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1 Introduction

Let P andQ be non-zero relatively prime integers. The Lucas sequence {Un(P,Q)}
is defined by

U0 = 0, U1 = 1, Un = PUn−1 −QUn−2 (n ≥ 2). (1)

The sequence {Un(1,−1)} is the familiar Fibonacci sequence, and it was proved
by Cohn [11] in 1964 that the only perfect square greater than 1 in this sequence
is U12 = 144. The question arises, for which parameters P , Q, can Un(P,Q)
be a perfect square? This has been studied by several authors: see for example
Cohn [12] [13] [14], Ljunggren [21], and Robbins [24]. Using Baker’s method on
linear forms in logarithms, work of Shorey & Tijdeman [25] implies that there
can only be finitely many squares in the sequence {Un(P,Q)}. Ribenboim and
McDaniel [22] with only elementary methods show that when P and Q are odd,
and P 2 − 4Q > 0, then Un can be square only for n = 0, 1, 2, 3, 6 or 12; and that
there are at most two indices greater than 1 for which Un can be square. They
characterize fully the instances when Un = 2, for n = 2, 3, 6, and observe that
U12 = 2 if and only if there is a solution to the Diophantine system

P = 2, P 2−Q = 22, P 2− 2Q = 32, P 2− 3Q = 2, (P 2− 2Q)2− 3Q2 = 62. (2)

When P is even, a later paper of Ribenboim and McDaniel [23] proves that if
Q ≡ 1 (mod 4), then Un(P,Q) = 2 for n > 0 only if n is a square or twice a
square, and all prime factors of n divide P 2− 4Q. Further, if p2t|n for a prime p,
then Up2u is square for u = 1, . . . , t. In addition, if n is even, then Un = 2 only
if P is a square or twice a square. A remark is made that no example is known
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of an integer pair P , Q, and an odd prime p, such that Up2 = 2 (note none can
exist for P , Q odd, P 2 − 4Q > 0).

In this paper, we complete the results of Ribenboim and MacDaniel [22] by
determining all Lucas sequences {Un(P,Q)} with U12 = 2 (in fact, the result
is extended, because we do not need the restrictions that P , Q be odd, and
P 2 − 4Q > 0): it turns out that the Fibonacci sequence provides the only exam-
ple. Moreover, we also determine all Lucas sequences {Un(P,Q)} with U9 = 2,
subject only to the restriction that (P,Q) = 1. Throughout this paper the symbol
2 means square of a non-zero rational number.

Theorem 1. Let (P,Q) be any pair of relatively prime non-zero integers. Then,

• U12(P,Q) = 2 iff (P,Q) = (1,−1) (corresponding to the Fibonacci se-
quence).

• U9(P,Q) = 2 iff (P,Q) = (±2, 1) (corresponding to the sequences Un = n
and Un = (−1)n+1n).

The remainder of the paper is devoted mainly to the proof of this theorem.
Theorems 3 and 6 of [22] combined with the first statement of Theorem 1 imply
the following.

Theorem 2. Let P,Q be relatively prime odd integers, such that P 2 − 4Q > 0.
Then the nth term, n > 1, of the Lucas sequence Un = Un(P,Q) can be a square
only if n = 2, 3, 6 or 12. More precisely1:

• U2 = 2 iff P = a2.

• U3 = 2 iff P = a, Q = a2 − b2.

• U6 = 2 iff P = 3a2b2 , Q =
−a8 + 12a4b4 − 9b8

2
.

• U12 = 2 iff (P,Q) = (1,−1). Moreover, this result is also valid even if we
remove all restrictions on P,Q except for gcd(P,Q) = 1.

The proof of Theorem 1 hinges, in both cases, upon finding all rational points
on a curve of genus 2. When the rank of the Jacobian of such a curve is less than
2, then methods of Chabauty [10], as expounded subsequently by Coleman [15],
Cassels and Flynn [9] and Flynn [16] may be used to determine the (finitely many)
rational points on the curve. When the rank of the Jacobian is at least 2, as is the
case here, a direct application of these methods fails. In order to deal with such
situations, very interesting methods have been developed recently by a number
of authors; see chapter 1 of Wetherell’s Ph.D. thesis [31], Bruin [1, 2, 3], Bruin
and Flynn [4, 5], Flynn [17], and Flynn & Wetherell [18, 19]. For the purpose of
this paper, the method of [17] or [18] is sufficient.

1Below it is understood that parameters a, b are in every case chosen so that P,Q are odd,
relatively prime and P 2 − 4Q > 0.
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2 The Diophantine equations

2.1 The case U12

For U12(P,Q) to be square, we have from (1)

U12(P,Q) = P (P 2 − 3Q)(P 2 − 2Q)(P 2 −Q)(P 4 − 4P 2Q+Q2) = 2. (3)

Now (P (P 2−3Q)(P 2−Q), (P 2−Q)(P 4−4P 2Q+Q2)) divides 2, so that U12 = 2

implies

P (P 2 − 3Q)(P 2 −Q) = δ2, (P 2 − 2Q)(P 4 − 4P 2Q+Q2) = δ2,

where δ = ±1,±2. With x = Q/P 2, we deduce

(1− 2x)(1− 4x+ x2) = δ2,

and of these four elliptic curves, only the curve with δ = 2 has positive rational
rank. Torsion points on the three other curves do not provide any solutions for
P , Q. We are thus reduced to considering the equations

P (P 2 − 3Q)(P 2 −Q) = 22, (P 2 − 2Q)(P 4 − 4P 2Q+Q2) = 22.

From the first equation,

P (P 2 − 3Q) = ±22, P 2 −Q = ±2, or P (P 2 − 3Q) = ±2, P 2 −Q = ±22.

