Lucas sequences whose 12th or 9th term is a
square

A. Bremner* N. Tzanakis'

1 Introduction

Let P and @ be non-zero relatively prime integers. The Lucas sequence {U,, (P, @)}
is defined by

U[) = 0, U1 = 1, Un = PUn,1 — QUan (TL Z 2) (1)

The sequence {U,(1, —1)} is the familiar Fibonacci sequence, and it was proved
by Cohn [11] in 1964 that the only perfect square greater than 1 in this sequence
is U = 144. The question arises, for which parameters P, @, can U, (P, Q)
be a perfect square? This has been studied by several authors: see for example
Cohn [12] [13] [14], Ljunggren [21], and Robbins [24]. Using Baker’s method on
linear forms in logarithms, work of Shorey & Tijdeman [25] implies that there
can only be finitely many squares in the sequence {U,(P,Q)}. Ribenboim and
McDaniel [22] with only elementary methods show that when P and @ are odd,
and P? —4Q > 0, then U, can be square only for n = 0,1,2, 3,6 or 12; and that
there are at most two indices greater than 1 for which U, can be square. They
characterize fully the instances when U, = O, for n = 2, 3,6, and observe that
U2 = O if and only if there is a solution to the Diophantine system

P=0,P"—Q=20,P"-2Q =30,P°-3Q = 0, (P> - 2Q)* - 3Q* = 60. (2)

When P is even, a later paper of Ribenboim and McDaniel [23] proves that if
@ =1 (mod 4), then U,(P,Q) = O for n > 0 only if n is a square or twice a
square, and all prime factors of n divide P? — 4Q. Further, if p*!|n for a prime p,
then Upeu is square for u = 1,...,t. In addition, if n is even, then U, = O only
if P is a square or twice a square. A remark is made that no example is known
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of an integer pair P, @), and an odd prime p, such that U,: = O (note none can
exist for P, Q odd, P% —4Q > 0).

In this paper, we complete the results of Ribenboim and MacDaniel [22] by
determining all Lucas sequences {U,(P,Q)} with U = O (in fact, the result
is extended, because we do not need the restrictions that P, () be odd, and
P? —4@Q > 0): it turns out that the Fibonacci sequence provides the only exam-
ple. Moreover, we also determine all Lucas sequences {U, (P, Q)} with Uy = O,
subject only to the restriction that (P, ) = 1. Throughout this paper the symbol
O means square of a non-zero rational number.

Theorem 1. Let (P, Q) be any pair of relatively prime non-zero integers. Then,

e Up(P,Q) = 0O iff (P,Q) = (1,—1) (corresponding to the Fibonacci se-
quence).

o Uy(P,Q) =0 iff (P,Q) = (£2,1) (corresponding to the sequences U, = n
and U, = (=1)""n).

The remainder of the paper is devoted mainly to the proof of this theorem.
Theorems 3 and 6 of [22] combined with the first statement of Theorem 1 imply
the following.

Theorem 2. Let P,Q be relatively prime odd integers, such that P* — 4Q > 0.
Then the nth term, n > 1, of the Lucas sequence U, = U, (P, Q) can be a square
only if n =2,3,6 or 12. More precisely*:

® UQZDiﬁPZGQ.

o Us=0iff P=a, Q =a®>—b°.

—a® + 12a** — 98
5 .

o Up =0iff (P,Q) = (1,—1). Moreover, this result is also valid even if we
remove all restrictions on P,Q except for ged(P,Q) = 1.

o Us=0iff P=13a*h, Q=

The proof of Theorem 1 hinges, in both cases, upon finding all rational points
on a curve of genus 2. When the rank of the Jacobian of such a curve is less than
2, then methods of Chabauty [10], as expounded subsequently by Coleman [15],
Cassels and Flynn [9] and Flynn [16] may be used to determine the (finitely many)
rational points on the curve. When the rank of the Jacobian is at least 2, as is the
case here, a direct application of these methods fails. In order to deal with such
situations, very interesting methods have been developed recently by a number
of authors; see chapter 1 of Wetherell’s Ph.D. thesis [31], Bruin [1, 2, 3], Bruin
and Flynn [4, 5], Flynn [17], and Flynn & Wetherell [18, 19]. For the purpose of
this paper, the method of [17] or [18] is sufficient.

!Below it is understood that parameters a, b are in every case chosen so that P, Q are odd,
relatively prime and P? — 4Q > 0.



2 The Diophantine equations

2.1 The case Ujs

For Uy2(P, @) to be square, we have from (1)
Uin(P,Q) = P(P* = 3Q)(P* = 2Q)(P* = Q)(P' —4P*Q +Q*) =0.  (3)
Now (P(P?-3Q)(P*—Q), (P>—Q)(P*—4P?Q+Q?)) divides 2, so that Uj, = O
implies
P(P?—3Q)(P* - Q) =60, (P?-2Q)(P*-4P*Q+ Q?*) =4O,
where § = +1,+2. With z = Q/P?, we deduce
(1—22)(1 — 42 + 2%) = 60,

and of these four elliptic curves, only the curve with § = 2 has positive rational
rank. Torsion points on the three other curves do not provide any solutions for
P, Q). We are thus reduced to considering the equations

P(P*-3Q)(P* - Q) =20, (P?-2Q)(P*-4P%Q+ Q% =20.
From the first equation,
P(P? —3Q) = +£20, P> — Q = +0,

The former case implies one of

or P(P*—-3Q)=+0P*—Q=+20.

