)‘d(fn_l(.’lll)
Sn—1 T
+ zQ(Tac or )donl(x')’
m
< 7||Q||L1 gn-1) + Cd < C||QHL1(STL 1) C%

d<j<d
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For I we write

I, < / / ,
sn=1 |/ {re[1,R]:| 2E52D |5 3

d
+ / / 0@ dog-i ().
Sn=1 J{re[1,R):| 2EF=) |<dy T
P(rz’) .

Since {r € [1,R] : \%:m/)\ > d} consists of at most O(d) intervals where 87 is

monotonic, van der Corput’s lemma gives the bound

/Sn—l

On the other hand, the logarithmic measure lemma implies that
d
[ ¥ 0! don-r(a') <
snt Jirelt B 2R <d) T

1 d
< Q] pi(gn—1 +cf/ log - |Q(2")|dop_1(2").
PED TN Jgu maxgqu{ﬂpj(“f')\} !

eiP(rx’)% |Q(x')|d0n_1($/)

. ’ d
P 102" do -1 (2') < || Q|pagsn-1)-
.

/{re[1,R]:|apgj?“'>>d}

Combining the estimates we get

1

%, 125,172 (s
Ca < e pr(sn1) + Cy + = / log ———210(a) | dor, 1 (')
P d Jsen TP

and, from Young’s inequality,

Lv
”Pjo”zjoi(snfl)

dO’nfl(iE/) +
Py, ()| 5=

Cu < cl|Q|prsn-ny + Ca + c/
2 Sn_l

+ o 10N+ 1og" 196) o ()
Now, using corollary 2.3 we get
Ca < Ca + ([ L10g L(sn—1) + 1)
Since d = 2™, this means that
Com < Cym-1 + c([|Q L10g L(57-1) + 1)

Using induction on m we get that Com < Oy + em(||2|10g £(sn-1) + 1). Observe
that C; corresponds to some polynomial P(z) = bjxy + - - - + byx,. We write

/ e PO K (2)dx
e<|z|<R

LIS ol P dr
/ / {erP@) _ Pl sn -0y 20 (o ) oy, (2]
sn—1 J¢ T

Using the simple estimate

R
' o dr
iar _ _ibr
Je e

<c+c

o]

a
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we get

/ PO K (x)dr| < | pr(sn-1y +
e<|z|<R

P2
Loo(sn—l) ’ ’
+c/ log —==5" "D 10 (2 |dory_y (2).
s | P@))E

HGHCG7 Cl S CHQHLl(Sn—l) +c+ HQHLlOgL(S"*I) and
Cgm S Cm(HQHLlOgL(Sn—l) + 1)
The case of general d is now trivial. If 2”1 < d < 2™ then

Ca < Com < em(||Q L 10g £(s7-1) + 1) < clog d([|Q| L 10g (sn-1) + 1)-

5. THE ONE DIMENSIONAL CASE REVISITED

We will attempt to give a short proof of the one dimensional analogue of theorem
1.1. This is a slight simplification of the proof in [3], with the aid of the logarithmic
measure lemma.

So, fix a real polynomial P(z) = by + by + - - - + bgxr? and consider the quantity

/ (iP(@) 3T
e<|z|<R T

By the same considerations as in the n—dimensional case, we can assume that P
has no constant term and that it can be decomposed in the form

P(z) = Z bjxd + Z bjr! = Q(z) + R(w),

0<j<4 4<j<d

Cy= sup
0<e<R

where maxa ;g |bj| = 1. As a result

/ eiP(m)dj < CQJF/ |R(x)|dmJr / eiP(x)dﬁ
e<|z|<R z 2 o<|zj<1 T 1<|z|<R x
< C% +c+1.
We split I as follows
< / (iP(@) 4T +/ dr
{z€[1,R):| P’ (z)|>d} x {a>1:|P'(2)|<d} ¥

Now, using Proposition 2.1 for the first summand in the above estimate and the
logarithmic measure lemma to estimate the second summand, we get that I < c.
But this means that Cy < C 4tc which completes the proof by considering first
the case d = 2™ for some m, as in the n—dimensional case.
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