The former case implies one of

P = δ2 P 2 − 3Q = 2δ2 P 2 −Q = 2

P = δ2 P 2 − 3Q = −2δ2 P 2 −Q = −2

P = 2δ2 P 2 − 3Q = δ2 P 2 −Q = 2

P = 2δ2 P 2 − 3Q = −δ2 P 2 −Q = −2 (4)

where δ = ±1,±3.
The latter case implies one of

P = δ2 P 2 − 3Q = δ2 P 2 −Q = 22

P = δ2 P 2 − 3Q = −δ2 P 2 −Q = −22 (5)

where δ = ±1,±3.
Solvability in R or elementary congruences shows impossibility of the above equa-
tions (4), (5), except in the following instances:

P = −2, P 2 − 3Q = −22, P 2 −Q = 2

P = −32, P 2 − 3Q = −62, P 2 −Q = 2

P = 62, P 2 − 3Q = 32, P 2 −Q = 2

P = 2, P 2 − 3Q = −22, P 2 −Q = −2

P = 62, P 2 − 3Q = −32, P 2 −Q = −2

P = 2, P 2 − 3Q = 2, P 2 −Q = 22

P = −32, P 2 − 3Q = −32, P 2 −Q = 22. (6)
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Recall now that
(P 2 − 2Q)(P 4 − 4P 2Q+Q2) = 22,

from which

P 2−2Q = η2, P 4−4P 2Q+Q2 = 2η2 or P 2−2Q = 2η2, P 4−4P 2Q+Q2 = η2,

where η = ±1,±3. The only locally solvable equations are

P 2 − 2Q = −2, P 4 − 4P 2Q+Q2 = −22

P 2 − 2Q = 32, P 4 − 4P 2Q+Q2 = 62

P 2 − 2Q = 22, P 4 − 4P 2Q+Q2 = 2

(7)

It is straightforward by elementary congruences to deduce from (6), (7), that we
must have one of the following:

P P 2 − 3Q P 2 −Q P 2 − 2Q P 4 − 4P 2Q+Q2

−2 −22 2 −2 −22

62 32 2 22 2

2 −22 −2 −2 −22

2 2 22 32 62

Now the rational ranks of the following elliptic curves are 0:

(−x+1)(x2−4x+1) = −22, (−3x+1)(x2−4x+1) = 32, (−x+1)(x2−4x+1) = 22,

and consequently the rational points on the curves corresponding to the first
three rows of the above table are straightforward to determine: they are (P,Q) =
(−1, 1), (0,−1), and (1, 1) respectively. These lead to degenerate Lucas sequences
with U12 = 0.
It remains only to find all rational points on the following curve:

P = 2, P 2 − 3Q = 2, P 2 −Q = 22, P 2 − 2Q = 32, P 4 − 4P 2Q+Q2 = 62 ,

satisfying (P,Q) = 1. Note that this is the curve (2), though we have removed
the restriction that P and Q be odd, and P 2 − 4Q > 0.
Put Q/P 2 = 1− 2u2, so that

3u2 − 1 = 22, 4u2 − 1 = 32, 2u4 + 2u2 − 1 = 32. (8)

The equations (8) define a curve of genus 9, with certainly only finitely many
points. We restrict attention to the curve of genus 2 defined by

4u2 − 1 = 32, 2u4 + 2u2 − 1 = 32.
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Define K = Q(
√

3), with ring of integers OK = Z[
√

3], and fundamental unit
2 +
√

3. Observe that (u2 − 1)2 − 3u4 = −32 implies

u2 − 1 + u2
√

3 = ε
√

3γ2,

for ε a unit of OK of norm +1, and γ ∈ OK . If ε = 2 +
√

3, the resulting equation
is locally unsolvable above 3, and so without loss of generality, ε = 1. Consider
now

u2(4u2 − 1)(u2(1 +
√

3)− 1) = 3
√

3V 2, V ∈ K.
In consequence, (x, y) = ((12 + 4

√
3)u2, (36 + 12

√
3)V ) is a point defined over K

on the elliptic curve

E1 : y2 = x(x− (3 +
√

3))(x− 4
√

3) (9)

satisfying (3−
√

3)
24

x ∈ Q2. We shall see that the K-rank of E1 is equal to 1, with

generator of infinite order P = (
√

3, 3
√

3).

2.2 The case U9

For U9(P,Q) to be square, we have from (1)

U9(P,Q) = (P 2 −Q)(P 6 − 6P 4Q+ 9P 2Q2 −Q3) = 2. (10)

So
P 2 −Q = δ2, P 6 − 6P 4Q+ 9P 2Q2 −Q3 = δ2,

where ±δ = 1, 3. Put Q = P 2 − δR2. Then

3

δ
P 6 − 9P 4R2 + 6δP 2R4 + δ2R6 = 2, (11)

with covering elliptic curves

3

δ
− 9x+ 6δx2 + δ2x3 = 2,

3

δ
x3 − 9x2 + 6δx+ δ2 = 2. (12)

For δ = ±1, the first curve has rational rank 0, and torsion points do not lead
to non-zero solutions for P , Q. For δ = ±3, both curves at (12) have rational
rank 1, so that the rank of the Jacobian of (11) equals 2. To solve the equation
U9(P,Q) = 2, it is necessary to determine all integer points on the two curves

P 6 − 9P 4R2 + 18P 2R4 + 9R6 = 2, (13)

and
−P 6 − 9P 4R2 − 18P 2R4 + 9R6 = 2. (14)

To this end, let L = Q(α) be the number field defined by α3 − 3α − 1 = 0.
Gal(L/Q) is cyclic of order 3, generated by σ, say, where ασ = −1/(1 + α) =
−2 − α + α2. The ring of integers OL has basis {1, α, α2}, and class number
1. Generators for the group of units in OL are ε1 = α, ε2 = 1 + α, with norms
Norm(ε1) = 1, Norm(ε2) = −1. The discriminant of L/Q is 81, and the ideal (3)
factors in OL as (−1 + α)3.
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2.2.1

Equation (13) may be written in the form

NormL/Q(P 2 + (−5 + α + α2)R2) = S2, say,

and it follows that
P 2 + (−5 + α + α2)R2 = λU2, (15)

with λ ∈ OL squarefree and of norm +1 modulo L∗
2
.