P=60 P2-3Q=20 P’-Q=0O

P=60 P?-3Q=-20 P>’-Q=-0

P=20 P2-3Q=00 P*-Q=

P=20 P?*-3Q=-60 P°—Q=-0 (4)

where 6 = +1, +3.
The latter case implies one of
P=60 P2-3Q=00 P*—Q=20
P=60 P?2-3Q=-60 P*—Q=-20
where 6 = +1, +3.

Solvability in R or elementary congruences shows impossibility of the above equa-
tions (4), (5), except in the following instances:

(5)

P=-0 P*-3Q=-20, PP-Q=0
P=-30, P2-3Q=-60, PP-Q=0
P=60, P2-3Q=30 P -Q=0
P=0O, P2-3Q=-20, PP—Q=-0O
P=60, P?2-3Q=-30, P’-Q=-O
P=0O, P’-3Q=0, P*-—Q=20
P=-30, P?-3Q=-30, P?-Q=20. (6)
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Recall now that
(P* —2Q)(P* —4P’Q + Q%) = 20,

from which
P?—2Q =00, P*—4P*Q+Q* =2n0 or P?-2Q = 2n0, P*—4P?Q+Q* = 0,
where n = 1, £3. The only locally solvable equations are

P?—2Q =—-0, P*—4P%Q+ Q* = —20
P?—-20Q =30, P*—4P?Q+ Q*>=60
P? -2 =20, P*—4PQ+Q*=0
(7)

It is straightforward by elementary congruences to deduce from (6), (7), that we
must have one of the following:

P|P2-3Q|P—Q| P>2-2Q | P*—4P%Q + Q?
-0 —20 O -0 —20
60 30 O 20 O

O —20 —d —d —20

O O 20 30 (5]

Now the rational ranks of the following elliptic curves are 0:
(—o+1)(2*—4z+1) = —20, (=3x+1)(2*—4z+1) =30, (—a+1)(2*—4z+1) = 20,

and consequently the rational points on the curves corresponding to the first
three rows of the above table are straightforward to determine: they are (P, Q) =
(—=1,1), (0, —1), and (1, 1) respectively. These lead to degenerate Lucas sequences
with U12 =0.

It remains only to find all rational points on the following curve:
P=0,P*-30Q=0P>— Q=20 P —20Q =30,P'—4P*Q +Q* =60,

satisfying (P, Q) = 1. Note that this is the curve (2), though we have removed
the restriction that P and @ be odd, and P? — 4Q > 0.
Put Q/P? =1 — 2u?, so that

3u?—1=20, 4u*—-1=30, 2u*+2u’—1=230 (8)

The equations (8) define a curve of genus 9, with certainly only finitely many
points. We restrict attention to the curve of genus 2 defined by

4u? — 1 =30, 2ut +2u* — 1 = 30.



Define K = Q(+/3), with ring of integers Ox = Z[/3], and fundamental unit
2 + /3. Observe that (u? — 1)? — 3u* = —30 implies

u? —1+u*V3 = eV/342,
for € a unit of Ok of norm +1, and v € O. If e = 24++/3, the resulting equation

is locally unsolvable above 3, and so without loss of generality, ¢ = 1. Consider
now

w4 — 1) (W*(1+v3) —1) =3V3V?, Vek.
In consequence, (z,y) = ((12 + 4v/3)u?, (36 + 121/3)V) is a point defined over K
on the elliptic curve

By :y® = a(x— (3+V3))(z — 4V3) 9)

satisfying @;—f’)x € Q2. We shall see that the K-rank of F; is equal to 1, with
generator of infinite order P = (v/3,3v/3).

2.2 The case Uy
For Uy(P, Q) to be square, we have from (1)
Us(P,Q) = (P* = Q)(P* = 6P'Q + 9P*Q* - Q°) = 1. (10)
So
P*—Q =40, P° —6P'Q +9P*Q* — Q° = 600,
where £6 = 1,3. Put Q = P? — §R?. Then
3

5136 —9P'R* + 65 P*R* + §°R°® = O, (11)
with covering elliptic curves
3 3
5—9x+65x2—|—52m3: O, 5x3—9w2+65x+52: 0. (12)

For 06 = 41, the first curve has rational rank 0, and torsion points do not lead
to non-zero solutions for P, ). For § = +3, both curves at (12) have rational
rank 1, so that the rank of the Jacobian of (11) equals 2. To solve the equation
Us(P,Q) = O, it is necessary to determine all integer points on the two curves

P —9P*R* + 18P?R* + 9R® = O, (13)
and

—P%—9P*'R* — 18P?R* + 9R® = 0. (14)
To this end, let L = Q(a) be the number field defined by a® — 3a — 1 = 0.
Gal(L/Q) is cyclic of order 3, generated by o, say, where o = —1/(1 4+ «) =
—2 — a + a?. The ring of integers O has basis {1,,a?}, and class number
1. Generators for the group of units in O, are €¢; = a,e5 = 1 + «, with norms

Norm(e;) = 1, Norm(ey) = —1. The discriminant of L/Q is 81, and the ideal (3)
factors in O as (—1 + «a)?.