Applying σ,
P 2 + (−5− 2α + α2)R2 = λσV 2. (16)

Suppose P is a first degree prime ideal of OL dividing (λ). Then for the norm of
λ to be a square, λ must also be divisible by one of the conjugate prime ideals of
P . It follows that P , or one of its conjugates, divides both λ and λσ. Then this
prime will divide ((−5 + α+ α2)− (−5− 2α+ α2)) = (3α) = (1− α)3. So P has
to be (1−α), with (1−α)2 dividing λ, contradicting λ squarefree. If the residual
degree of P is 3, then the norm of λ cannot be square. Finally, the residual degree
of P cannot be 2, otherwise θ = 5 − α − α2 ≡ m (mod P), for some rational
integer m, so that α = 1− 2θ + 1

3
θ2 is congruent to a rational integer modulo P ,

impossible. In consequence, λ is forced to be a unit, of norm +1. Without loss
of generality, the only possibilities are λ = 1, ε1,−ε2,−ε1ε2. However, specializing
the left hand side of (15) at the root α0 = 1.8793852415... of x3−3x−1 = 0 shows
that P 2 + 0.4114..R2 = λ(α0)U(α0)

2, so that λ(α0) > 0, giving unsolvability of
(15) for λ = −ε2, −ε1ε2. There remain the two cases λ = 1, with solution
(P,R, U) = (1, 0, 1), and λ = ε1, with solution (P,R, U) = (0, 1, 4 − α2). From
(15) and (16) we now have

P 2(P 2 + (−5 + α + α2)R2)(P 2 + (−5− 2α + α2)R2) = µW 2,

with µ = λλσ = 1 or 1 + α − α2. Accordingly, X = P 2/R2 gives a point on the
elliptic curve:

X(X + (−5 + α + α2))(X + (−5− 2α + α2)) = µY 2. (17)

Now when µ = 1, a relatively straightforward 2-descent argument shows that the
Q(α)-rank of (17) is equal to 0 (we also checked this result using the Pari-GP
software of Denis Simon [30]). The torsion group is of order 4, and no non-zero
P , Q arise.
When µ = 1 + α− α2, then (x, y) = ( µ

(1−α)2
P 2

R2 ,
µ2

(1−α)3
W
R3 ) is a point on the elliptic

curve E2 over Q(α), where

E2 : y2 = x(x+ (−2− α + α2))(x+ (−1 + α + α2)), (18)

satisfying (1−α)2

µ
x = (4 + α− 2α2)x ∈ Q2.

We shall see that the Q(α)-rank of E2 is 1, with generator of infinite order
equal to (1, α).
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2.2.2

Equation (14) may be written in the form

NormL/Q(−P 2 + (−5 + α + α2)R2) = S2, say,

so that
−P 2 + (−5 + α + α2)R2 = λU2, (19)

with λ ∈ OL squarefree and of norm +1 modulo L∗
2
. Arguing as in the previous

case, λ must be a squarefree unit of norm +1, so without loss of generality equal
to 1, ε1, −ε2, −ε1ε2. Only when λ = ε1 is (19) solvable at all the infinite places.
Thus

−P 2 + (−5 + α+ α2)R2 = αU2, −P 2 + (−5− 2α+ α2)R2 = (−2− α+ α2)V 2,

and x = (1+α−α2)
(1−α)2

P 2

R2 is the x-coordinate of a point on the elliptic curve

y2 = x(x+ (2 + α− α2))(x+ (1− α− α2)). (20)

satisfying (1−α)2

(1+α−α2)
x = (4 + α − 2α2)x ∈ Q2. However, a straightforward cal-

culation shows that the Q(α)-rank of (20) is equal to 0, with torsion group the
obvious group of order 4. There are no corresponding solutions for P , Q.

3 The Mordell-Weil basis

Here we justify our assertions about the elliptic curves E1 at (9) and E2 at (18).

3.1 The case U12

First, consider the curve (9). Because K = Q(
√

3) has unique factorization,
and E1 has K-rational 2-torsion, a two-descent over K works analogously to the
standard two-descent over Q for an elliptic curve with rational two-torsion.
Recall the generalities.
For

E : y2 = x(x2 + ax+ b) with a, b ∈ OK ,

there is the 2-isogenous curve

E ′ : Y 2 = X(X2 + a′X + b′)

with a′ = −2a, b′ = a2 − 4b. A 2-isogeny θ : E → E ′ is given explicitly by

(x, y)→ (
y2

x2
, y
x2 − b
x2

),
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with kernel {O, (0, 0)}. The 2-descent homomorphism φ : E(K) → K∗/K∗
2

is
defined by

φ(O) = 1 mod K∗
2

φ((0, 0)) = b mod K∗
2

φ((x, y)) = x mod K∗
2

, if (x, y) 6= O, (0, 0)

Analogously, define φ′ : E ′(K) → K∗/K∗
2
. Then the rank rE = rank(E(K))

satisfies

2rE =
|φ(E(K))|.|φ′(E ′(K))|

22
.

Moreover, to compute the order |φ(E(K))|, we have the following: let
S = {d1 ∈ OK : b = d1d2, and w2 = d1u

4 + au2v2 + d2v
4 has a non-zero solu-

tion (u, v, w) ∈ O3
K , (u, v) = 1}. Then φ(E(K)) is the group generated by the

elements of S modulo K∗
2
.

Specific details of the computation for our curve (9) do not present intrinsic
difficulty, and full details are available upon request from the authors. The re-
sult is that |φ(E1(K))| = 22 and |φ(E ′1(K))| = 2, with final deduction that
rank(E1(K)) = 1.
To prove that P = (

√
3, 3
√

3) is a generator for the Mordell-Weil group E1(K)
requires several steps. First, we need to compute the canonical height ĥ(P ),
which is done by summing the contributions of the local heights (note that there
is disparity in the literature as to definition of local components of heights: we
take as definition that of Silverman [27]. Siksek [26] adjusts by a local compo-
nent of the discriminant). Since x(P ) lies in the ring of integers OK = Z[

√
3]

of K, the only valuations of OK contributing to ĥ(P ) are the two Archimedean
valuations |x|∞1 = |x| (ordinary absolute value); |x|∞2 = |x̄| (absolute value of
the conjugate of x); and the non-Archimedean valuations corresponding to the
primes above 2 and 3, namely (1 +

√
3), and (

√
3). The computations are rela-

tively straightforward, with result that ĥ(P ) = 0.3507058805... We checked this
computation using the TECC calculator of Kida [20]. As second step, we remark
that the descent argument shows that P up to torsion cannot be divisible by 2
in E1(K). So if P is not a generator, then P = nQ, for some point Q ∈ E1(K),
and n ≥ 3. Since P has K-integral coordinates, so does Q. Then

ĥ(Q) =
1

n2
ĥ(P ) ≤ 1

9
ĥ(P ) < 0.0389673200... (21)

We can now use standard estimates for the difference between the canonical height
ĥ(P ) and the logarithmic height h(P ): using the Silverman [29] bounds we obtain
for all R ∈ E1(K)

−7.8324020052... ≤ 2ĥ(R)− h(R) ≤ 8.3495215394...
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so that using (21)

h(Q) ≤ 2ĥ(Q) + 7.8324020053 < 7.911.

Thus the naive height H(Q) satisfies H(Q) < exp(7.911) < 2728. If x(Q) ∈
Z then |x(Q)| < 2728; if x(Q) 6∈ Z, then suppose x(Q) satisfies the minimal
polynomial X2+a1X+a2, with a1, a2 ∈ Z. Silverman [28] shows max(|a1|, |a2|) ≤
2H(Q)2 < 14883968. This however determines too large a search area. Instead
we have to use the refinements of Siksek [26]. He shows

h(P )− 2ĥ(P ) ≤ 1

[K : Q]

(∑
ν

µνnν log(εν)

)
,

with sum over all valuations ν of OK . Here, nν = [Kν : Qν ] is the local index,
µν are constants depending upon the reduction type of E1 at ν (in our example,
µν = 0 except for µ(1+

√
3) = µ(

√
3) = 1

4
, and µ∞1 = µ∞2 = 1

3
); and

ε−1
ν = inf

(X,Y )∈E1(Kν)

max(|f(X)|ν , |g(X)|ν)
max(1, |X|ν)4

with

f(X) = 4X(X − (3 +
√

3))(X − 4
√

3), g(X) = (X2 − 12(1 +
√

3))2.

(Another discrepancy in notation should be noted, in that Siksek’s canonical
height is twice the canonical height of Silverman used in this paper). Siksek gives
a method for computing the εν , and putting all the computations together finally
shows that

h(Q) ≤ 2ĥ(Q) + 1.7987046450.. < 1.876639286

giving
H(Q) < 6.53151738.

Now we have to test all polynomials of types x+a with |a| ≤ 6, and x2 +a1x+a2

with max(|a1|, |a2|) < 2 × 6.531517382 ≤ 85; and for those roots x lying in OK ,
determine whether x can be the x-coordinate of Q ∈ E1(K). A search finds
the following points (x,±y), and we observe that each point is generated by
P = (

√
3, 3
√

3), up to torsion:

(0, 0) = T1

(3 +
√

3, 0) = T2

(4
√

3, 0) = T1 + T2

(
√

3, 3
√

3) = P

(3 + 3
√

3, 6) = P + T2

(4, 4− 4
√

3) = P + T1 + T2

(12 + 4
√

3, 36 + 12
√

3) = −P − T1

In particular, none has height satisfying (21); and so Q cannot exist. Thus
P = (

√
3, 3
√

3) is indeed a generator for E1(K).
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3.2 The case U9

The computations for the curve (18) are rather similar. Recall L = Q(α), with
ring of integers OL = Z[α]. Then with same notation as above, a descent argu-
ment shows that |φ(E2(L))| = 22 and |φ′(E2(L))| = 2, so that rank(E2(L)) = 1.
With P = (1, α), the only valuations of OL needing to be considered in determin-
ing ĥ(P ) are at the non-Archimedean valuations (2) and (1 − α), and the three
Archimedean valuations corresponding to the three conjugations. We find

ĥ(P ) = 0.1579573296...

As before, P up to torsion is not divisible by 2; so if P is not a generator,
then P = nQ, for some point Q ∈ E2(L), and n ≥ 3. Since P has L-integral
coordinates, so does Q. Then

ĥ(Q) =
1

n2
ĥ(P ) ≤ 1

9
ĥ(P ) < 0.0175508144... (22)

Again, the Silverman estimates for the difference between canonical and logarith-
mic height are too weak for our purpose, so we resort to the Siksek estimates.
These produce

h(Q) ≤ 2ĥ(Q) + 0.8640466498 < 0.899148279

giving
H(Q) < 2.45750911.

Now we have to test all polynomials of types x+ a with |a| ≤ 2, and x3 + a1x
2 +

a2x+a3 with max(|a1|, |a2|, |a3|) < 4× 2.457513 ≤ 59; and for those roots x lying
in OL, determine whether x can be the x-coordinate of Q ∈ E2(L). A search
finds the following points (x,±y), and we observe that each point is generated
by P = (1, α), up to torsion:

(2 + α− α2, 0) = T1

(1− α− α2, 0) = T2

(0, 0) = T3

(1, α) = P
(1 + α,−2α− α2) = P + T1

(3− α2,−3− α + α2) = P + T2

(2− α2, 1 + α) = P + T3

(−7− 17α + 11α2,−50− 116α + 76α2) = 2P + T2

In particular, none has height satisfying (22); and so Q cannot exist. Hence P is
the required generator.
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4 The formal group method

The problems to which we were led in section 2 are of the following shape.

Problem: Let

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6 , (23)

be an elliptic curve defined over Q(α), where α is a root of a polyno-
mial f(X) ∈ Z[X], irreducible over Q, of degree d ≥ 2 and β ∈ Q(α)
an algebraic integer. Find all points (x, y) ∈ E(Q(α)) for which βx is
the square of a rational number.

For the solution of this type of problem we assume the existence of a rational
prime p with the following properties:

• f(X) is irreducible in Qp[X]. This implies that p is a prime divisor of the
number field Q(α) and there is only one discrete (normalized) valuation v
defined on Q(α) with v(p) = 1. Moreover, the completion of Q(α) with
respect to v is Qp(α) and, according to our assumptions, [Qp(α) : Qp] =
[Q(α) : Q] = d.

• The coefficients of (23) are in Zp[α].