2.2.1
Equation (13) may be written in the form

Normyp q(P? + (=5 + a + o®)R?) = S, say,
and it follows that

P?+ (=5 +a+a®)R* = \U?, (15)
with A € O}, squarefree and of norm +1 modulo L**.
Applying o,
P?+ (=5 —2a+a*)R* = \7V2 (16)

Suppose P is a first degree prime ideal of Oy, dividing (A). Then for the norm of
A to be a square, A must also be divisible by one of the conjugate prime ideals of
P. It follows that P, or one of its conjugates, divides both A and A?. Then this
prime will divide ((=5+ a +a?) — (=5 — 2a + a?)) = (3a) = (1 — a)®. So P has
to be (1 —«), with (1 —«)? dividing A, contradicting A squarefree. If the residual
degree of P is 3, then the norm of A cannot be square. Finally, the residual degree
of P cannot be 2, otherwise # = 5 — a — o> = m (mod P), for some rational
integer m, so that « =1 — 26 + %62 is congruent to a rational integer modulo P,
impossible. In consequence, \ is forced to be a unit, of norm +1. Without loss
of generality, the only possibilities are A = 1, €1, —€5, —€1€9. However, specializing
the left hand side of (15) at the root ag = 1.8793852415... of 2 — 3z —1 = 0 shows
that P? + 0.4114..R? = A ap)U(ap)?, so that A(ap) > 0, giving unsolvability of
(15) for A = —eg, —€1€65. There remain the two cases A = 1, with solution
(P,R,U) = (1,0,1), and X\ = ¢, with solution (P, R,U) = (0,1,4 — a?). From
(15) and (16) we now have

P?(P? 4+ (=5 + a+ o®)R*)(P* + (=5 — 2a + o®)R?) = uW?,

with g = A\ =1 or 1 + a — o®. Accordingly, X = P?/R? gives a point on the
elliptic curve:

XX+ (=5+a+a®)(X +(=5—2a+a?)=puY? (17)

Now when p = 1, a relatively straightforward 2-descent argument shows that the
Q(a)-rank of (17) is equal to 0 (we also checked this result using the Pari-GP
software of Denis Simon [30]). The torsion group is of order 4, and no non-zero
P, () arise.

When p =1+ a —a?, then (x,y) = ((1_“06)2 ;—2, (1_2)3 %) is a point on the elliptic

curve FEy over Q(«), where
Ey: vy =z(z+ (—2—a+a®)(@x+ (=1 +a+a?), (18)

satisfying %x = (44 a—2a%)z € Q%
We shall see that the Q(«)-rank of Ey is 1, with generator of infinite order
equal to (1, ).



2.2.2
Equation (14) may be written in the form
Normyzo(—P? + (=5 + a+ o*)R?) = $?, say,
so that
—P?+ (=5 +a+ad*)R* = \U? (19)

with A € Oy, squarefree and of norm +1 modulo L**. Arguing as in the previous
case, A must be a squarefree unit of norm +1, so without loss of generality equal
to 1, €1, —€9, —€1€5. Only when A = ¢; is (19) solvable at all the infinite places.
Thus

—P2+(—5+OC+OC2)R2 :OgU2’ —P2+(—5—2@+Q2>R2 = (—2—Oé+042)V2,

and x = (1(’;:;;2) g—; is the z-coordinate of a point on the elliptic curve
v =z+2+a—a?))(z+(1—-a-a?). (20)
satisfying %x = (4 +a—2a*)r € Q% However, a straightforward cal-

culation shows that the Q(«)-rank of (20) is equal to 0, with torsion group the
obvious group of order 4. There are no corresponding solutions for P, Q).

3 The Mordell-Weil basis

Here we justify our assertions about the elliptic curves E; at (9) and E, at (18).

3.1 The case Ujs

First, consider the curve (9). Because K = Q(v/3) has unique factorization,
and F; has K-rational 2-torsion, a two-descent over K works analogously to the
standard two-descent over QQ for an elliptic curve with rational two-torsion.
Recall the generalities.
For

E:y? = 2(2® + ax + b) with a,b € O,

there is the 2-isogenous curve
EY?=X(X*+dX+V)
with ' = —2a, V' = a®> — 4b. A 2-isogeny 0 : E — E' is given explicitly by

2 2
y- x°—b
(':va)_) (;ay 72 )7




with kernel {O, (0,0)}. The 2-descent homomorphism ¢ : E(K) — K*/K* is
defined by

$»(0) = 1mod K**
$((0,0)) = bmod K**
o((z,y) = wmod K, if (z,y) # 0,(0,0)

Analogously, define ¢ : E'(K) — K*/K**. Then the rank rg = rank(E(K))

satisfies

e BRI/ (B(5)|

92

Moreover, to compute the order |¢(F(K))|, we have the following: let
S = {d; € Og : b = didy, and w? = dyu* + au®v® + dyv* has a non-zero solu-
tion (u,v,w) € O%, (u,v) = 1}. Then ¢(E(K)) is the group generated by the
elements of S modulo K*”.
Specific details of the computation for our curve (9) do not present intrinsic
difficulty, and full details are available upon request from the authors. The re-
sult is that |¢p(F(K))| = 2% and |¢(E;(K))| = 2, with final deduction that
rank(E;(K)) = 1.
To prove that P = (1/3,3+/3) is a generator for the Mordell-Weil group E;(K)
requires several steps. First, we need to compute the canonical height lAz(P),
which is done by summing the contributions of the local heights (note that there
is disparity in the literature as to definition of local components of heights: we
take as definition that of Silverman [27]. Siksek [26] adjusts by a local compo-
nent of the discriminant). Since x(P) lies in the ring of integers Ox = Z[v/3]
of K, the only valuations of Ok contributing to h(P) are the two Archimedean
valuations |z|., = |z| (ordinary absolute value); |z|., = |Z| (absolute value of
the conjugate of z); and the non-Archimedean valuations corresponding to the
primes above 2 and 3, namely (1 +v/3), and (v/3). The computations are rela-
tively straightforward, with result that 2(P) = 0.3507058805... We checked this
computation using the TECC calculator of Kida [20]. As second step, we remark
that the descent argument shows that P up to torsion cannot be divisible by 2
in Fy(K). Soif P is not a generator, then P = n(@, for some point ) € F;(K),
and n > 3. Since P has K-integral coordinates, so does (). Then