• Equation (23) is a minimal Weierstrass equation for E/Qp(α) at v.

• β ∈ Qp(α) is a p-adic unit.

We use the following notation and facts:

• The ring of integers of Qp(α), i.e. the ring {x ∈ Qp(α) : v(x) ≥ 0}, is
Zp[α].

• The maximal ideal of Zp[α] is pZp[α]; for simplicity we denote this ideal by
M.

• The natural homomorphism Zp[α] → Zp[α]/M is denoted by t → t̃. The
residue field Zp[α]/M is isomorphic to Fp(α̃).

The curve Ẽ/Fp(α̃) defined by y2 + ã1xy + ã3y = x3 + ã2x
2 + ã4x + ã6 is the

reduction of E mod p, possibly a singular curve. Any point P ∈ E(Qp(α)) can be
written in projective coordinates [X0, Y0, Z0] with all three coordinates in Zp[α]
and not all zero. Then P̃ = [X̃0, Ỹ0, Z̃0] is a point belonging to Ẽ(Fp(α̃)). Thus,
there is a reduction map

E(Qp(α)) 3 P 7→ P̃ ∈ Ẽ(Fp(α̃)) .
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• We set E1(Qp(α)) = {P ∈ E(Qp(α)) : P̃ = Õ}. This is a subgroup of
E(Qp(α)).

We work with the formal group Ê/Zp[α] associated to E/Qp(α). For this, we
need the following model of our elliptic curve

w = z3 + a1zw + a2z
2w + a3w

2 + a4zw
2 + a6w

3 . (24)

The birational transformation between (23) and (24) is

(x, y) 7→ (z, w) =

(
−x
y
,−1

y

)
(z, w) 7→ (x, y) =

(
z

w
,− 1

w

)
With a few obvious exceptions, any point Q of our elliptic curve can be viewed
either as a pair (x(Q), y(Q)) satisfying equation (23) or as pair (z(Q), w(Q))
satisfying equation (24), with the two pairs related by the above birational trans-
formation. We characterize z(Q) as “the z-coordinate of Q”.

For z1, z2 ∈M, a “sum” F(z1, z2) is defined2 by means of a p-adically conver-
gent power series F(z1, z2) ∈ Z[α][[z1, z2]] and this operation (z1, z2) 7→ F(z1, z2)
makesM a group denoted Ê(M). For every integer r ≥ 1, Ê(Mr) is the subgroup
of Ê(M) consisting of the elements of Mr. There is a group isomorphism3

Ê(M)→ E1(Qp(α)) , given by z 7→


(

z

w(z)
, − 1

w(z)

)
if z 6= 0

O if z = 0
(25)

where w(z) is a convergent (in the p-adic sense) power series, formally obtained
as follows4: Denote the right-hand side of (24) by F (z, w) and define recursively

F1(z, w) = F (z, w), Fm+1(z, w) = Fm(z, F (z, w)) for m ≥ 1 .

Then w(z) = limm→∞ Fm(z, 0). The inverse map of (25) is5 the “z-coordinate”
function restricted to E1(Qp(α)):

E1(Qp(α)) 3 Q 7→ z(Q) ∈ Ê(M) , where z(Q) =

−
x(Q)

y(Q)
if Q 6= O

0 if Q = O
. (26)

The remarkable property of the formal group is

z(Q1 +Q2) = F(z(Q1), z(Q2)) for any points Q1, Q2 ∈ E1(Qp(α)) . (27)

2See § 1, Chapter IV of [28] for the definition of F .
3Proposition 2.2, Chapter VII of [28].
4See § 1, Chapter IV of [28].
5See the proof of Proposition 2.2, Chapter VII of [28].
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A logarithmic and an exponential function are related to the formal group:

The logarithm of Ê is formally defined6 by

log t =

∫
G(0, t)−1dt , where G(z1, z2) =

∂F(z1, z2)

∂z1

.

This is a series of the form7 t+
∞∑
k=2

λk
k
tk, with λk ∈ Zp[α] for every k, hence8 it

converges p-adically for t ∈M = pZp[α].

The exponential of Ê is formally defined9 as the unique power series exp t ∈
Qp(α)[[t]] which satisfies log(exp t) = exp(log t) = t. It is a series of the form10,

exp t = t+
∞∑
k=2

εk
k!
tk , (28)

with εk ∈ Zp[α] for every k, hence11 it converges p-adically for t ∈ prZp[α], with
r = 1 if p > 2 and r = 2 if p = 2.

Let Ĝa(Mr) be the formal additive group, so that, by its definition, “addi-
tion” in Ĝa(Mr) means usual addition in Mr. An important fact12 is that, for
r = 1 if p > 2 and r = 2 if p = 2, the function

log : Ê(Mr)→ Ĝa(Mr) (29)

is a group isomorphism, the inverse isomorphism being the function exp. This
means in practice that, if z1, z2 ∈ prZp[α], then

logF(z1, z2) = log z1 + log z2 and exp(z1 + z2) = F(exp z1, exp z2) ,

which, in combination with (27) easily implies the following important fact:

If z(Q1), . . . , z(Qk) ∈ Ê(Mr), where r = 1 if p > 2 and r = 2 if p = 2,
and n1, . . . , nk are any integers, then

z(n1Q1 + · · ·+ nkQk) = exp(n1 log z(Q1) + · · ·nk log z(Qk)) . (30)

Until the end of this section, the meaning of r will be as above. Suppose that we
know a point Q ∈ E(Q(α)) ∩ E1(Qp(α)). Then, by (26), z(Q) ∈ Ê(M). If p = 2,

6See § 5 and Proposition 4.2, Chapter IV of [28].
7Proposition 5.5, Chapter IV, of [28]
8Lemma 6.3(a), Chapter IV of [28]
9See § 5, Chapter IV of [28].

10Proposition 5.5, Chapter IV, of [28]
11Lemma 6.3(b), Chapter IV of [28]
12Theorem 6.4, Chapter IV of [28].
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suppose something more about Q, namely, that z(Q) ∈ Ê(M2). Further, assume
that, for a certain point P ∈ Q(α) ∩ E(Zp[α]), or for P = O, we want to find all
n ∈ Z for which βx(P + nQ) is a rational number.

(i) Let P be a finite point with coordinates (x0, y0) in the model (23). Following
§ 2 of Flynn & Wetherell [18], we first express the x-coordinate x(P +R), where
R is the generic finite point, as a power series in Z[α, x0, y0][[z(R)]]:

x(P +R) = ξ0 + ξ1z(R) + ξ2z(R)2 + ξ3z(R)3 + · · · , ξi ∈ Z[α, x0, y0] . (31)

Next, by (30), z(nQ) = exp(n log z(Q)) and by (29), log z(Q) ∈ Mr. Write
temporarily log z(Q) = prλ, λ ∈ Zp[α] and use (28) to expand z(nQ) as a power
series in n:

z(nQ) = exp(n log z(Q)) = exp(nprλ) = λprn+
∞∑
k=2

εkλ
k

k!
prknk .

In view of the estimation v(k!) < k/(p − 1), we easily see that the above series
has the following property:

v(coefficient of nk) ≥

{⌊
(p−2)k
p−1

⌋
+ 1 if p ≥ 3

k + 1 if p = 2
(32)

Therefore, if we write z(nQ) = Z0(n)+Z1(n)α+· · ·+Zd−1(n)αd−1, where Zi(n) ∈
Z[α, x0, y0][[n]] for i = 0, 1, . . . , d − 1, then every series Zi(n) also has property
(32). Consequently, if we substitute in (31) the above expression of z(nQ) for
z(R) and multiply by the p-adic unit β, we immediately see that we can write

βx(P + nQ) = θ0(n) + θ1(n)α + · · ·+ θd−1(n)αd−1 , (33)

where each series θi(n) is a power series in n with coefficients in Zp having also
the property (32). Since we have assumed that the left-hand side is a rational
number, we must have θi(n) = 0 for i = 1, . . . , d − 1. At this point we use the
following useful result13:

Theorem 4.1. (Strassman) Let θ(Z) = c0 + c1Z + c2Z
2 + · · · ∈ Zp[[Z]] with

limk→+∞ v(ck)→ +∞ and let k0 ≥ 0 be the unique index such that v(ck0) < v(ck)
for every k > k0 and v(ck0) ≤ v(ck) for every k ≥ 0. Then there are at most k0

elements z ∈ Zp satisfying θ(z) = 0.

Provided that the assumptions of Strassman’s Theorem are satisfied, we have
at our disposal a tool to restrict all possible n for which βx(P + nQ) ∈ Q.

13Theorem 4.1, in [8].

14



(ii) Next, let P = O. Now, we want to find all n ∈ Z, such that βx(nQ) ∈ Q.
Following section 2 of Flynn & Wetherell [18], instead of βx(nQ), we rather
consider 1/(βx(nQ)), simply because

1

x(nQ)
=
w(z(nQ))

z(nQ)
,

(see immediately after (25) for the definition of w(z)). Now w(z)/z is a power-
series in Z[a1, a2, a3, a4, a6][[z]] and, actually,

w(z)

z
= ζ2z

2 + ζ4z
4 + ζ6z

6 + · · · , ζ2i ∈ Z[α] . (34)

On the other hand, as we saw in case (i) above, z(nQ) = Z0(n) +Z1(n)α+ · · ·+
Zd−1(n)αd−1, where Zi(n) ∈ Z[α, x0, y0][[n]] for i = 0, 1, . . . , d−1 and every series
Zi(n) has property (32). Substituting z(nQ) for z in (34) we obtain, exactly as
in (i),

1

βx(nQ)
= θ0(n) + θ1(n)α + · · ·+ θd−1(n)αd−1 , (35)

where each series θi(n) is a power series in n with coefficients in Zp (remember
that β is a p-adic unit), having property (32). Again, if the assumptions of
Strassman’s Theorem are fulfilled, we can restrict the possible values of n for
which the left-hand side is a rational number.

Two remarks on Strassman’s Theorem. (i) If we actually know k0

distinct solutions z ∈ Zp of θ(z) = 0, then we know all solutions of θ(z) = 0 in
p-adic integers.
(ii) Two trivial, but useful and often occurring, instances of Strassman’s Theorem
are the following: (a) k0 = 0, v(c0) = 0 and v(ck) > 0 for every k ≥ 1. Obviously,
in this case, θ(z) = 0 has no solution in p-adic integers. (b) ck = 0 for k =
0, . . . , k0 − 1 and v(ck) > v(ck0) for k > k0. In this case, one obvious solution is
z = 0. Dividing out both sides of θ(z) = 0 by zk0 reduces the equation to one
falling in case (a), hence insoluble. Thus, in case (b), z = 0 is the only solution
of θ(z) = 0 in p-adic integers.

5 The solution of the genus 2 equations

5.1 Genus 2 equation resulting from U12 = 2

For this section, let α =
√

3. According to the discussion in section 2.1, it suffices
to find all points(x, y) in E(Q(α)), where

E : y2 = x3 − (3 + 5α)x2 + 12(1 + α)x , (36)
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such that βx = u2 ∈ Q2, where β = (3− α)/24.
We shall work p-adically with p = 7, specializing accordingly the notation, as-
sumptions and results of section 4. All assumptions of section 4 before equation
(24) are fulfilled. According to section 3.1, any point on E(Q(α)) is of the form
n1P1 + T , where

P1 = (α, 3α) and T ∈ {O , (0, 0) , (4α, 0) , (3 + α, 0)} . (37)

The point Q = 11P1 belongs to E1(Q7(α)) and

z(Q) = 7 · 37864420 + 7 · 34884700α +O(712) ∈M .

Any point of E(Q(α)) can therefore be written in the form

n1P1 + T = (11n+ r)P1 + T = nQ+ P , (38)

with P = rP1 + T , −5 ≤ r ≤ 5 and T a torsion point as in (37).

The “addition law” F(z1, z2) is given by

F(z1, z2) =z1 + z2 + (3 + 5α)z1z
2
2 + (3 + 5α)z2

1z2 − 24(1 + α)z1z
4
2

+ 18(2− α)z2
1z

3
2 + 18(2− α)z3

1z
2
2 − 24(1 + α)z4

1z2 + · · ·

and the series w(z) mentioned immediately after (25) is

w(z) = z3 − (3 + 5α)z5 + (96 + 42α)z7 − (1350 + 798α)z9 +O(z11) .