Q) = =h(P) < =h(P) < 0.0389673200... (21)

NeoN =

We can now use standard estimates for the difference between the canonical height

h(P) and the logarithmic height hA(P): using the Silverman [29] bounds we obtain
for all R € E;(K)

—7.8324020052... < QiL(R) — h(R) < 8.3495215394...



so that using (21)
hQ) < 2h(Q) + 7.8324020053 < 7.911.

Thus the naive height H(Q) satisfies H(Q) < exp(7.911) < 2728. If z(Q) €
Z then |z(Q)| < 2728; if (Q) ¢ Z, then suppose x((Q)) satisfies the minimal
polynomial X?+a; X +ay, with a;, as € Z. Silverman [28] shows max(|a|, |as|) <
2H(Q)?* < 14883968. This however determines too large a search area. Instead
we have to use the refinements of Siksek [26]. He shows

A 1
h(P) — 2h(P) < % Q (Z o log(@)) :

with sum over all valuations v of Ok. Here, n, = [K, : Q,] is the local index,
i, are constants depending upon the reduction type of F at v (in our example,

i, = 0 except for 1vE) = HyE) = le and fiso, = flooy = %)’ and
~1

om0l le()L)
€ = mn
Y (XY)EEi(Ky) max(1, | X]|,)?

with
FX)=4X(X — 3+ V3)(X —4v3),  g(X)=(X2—12(1+3))>2

(Another discrepancy in notation should be noted, in that Siksek’s canonical
height is twice the canonical height of Silverman used in this paper). Siksek gives
a method for computing the ¢,, and putting all the computations together finally
shows that
hQ) < 2%(@) + 1.7987046450.. < 1.876639286
giving
H(Q) < 6.53151738.

Now we have to test all polynomials of types z + a with |a| < 6, and 22+ ayx + ay
with max(|a|, |as|) < 2 x 6.53151738% < 85; and for those roots x lying in O,
determine whether = can be the z-coordinate of ) € Ej(K). A search finds
the following points (z,+y), and we observe that each point is generated by

P = (V/3,3V/3), up to torsion:

(070) = Ty

(3++3,0) = T

(4/3,0) = T+ Ty

(V3,3V3) = P
(3+3v3,6) = P+ T,
(4,4—4V3) = P+Ti+Th

(12 +4+/3,36 + 12/3) = —P-T,

In particular, none has height satisfying (21); and so @ cannot exist. Thus

P = (v/3,3/3) is indeed a generator for E;(K).
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3.2 The case U,

The computations for the curve (18) are rather similar. Recall L = Q(«), with
ring of integers O, = Z[a]. Then with same notation as above, a descent argu-
ment shows that |¢(Ey(L))| = 2% and |¢/(F2(L))| = 2, so that rank(FEy(L)) = 1.

With P = (1, «), the only valuations of Oy, needing to be considered in determin-
ing h(P) are at the non-Archimedean valuations (2) and (1 — a), and the three
Archimedean valuations corresponding to the three conjugations. We find

h(P) = 0.1579573296...

As before, P up to torsion is not divisible by 2; so if P is not a generator,
then P = nQ, for some point ) € Fy(L), and n > 3. Since P has L-integral
coordinates, so does (). Then

A 1.

Q) = —h(P) < =h(P) < 0.0175508144... (22)

O =

Again, the Silverman estimates for the difference between canonical and logarith-
mic height are too weak for our purpose, so we resort to the Siksek estimates.
These produce

h(Q) < 2h(Q) + 0.8640466498 < 0.899148279

giving

H(Q) < 2.45750911.
Now we have to test all polynomials of types x + a with |a| < 2, and 23 + a;2° +
as + az with max(|ay|, |asl, |as|) < 4 x 2.45751% < 59; and for those roots x lying
in Op, determine whether x can be the z-coordinate of () € Fy(L). A search
finds the following points (x,+y), and we observe that each point is generated
by P = (1, ), up to torsion:

2+a—a%0) = T

(1—a—-a%0) = T

(O’O) = T3

(La) = P

l+a,—2a—a?) = P+T
B—a?,-3—a+a?) = P+T

2—a*1+a) = P+T;3

(=7 —17a + 11a?, —50 — 116 + 760?) = 2P + Ty

In particular, none has height satisfying (22); and so @) cannot exist. Hence P is
the required generator.
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4 The formal group method

The problems to which we were led in section 2 are of the following shape.

Problem: Let
E Y +aizy +asy = 2 + asx® + aux + ag (23)

be an elliptic curve defined over Q(«), where « is a root of a polyno-
mial f(X) € Z[X], irreducible over Q, of degree d > 2 and € Q(«)
an algebraic integer. Find all points (z,y) € £(Q(«)) for which fx is
the square of a rational number.

For the solution of this type of problem we assume the existence of a rational
prime p with the following properties:

e f(X) is irreducible in Q,[X]. This implies that p is a prime divisor of the
number field Q(a) and there is only one discrete (normalized) valuation v
defined on Q(«) with v(p) = 1. Moreover, the completion of Q(«) with
respect to v is Q,(«) and, according to our assumptions, [Q,(a) : Q] =

[Q(a) : Q] = d.
e The coefficients of (23) are in Z,|a].
e Equation (23) is a minimal Weierstrass equation for £/Q,(a) at v.

e §e€Q,a) is a p-adic unit.