The logarithmic and exponential series are

log t =t− (1 +
5

3
α)t3 + (

108

5
+

54

5
α)t5

− (
1998

7
+

1086

7
α)t7 + (4252 + 2576α)t9 +O(t11)

exp t =t+ (1 +
5

3
α)t3 + (

32

5
− 4

5
α)t5

+ (−258

35
+

778

105
α)t7 + (

1351436

315
+

806272

315
α)t9 +O(t11)

For any finite points P = (x0, y0) andR, following section 2 of Flynn & Wetherell [18],
we express x(P +R) as a power series of z(R) with coefficients in Z[α, x0, y0], as
follows:

x(P +R) =x0 + 2y0z(R) + (12− 6x0 + 3x2
0 + 12α− 10x0α)z(R)2

+ (−6y0 + 4x0y0 − 10y0α)z(R)3

+ (4x3
0 − 18x2

0 + 192x0y
2
0 − 216− 30αx2

0 + 84x0α− 96α)z(R)4

+ (−24y0x0 + 6y0x
2
0 + 192y0 + 84y0α− 40y0x0α)z(R)5 +O(z(R)6)

(39)
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Again following section 2 of Flynn & Wetherell [18], we also express 1/x(R) as a
power series of z(R) with coefficients in Z[α, x0, y0], as follows:

1
x(R)

=z(R)2 − (3 + 5α)z(R)4 + (96 + 42α)z(R)6 − (1350 + 798α)z(R)8

+ (23436 + 13824α)z(R)10 +O(z12) . (40)

We have the 7-adic expansion

log z(Q) = 7 · 35764917 + 7 · 10549438α +O(710)

and, for any integer n,

z(nQ) =7 · 35764917n+ 74 · 72313n3 + 75 · 1380n5 + 76 · 1931n7 + 78 · 27n9 + · · ·
+ (7 · 10549438n+ 73 · 134528n3 + 75 · 8706n5 + 76 · 57n7 + 78 · 44n9 + · · · )α
+O(710) (41)

We refer now to (38). There are 44 possibilities for P , one of which is P = O.
(i) Consider first the case when P = (x0, y0) is one out of the 43 possible finite
points. In (39) we substitute z(R) by z(nQ) given in (41) and multiply both
sides by β. This gives an expression for βx(P + nQ), as in (33). In 35 out of the
43 cases, it turns out that θ1(0) 6≡ 0 (mod 7), which, in particular, implies that
θ1(n) 6= 0, hence βx(P + nQ) = θ0(n) + θ1(n)α cannot be rational. The only
cases that are not excluded in this way correspond to

P ∈ {±4P1 + (0, 0) , ±3P1 + (0, 0) , ±P1 + (0, 0) , (0, 0) , (3 + α, 0)} .

We deal with these cases as follows, always remembering that the power series
θ0(n) and θ1(n) satisfy property (32), hence, in particular, θi(n) ≡ θi(0) (mod 7):
If P = ±4P1 + (0, 0), then θ0(0) = 5, a quadratic non-residue of 7; therefore,
whatever n may be, βx(P + nQ) = θ0(n) + θ1(n)α cannot be the square of a
rational number. In a completely analogous manner we exclude P = ±3P1+(0, 0),
since, in this case, θ0(0) = 6.
Next, consider P = ±P1 + (0, 0) = (12 + 4α,±(36 + 12α)). With the plus sign
we compute θ1(n) = 7 · 94n + 72 · 40n2 + 73 · 6n3 + · · · , and with the minus
sign, θ1(n) = 7 · 249n + 72 · 40n2 + 73n3 + · · · . In both cases, if n 6= 0, then
dividing out by 7n we are led to an impossible relation mod 7; hence n = 0 and
x = x(P + nQ) = x(P ) = 12 + 4α, which gives u2 = β(12 + 4α) = 1 and u = 1.
If P = (0, 0), then we compute θ1(n) = 73·6889n2+74·1733n4+77·2n6+77·5n8+· · ·
and if n 6= 0 we divide out by 73n and we are led to an impossible relation mod 7.
Thus, n = 0, which leads to x = 0 and u = 0. Finally, if P = (3 + α, 0), then
θ1(n) = 72 · 288n2 + 74n4 + · · · , forcing again n = 0. Thus, x = 3 + α and
u2 = β(3 + α) = 1/4, hence u = 1/2.

(ii) Assume now that P = O. For R = nQ, we obtain by means of (40) and
(41) a power series of the form (35), in which θ1(n) = 72 · 244n2 + 74 · 2n4 + · · · .
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Since we are interested in finite points (x, y) = nQ, nmust be non-zero. Moreover,
θ1(n) has property (32) and must be zero. Therefore, dividing out θ1(n) = 0 by
72n2 we obtain an impossible equality.

Conclusion. The only points on (9) satisfying βx = u2 ∈ Q2 are
those with x = 12+4α, 3+α, 0, corresponding to u = 1, 1

2
, 0. Only the

first leads to a solution of (8) and this leads to the solution (P,Q) =
(1,−1) of (3) with U12(1,−1) = 122.

5.2 Genus 2 equation resulting from U9 = 2

According to the discussion in section 2.2.1, it suffices to find all points (x, y) in
E(Q(α)), where

E : y2 = x3 + (−3 + 2α2)x2 + (2− α2)x , (42)

such that βx ∈ Q2, where β = 4 + α− 2α2. We shall work p-adically with p = 2,
specializing accordingly the notation, assumptions and results of section 4. All
assumptions of section 4 before equation (24) are fulfilled. According to section
3.2, any point on E(Q(α)) is of the form n1P1 + T , where

P1 = (1, α) and T ∈ {O , (1− α− α2, 0) , (0, 0) , (2 + α− α2, 0)} . (43)

The point

Q = 4P1 =

(
73

48
− 47

16
α +

49

24
α2,−97

32
− 2323

192
α +

29

3
α2

)
belongs to E1(Q2(α)) and

z(Q) = −3592928

2800223
− 404928

2800223
α +

928628

2800223
α2 ∈M2 .

Any point of E(Q(α)) can therefore be written in the form

n1P1 + T = (4n+ r)P1 + T = nQ+ P , (44)

with P = rP1 + T , r ∈ {−1, 0, 1, 2} and T a torsion point as in (43).

The “addition law” F(z1, z2) is given by

F(z1, z2) =z1 + z2 + (3− 2α2)z1z
2
2 + (3− 2α2)z2

1z2

(−4 + 2α2)z1z
4
2 + (1 + 4α + 4α2)z2

1z
3
2

+ (1 + 4α + 4α2)z3
1z

2
2 + (−4 + 2α2)z4

1z2 + · · ·

and the series w(z) mentioned immediately after (25) is

w(z) = z3 + (−3 + 2α2)z5 + (11 + 4α− α2)z7 + (−37 + 6α+ 21α2)z9 +O(z11) .
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The logarithmic and exponential series are

log t =t+ (−1 +
2
3
α2)t3 + (

13
5

+
4
5
α− 2

5
α2)t5

+ (−55
7

+
24
7
α2)t7 + (

91
3

+
10
3
α− 98

9
α2)t9 +O(t11)

exp t =t+ (1− 2
3
α2)t3 + (

2
5

+
8
15
α+

2
5
α2)t5

+ (− 73
315
− 16

15
α− 16

21
α2)t7 + (

9749
315

+
116
21

α− 27178
2835

α2)t9 +O(t11)

For any finite points P = (x0, y0) and R, following section 2 of [18], we express
x(P +R) as a power series in z(R) with coefficients in Z[α, x0, y0], as follows:

x(P +R) =x0 + 2y0z(R) + [3x2
0 − 6x0 + 2 + (4x0 − 1)α2]z(R)2

+ (4y0x0 − 6y0 + 4y0α
2)z(R)3

+ [(4x3
0 − 18x2

0 + 22x0 − 6 + y2
0) + (8x0 − 2)α+ (12x2

0 − 2x0 + 1)α2]z(R)4

+ [(6y0x
2
0 − 24y0x0 + 22y0) + 8y0α+ (16y0x0 − 2y0)α2]z(R)5 +O(z(R)6)

(45)

Again following section 2 of [18], we also express 1/x(R) as a power series of
z(R) with coefficients in Z[α, x0, y0], as follows:

1
x(R)

=z2 + (−3 + 2α2)z4 + (11 + 4α− α2)z6

+ (−37 + 6α+ 21α2)z8 + (173 + 50α− 40α2)z10 +O(z12) . (46)

We have the 2-adic expansion

log z(Q) = 3872 + 1216α + 3148α2 +O(212)

and, for any integer n,

z(nQ) = exp(n log z(Q))

=(25 · 121n+ 26 · 31n3 + · · · ) + (26 · 19n+ 28n3 + · · · )α
+ (22 · 787n+ 26 · 51n3 + 211n5 + · · · )α2 +O(212) .

(47)

We refer now to (44). There are 16 possibilities for P , one of which is P = O.
(i) Consider first the case when P = (x0, y0) is one out of the 15 possible finite

points. In (45) we substitute z(R) by z(nQ) given in (47) and multiply both sides
by β. This gives an expression for βx(P+nQ), as in (33). In most cases, it can be
easily seen that the right-hand side of such an expression cannot be rational. Take,
for example, P = −P1 +T , with T = (1−α−α2, 0). Then (x0, y0) = (3−α2, 3 +
α−α2). We compute θ1(n) ≡ 2+23 ·7n+· · · mod 23Z[[n]]. Since every series θi(n)
has the property (32), we see that θ1(n) ≡ 2 (mod 8) and, therefore, by remark
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(ii.a) after Theorem 4.1, cannot be zero. An example of a more “difficult” instance
is P = (0, 0). Now we need a somewhat higher 2-adic precision. We compute
θ1(n) ≡ 26 · 5n2 + 0 · n3 + 0 · n4 + 0 · n5 + · · · mod 27Z[[n]], and the remaining
terms are divisible at least by 27, in view of the fact that θ1(n) has property (32).
Hence, by remark (ii.b) after Theorem 4.1, the only possible solution is n = 0,
implying the actual solution (x, y) = (0, 0). A third characteristic example is
P = 2P1 + T , with T = (0, 0). Then (x0, y0) = (4

3
(1 − α2),−2

3
(α + α2)) and we

compute θ1(n) ≡ 26 · 7n+ 26 · 3n2 + 0 · n3 + 0 · n4 + 0 · n5 + · · · mod 27Z[[n]] and,
as always, property (32) holds. In the notation of Strassman’s Theorem, k0 = 2,
so that there are at most two solutions. On the other hand, a straightforward
computation shows that βx(P + 0 · Q) = 4 = βx(P − Q), which implies, in
particular, that θ1(0) = 0 = θ1(−1); hence, by remark (i) after Theorem 4.1,
n = 0,−1 are the only solutions obtained for the above specific value of (x0, y0).
Testing in a similar way one by one the 15 possible finite points (x0, y0), we
obtain only the solutions (x, y) = (0, 0), (4

3
(1 − α2),±2

3
(α + α2)) for (42) with

the property βx ∈ Q2. These solutions imply, respectively, P 2/R2 = 0, 4, hence
R = 1 and P = 0 or ±2.

(ii) Assume now that P = O. For R = nQ, we obtain by means of (46)
and (47) a power series of the form (35), in which θ1(n) = 24n2 + 0 · n4 +
· · · mod 26Z[[n]]. Since we are interested in finite points (x, y) = nQ, n must
be non-zero. Moreover, θ1(n) has property (32) and must be zero. Therefore,
dividing out θ1(n) = 0 by 24n2 we obtain an impossible relation.

Conclusion. The only points on (18) satisfying βx ∈ Q2 are those
with x = 0 (leading to P = 0), and x = 4

3
(1 − α2) giving succes-

sively (in the notation of section 2.2.1) P 2

R2 = 4 and (P,Q) = (±2, 1),
corresponding to degenerate Lucas sequences.
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