We use the following notation and facts:

e The ring of integers of Q,(a), i.e. the ring {x € Q,(a) : v(x) > 0}, is
Zylol.

e The maximal ideal of Z,[a] is pZ,[a]; for simplicity we denote this ideal by

M.

e The natural homomorphism Z,[a] — Z,[a]/M is denoted by t — t. The
residue field Z,[a]/M is isomorphic to F,(&).

The curve £/F,(&) defined by y? 4+ ayxy + asy = a° + aoa® + aux + ag is the
reduction of € mod p, possibly a singular curve. Any point P € £(Q,(«)) can be
written in projective coordinates [Xo, Yo, Zg] with all three coordinates in Z,[a]

and not all zero. Then P = [Xy, Y, Zo| is a point belonging to £(F,(a)). Thus,
there is a reduction map

£(Qy(a)) > P P c EF,(Q)).
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o We set £(Q,(a)) = {P € £(Q,(a)) : P = O}. This is a subgroup of
E(Qp(a)).

We work with the formal group € /Z,|] associated to £/Q,(c). For this, we
need the following model of our elliptic curve

w = 25 4 a1 2w + as2’w + azw? + agzw? + agw® . (24)

The birational transformation between (23) and (24) is

@) = )= (-5-)
) = )= (1)

With a few obvious exceptions, any point () of our elliptic curve can be viewed
either as a pair (z(Q),y(Q)) satisfying equation (23) or as pair (2(Q),w(Q))
satisfying equation (24), with the two pairs related by the above birational trans-
formation. We characterize z(Q) as “the z-coordinate of Q.

For 21,29 € M, a “sum” F(z1, 25) is defined? by means of a p-adically conver-
gent power series F(z1, 22) € Z[a][[21, 22]] and this operation (z1, z2) — F(21, 22)
makes M a group denoted £ (M). For every integer r > 1, E (M) is the subgroup
of £(M) consisting of the elements of M”. There is a group isomorphism?

z 1

E(M) = &(Qy(a)), given by z— (M’_w(z)) if 2#£0
O it z=0

(25)

where w(z) is a convergent (in the p-adic sense) power series, formally obtained
as follows*: Denote the right-hand side of (24) by F(z,w) and define recursively

Fi(z,w) = F(z,w), Fpi1(z,w) = F,(2, F(z,w)) for m>1.

Then w(z) = lim, oo F1(2,0). The inverse map of (25) is® the “z-coordinate”
function restricted to £ (Q,()):

£1(Qy(a)) 3 Q — 2(Q) € EM), where 2(Q) = y(Q) tQ#0 . (26)

0 itQ=0
The remarkable property of the formal group is
2(Q1 4+ Q2) = F(2(Q1), 2(Q2)) for any points (1,2 € £1(Q,(a)) . (27)

2See §1, Chapter IV of [28] for the definition of F.
3Proposition 2.2, Chapter VII of [28].

1See § 1, Chapter IV of [28].

®See the proof of Proposition 2.2, Chapter VII of [28].
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A logarithmic and an exponential function are related to the formal group:

The logarithm of € is formally defined® by

logt = /G(O,t)ldt , where G(z1,22) = W :
21

— A
This is a series of the form” ¢ + Z ftk , with A\, € Z,[a] for every k, hence® it
k=2

converges p-adically for t € M = y_JZp [a].

The exponential of £ is formally defined® as the unique power series expt €
Q,()[[t] which satisfies log(expt) = exp(logt) = ¢. It is a series of the form™,

expt:t+2%tk : (28)
k=2

with €, € Z,|a] for every k, hence it converges p-adically for t € p"Z,|a], with
r=1lifp>2andr=2ifp=2.

Let @a(/\/l’“) be the formal additive group, so that, by its definition, “addi-
tion” in G,(M") means usual addition in M". An important fact'? is that, for
r=1if p>2and r=2if p=2, the function

log : EM”) = Go(M") (29)

is a group isomorphism, the inverse isomorphism being the function exp. This
means in practice that, if 21, 2o € p"Z,[a], then

log F(z1,22) =logz; +logz, and exp(z; + 29) = F(exp 21, exp 22) ,
which, in combination with (27) easily implies the following important fact:

If 2(Q1), ..., 2(Qr) € E(M), where r = 1if p > 2 and r = 21if p = 2,
and nq,...,n; are any integers, then

Z(”1Q1 + -+ nka) = eXP(nl log Z(Ql) + -+ -nylog Z(Qk)) . (3())

Until the end of this section, the meaning of r will be as above. Suppose that we

know a point Q € £(Q(a)) N & (Q,(a)). Then, by (26), 2(Q) € E(M). If p = 2,

6See §5 and Proposition 4.2, Chapter IV of [28].
"Proposition 5.5, Chapter IV, of [28]

8Lemma 6.3(a), Chapter IV of [28]

9See §5, Chapter IV of [28].

Proposition 5.5, Chapter 1V, of [28]

HLemma 6.3(b), Chapter IV of [28]

12Theorem 6.4, Chapter IV of [28].
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suppose something more about @), namely, that z(Q) € £ (M?). Further, assume
that, for a certain point P € Q(a) N E(Zy[a]), or for P = O, we want to find all
n € Z for which fz(P + nQ) is a rational number.

(i) Let P be a finite point with coordinates (xg, o) in the model (23). Following
§2 of Flynn & Wetherell [18], we first express the z-coordinate x(P + R), where
R is the generic finite point, as a power series in Z|o, o, yo[[2(R)]]:

t(P+R) =& +&2(R) + &2(R)* + &2(R)* + -+, & € Zloy, mo,y0) . (31)

Next, by (30), z(n@Q) = exp(nlogz(Q)) and by (29), logz(Q) € M". Write
temporarily log 2(Q) = p"A, A € Z,[a] and use (28) to expand z(nQ) as a power
series in n:

2(nQ) = exp(nlog 2(Q)) = exp(np’A) = Ap'n + > Lpnk.

In view of the estimation v(k!) < k/(p — 1), we easily see that the above series
has the following property:

VP%’CJJA if p>3

(32)
E+1 ifp=2

v(coefficient of n¥) > {

Therefore, if we write 2(nQ) = Zo(n)+Zy(n)a+-- -+ Zg_1(n)at"!, where Z;(n) €
Zla, zo,yo][[n]] for i = 0,1,...,d — 1, then every series Z;(n) also has property
(32). Consequently, if we substitute in (31) the above expression of z(n@) for
z(R) and multiply by the p-adic unit (3, we immediately see that we can write

B(P +nQ) = fo(n) + 1(n)a + - + 04y ()", (33)

where each series 6;(n) is a power series in n with coefficients in Z, having also
the property (32). Since we have assumed that the left-hand side is a rational
number, we must have 6;(n) = 0 for i = 1,...,d — 1. At this point we use the
following useful result!?:

Theorem 4.1. (Strassman) Let 0(Z) = co + 1 Z + 2% + -+ € L[| Z]] with
limy,_ 4 o0 v(cx) — +00 and let kg > 0 be the unique index such that v(cy,) < v(ck)
for every k > ko and v(cg,) < v(cy) for every k > 0. Then there are at most kg
elements z € 7, satisfying 6(z) = 0.

Provided that the assumptions of Strassman’s Theorem are satisfied, we have
at our disposal a tool to restrict all possible n for which Sz (P + nQ) € Q.

13Theorem 4.1, in [8].
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(ii) Next, let P = O. Now, we want to find all n € Z, such that Sz(n@) € Q.
Following section 2 of Flynn & Wetherell [18], instead of fx(n@), we rather
consider 1/(Bz(n@Q)), simply because

1 w(z(nQ))

z(n@)  2(nQ)

(see immediately after (25) for the definition of w(z)). Now w(z)/z is a power-
series in Zlay, as, a3, a4, agl[[2]] and, actually,

w = C222 + 4424 + C6ZG +--, (o €Z]a] . (34)

On the other hand, as we saw in case (i) above, z(nQ) = Zy(n) + Z1(n)a+ - - - +
Zg_1(n)a?t, where Z;(n) € Z|a, xo, yo][[n]] for i =0,1,...,d—1 and every series
Z;(n) has property (32). Substituting z(n@) for z in (34) we obtain, exactly as
in (i),

— = 0y(n) + O (Na+ -+ 041 (n)a®T, 35

St = )+ r(m) (n) (3)
where each series 6;(n) is a power series in n with coefficients in Z, (remember
that § is a p-adic unit), having property (32). Again, if the assumptions of
Strassman’s Theorem are fulfilled, we can restrict the possible values of n for
which the left-hand side is a rational number.

Two remarks on Strassman’s Theorem. (i) If we actually know kg

distinct solutions z € Z, of §(z) = 0, then we know all solutions of 6(z) = 0 in
p-adic integers.
(ii) Two trivial, but useful and often occurring, instances of Strassman’s Theorem
are the following: (a) ko = 0, v(¢y) = 0 and v(cg) > 0 for every k& > 1. Obviously,
in this case, (z) = 0 has no solution in p-adic integers. (b) ¢z = 0 for k =
0,...,ko — 1 and v(cg) > v(cy,) for & > ko. In this case, one obvious solution is
z = 0. Dividing out both sides of #(z) = 0 by 2* reduces the equation to one
falling in case (a), hence insoluble. Thus, in case (b), z = 0 is the only solution
of 6(z) = 0 in p-adic integers.

5 The solution of the genus 2 equations

5.1 Genus 2 equation resulting from U;; = O

For this section, let & = v/3. According to the discussion in section 2.1, it suffices
to find all points(z,y) in £(Q(«)), where

£y =2~ (3+5a)r* +12(1 + )z, (36)
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such that S = u? € Q?, where 3 = (3 — «)/24.

We shall work p-adically with p = 7, specializing accordingly the notation, as-
sumptions and results of section 4. All assumptions of section 4 before equation
(24) are fulfilled. According to section 3.1, any point on £(Q(«)) is of the form
ni1 Py + T, where

P =(a,3c) and T € {O, (0,0), (40,0), (3+ ,0)} . (37)
The point @ = 11P; belongs to & (Q7(«)) and
2(Q) = 7 - 37864420 + 7 - 34884700a + O(7*?) € M .
Any point of £(Q(«)) can therefore be written in the form

with P=rP;, + T, =5 <r <5 and T a torsion point as in (37).

The “addition law” F(z1, z2) is given by

Flz1,20) =21 + 2+ (3 +5a)2125 + (3 + 5a) 2725 — 24(1 + )21 25
+18(2 — a)2725 + 18(2 — )2 23 — 24(1 + a)2fzg + - - -

and the series w(z) mentioned immediately after (25) is
w(z) = 25 — (34 5a)2° + (96 + 420) 27 — (1350 4 798a)2° + O(2) .

The logarithmic and exponential series are

5 108 54
1998 1086
- (T + ——a)t" 4 (4252 + 2576a)t° + O(t')
5 32 4
expt =t + (1 + ga)t3 + (F — goz)tS
258 778 1351436 806272
)t 2+ O@!
gy Tl gy g W O

For any finite points P = (x¢, yo) and R, following section 2 of Flynn & Wetherell [18],
we express (P + R) as a power series of z(R) with coefficients in Z|a, xg, yo|, as
follows:

z(P + R) =x0 + 2y02(R) + (12 — 639 + 3z + 12a — 10700)2(R)?
+ (=6yo + 4xoyo — 10ypr) 2(R)?
+ (4xp — 1822 + 192x0y2 — 216 — 3002 + 84z — 9600 2(R)*
+ (—24yowo + 6yozs + 192y0 + 84yoar — 40yoroa)2(R)® + O(2(R)?)
(39)
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Again following section 2 of Flynn & Wetherell [18], we also express 1/z(R) as a
power series of z(R) with coefficients in Z[«, z, yo], as follows:

1

() =2(R)* — (34 5a)z(R)* + (96 + 420)2(R)® — (1350 + 7980 2(R)®

+ (23436 + 138240)2(R)1° 4+ O(2'?) . (40)
We have the 7-adic expansion
log 2(Q) = 7 - 35764917 + 7 - 10549438 + O(7'°)
and, for any integer n,

2(nQ) =7 - 35764917n + 7* - 7231303 + 75 - 1380n° + 70 - 193107 + 7% . 270 + - ..
+ (7 - 10549438n + 73 - 134528n3 4 7° - 8706n° 4+ 7° - 570" + 78 - 44n° + - )a
+0(7'%) (41)

We refer now to (38). There are 44 possibilities for P, one of which is P = O.
(i) Consider first the case when P = (zg, o) is one out of the 43 possible finite
points. In (39) we substitute z(R) by z(n@) given in (41) and multiply both
sides by . This gives an expression for Sz (P 4+ nQ), as in (33). In 35 out of the
43 cases, it turns out that 6;(0) Z 0 (mod 7), which, in particular, implies that
61(n) # 0, hence fz(P + n@) = Oy(n) + 61(n)a cannot be rational. The only
cases that are not excluded in this way correspond to

P e {+4P, +(0,0), 3P, + (0,0), £P, + (0,0), (0,0), (3 +,0)} .

We deal with these cases as follows, always remembering that the power series
0o(n) and 0 (n) satisfy property (32), hence, in particular, 6;(n) = 6;(0) (mod 7):
If P = +£4P; + (0,0), then 6,(0) = 5, a quadratic non-residue of 7; therefore,
whatever n may be, fz(P + nQ) = 6y(n) + 0;(n)a cannot be the square of a
rational number. In a completely analogous manner we exclude P = £3P;+(0, 0),
since, in this case, 6y(0) = 6.
Next, consider P = +P; + (0,0) = (12 + 4, £(36 + 12«)). With the plus sign
we compute 0;(n) = 7-94n + 7% - 40n* + 7 - 6n® + -+, and with the minus
sign, 01(n) = 7-249n + 7% - 40n® + 7n3 + ---. In both cases, if n # 0, then
dividing out by 7n we are led to an impossible relation mod 7; hence n = 0 and
r =x(P +nQ) = z(P) = 12 + 4a, which gives v? = (12 +4a) =1 and u = 1.
If P = (0,0), then we compute 6;(n) = 73-6889n?+74-1733n14-77-2n5+77-5n8+- - -
and if n # 0 we divide out by 72n and we are led to an impossible relation mod 7.
Thus, n = 0, which leads to x = 0 and v = 0. Finally, if P = (3 4+ «,0), then
01(n) = 7% -288n? + Tin' + ..., forcing again n = 0. Thus, z = 3 + a and
u? = 3(3+ ) =1/4, hence u = 1/2.

(ii) Assume now that P = O. For R = n(@), we obtain by means of (40) and
(41) a power series of the form (35), in which 6;(n) = 7% - 244n? + 7% - 2n* + .- ..
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Since we are interested in finite points (z,y) = n@), n must be non-zero. Moreover,
01(n) has property (32) and must be zero. Therefore, dividing out 6;(n) = 0 by
7°n? we obtain an impossible equality.

Conclusion. The only points on (9) satisfying Sz = u? € Q? are

those with = 12+4a, 34 «, 0, corresponding to u = 1, %, 0. Only the

first leads to a solution of (8) and this leads to the solution (P, Q) =
(1,—1) of (3) with Uya(1, —1) = 122,

5.2 Genus 2 equation resulting from Uy = O

According to the discussion in section 2.2.1, it suffices to find all points (z,y) in

E(Q(w)), where
E =2+ (-3+2aH)2°+ (2— )z, (42)

such that Bz € Q?, where 3 = 4 + a — 2a2. We shall work p-adically with p = 2,
specializing accordingly the notation, assumptions and results of section 4. All
assumptions of section 4 before equation (24) are fulfilled. According to section
3.2, any point on £(Q(«)) is of the form ny P, + T, where

Pi=(l,a) and T€{O,(1-a-a*0),(0,0), 2+a—a*0)}. (43)
The point

7347 49 , 97 2323 29 2)

ap, = (22, e 2L 20l 2
=4k (48 TSy s R T R

belongs to £ (Q2(a)) and

3592928 404928 928628

_ _ 2
2800223 ~ 2800223 T 2moozz3” €M

Q) =
Any point of £(Q(«)) can therefore be written in the form

mP,+T=An+r)PL+T=nQ+ P, (44)
with P=rP, + T, r € {—1,0,1,2} and T a torsion point as in (43).

The “addition law” F(z1, z2) is given by

F(z1,2) =21 + 2+ (3 —20%) 2125 + (3 — 20%)27 29
(=4 + 202125 + (1 + 4o + 40?) 2223
+ (14 4a +40*) 225 + (=4 + 2a°) 2} 20 + - - -

and the series w(z) mentioned immediately after (25) is

w(z) = 2+ (=34 20°)2" + (11 +4a — a®)27 + (=37 + 6a + 21a°)2" + O(=") .
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The logarithmic and exponential series are

logt =t + (=1 + %az)t?’ + (1—53 + %a - %az)t"’
+ (—5—75 + 2—74042)157 + (% + ?a - %SaQ)tg +O(t")
expt =t + (1 — §a2)t3 + (% + %a + %az)t‘r’
+ (—3% - %a - goﬂ)t? + (% + %a - %oﬂ)t*’ +O0(t')

For any finite points P = (x,y0) and R, following section 2 of [18], we express
z(P + R) as a power series in z(R) with coefficients in Z[«, g, yo], as follows:

z(P + R) =xo + 2yoz(R) + [322 — 620 + 2 + (420 — 1)a?]2(R)?
+ (4yomo — 6yo + 4yoa®)z(R)?
+ [(4xd — 1823 + 2220 — 6 + y2) + (820 — 2)a + (1228 — 220 + 1)a?]z(R)*
+ [(6yoxz2 — 24yoxo + 22y0) + Syox + (16y0z0 — 2y0)a]2(R)® + O(Z(R()6>)
45

Again following section 2 of [18], we also express 1/z(R) as a power series of
z(R) with coefficients in Z|«, g, yo), as follows:

1
z(R)

=22 4+ (=34 202)z* + (11 + 4o — 0?)2°

+ (=37 + 6a + 2102)2® + (173 + 50a — 400%)2'" + O(21?) . (46)
We have the 2-adic expansion
log 2(Q) = 3872 + 1216a + 3148a° + O(2'%)

and, for any integer n,

2(n@Q) =exp(nlog z(Q))
=(2°-121n 425310 + - )+ (2° - 19n + 2°n* 4 - )
+ (22 787n + 2% - 51n® + 2Mn° + - )a? + 0(2") .
(47)

We refer now to (44). There are 16 possibilities for P, one of which is P = O.
(i) Consider first the case when P = (¢, yo) is one out of the 15 possible finite
points. In (45) we substitute z(R) by z(n@) given in (47) and multiply both sides
by 3. This gives an expression for fz(P+nQ), as in (33). In most cases, it can be
easily seen that the right-hand side of such an expression cannot be rational. Take,
for example, P = —P, + T, with T' = (1 —a—a?,0). Then (zg,yo) = (3—a?,3+
a—a?). We compute 0;(n) = 2+23-Tn+--- mod 23Z][[n]]. Since every series 6;(n)
has the property (32), we see that ¢;(n) = 2 (mod 8) and, therefore, by remark
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(ii.a) after Theorem 4.1, cannot be zero. An example of a more “difficult” instance
is P = (0,0). Now we need a somewhat higher 2-adic precision. We compute
61(n) =2°-5n?+0-n*+0-n*+0-n°+ - mod 27Z[[n]], and the remaining
terms are divisible at least by 27, in view of the fact that 6;(n) has property (32).
Hence, by remark (ii.b) after Theorem 4.1, the only possible solution is n = 0,
implying the actual solution (x,y) = (0,0). A third characteristic example is
P =2P, +T, with T'= (0,0). Then (zo,y0) = (5(1 — a?), —2(a + &?)) and we
compute 1(n) =2%-Tn+25-3n+0-n*+0-n*+0-n°+--- mod 27Z[[n]] and,
as always, property (32) holds. In the notation of Strassman’s Theorem, ko = 2,
so that there are at most two solutions. On the other hand, a straightforward
computation shows that fz(P + 0- Q) = 4 = pfx(P — @), which implies, in
particular, that 6,(0) = 0 = 6;(—1); hence, by remark (i) after Theorem 4.1,
n = 0,—1 are the only solutions obtained for the above specific value of (xg, yp).
Testing in a similar way one by one the 15 possible finite points (zg,yy), we
obtain only the solutions (z,y) = (0,0), (53(1 — &), £2(a + o?)) for (42) with
the property Bz € Q% These solutions imply, respectively, P?/R? = 0, 4, hence
R=1and P=0or +2.

(ii) Assume now that P = O. For R = n(), we obtain by means of (46)
and (47) a power series of the form (35), in which 6y(n) = 2*'n® + 0 - n* +
---mod 2°Z[[n]]. Since we are interested in finite points (z,y) = n@Q, n must
be non-zero. Moreover, #;(n) has property (32) and must be zero. Therefore,
dividing out 6;(n) = 0 by 2'n? we obtain an impossible relation.

Conclusion. The only points on (18) satisfying Sz € Q? are those
with = 0 (leading to P = 0), and z = 3(1 — a?) giving succes-

sively (in the notation of section 2.2.1) g—z =4 and (P,Q) = (£2,1),

corresponding to degenerate Lucas sequences.
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